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Foreword to the Russian Edition

La connoissance de certains principes
supplée facilement

d la connoissance de certains faits
Claude A. Helvétius

The physics of critical phenomena, which appeared about 180 years ago as a result
of Cagniard de la Tour’s and Faraday’s first experiments, has never left the forefront
of the physics of fluids, and then later, of condensed states physics, as a whole. It
is, therefore, quite logical that the recently ended 20th century became a century
of outstanding achievements for the physics of second-order phase transitions
and critical phenomena. Thousands of works have been published concerning
critical phenomena in recent years which brilliantly confirm the main results of
modern theory. However, despite this significant success, many questions remain
still unsolved. About 40 years ago V. Ginzburg, the future Nobel prize winner,
put forward a long-range forecast concerning the development and perspectives of
physics and astrophysics, in which he included the problem of second-order phase
transitions and critical phenomena in his list of the century’s main problems. He
particularly emphasized on the behavior of systems whose inhomogeneity was
caused by the presence of walls, shear, external fields, etc. The century has ended,
but problems concerning the behavior of such nonideal systems have turned out
to be so complicated that even now, after so many years, these problems have not
been conclusively resolved.

Another problem not finally solved yet, which existed for long, relates to one
of the most characteristic manifestations of the critical state, critical opalescence.
As is known, its name reflects the fact that there is a formal resemblance of the
“critical” medium with the milky bluish mineral, opal. This resemblance is not
accidental, but is due to a common origin, multiple light scattering on optical
inhomogeneities. For critical opalescence such inhomogeneities are the large-
scale fluctuations, whose behavior governs all the features of critical phenomena.
Moreover, it is quite paradoxical that up to now the results of spectral experiments
near the critical point are usually interpreted within the Kawasaki theory, which
is not going outside the limits of single scattering mode, while the contribution
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into the scattering spectral half-width of higher orders is usually used only, at best,
as a correction. This is not done just “for the sake of it,” as the mathematical
difficulties of a consistent consideration of even triple scattering are practically
insurmountable.

At the beginning of the 1970s, we carried out an extensive precision experiment
on pure liquids in Krichevsky’s laboratory. In the course of these investigations,
for the first time, the values of three critical static indices were found to transform
to their classical values. Since that time, my efforts have been directed to attempts
to understand both these problems.

We attributed the restoration of classical behavior in the nearest vicinity of
the critical point, which was observed during this experiment, to the influence
of gravitation. At that time this was perceived, at best, as a much too daring
assumption. Such conservatism was quite natural, as up to 1991, these were the
only scientific works in the world which registered such a behavior of critical
indices under the influence of gravity. It was traditionally accepted that gravitation
obstructs carrying out experiments in the vicinity of the critical point and deforms
the critical indices in such a way that they stop to be “true.”

However, all the facts presented in this book bear witness to the fact that the
presence of an additional factor, such as the influence of gravitation or any other
“field,” does not “disturb” but actually helps new features of critical behavior
to be discovered. Moreover, one must look at this from another point of view,
considering that critical index values are not distorted by these fields, but are
actually obtained in their presence, and therefore are true values, of course, only
under these conditions. And then such a words replacement turns from a question
of pure semantics into a way of deeper advance into understanding of the nature
of critical phenomena on the whole.

This monograph represents the first attempt to systematize the results of analysis
of the influence of a wide range of physical fields (gravitational and Coulomb fields,
surface forces, shear flow, the effect of boundaries, etc.) near the critical point
on different Ising-like systems (pure liquids, binary mixtures, and magnets).
These systems, which become nonideal due to the deformation (suppression) of
fluctuations by such fields, begin to fall outside the framework of existing ideas
and surprisingly demonstrate, in the nearest vicinity of their critical points, not
Ising-like but mean-field, classical, behavior. By “‘nearest vicinity” we have in mind
here the vicinity of the critical point where the influence of such fields is noticeable
in highly sensitive and accurate experiments.

Recent experimental and theoretical research on critical behavior of various
nonideal systems near the critical point, although being quite rare, fully fits into
this general picture whose contours were still outlined in our first set of papers on
this theme. By the mid-1990s the situation had changed so much that at the 14th
conference on thermophysical properties, which was held in Lyon in 1996, this idea
was already greeted with a certain understanding and support. Now, many people
believe that this is how the critical behavior of systems in real conditions should be.
I believe that the day is not far off, as often happens in science, when the situation
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changes from impossible to “trivial.”! One of this book’s aims is to facilitate the
approach of this moment.

As to critical opalescence, in our case this problem arose at studying of critical
dynamics, for which light scattering is the most effective research tool. At that
time (the early 1980s) it had already become clear that the existing traditional
method for the study of critical opalescence and of different multiplicity scattering,
which was based on “‘successive” approximations, single, double, triple, etc., due
to insurmountable mathematical difficulties, was of little promise. Therefore, as
a first step we decided to model a situation, using as the model a medium with
a regulated extinction, water suspensions of monodisperse polystyrene latexes of
various sizes and concentrations.

The task of an interpretation of multiple scattering spectra on Brownian particles
and critical fluctuations under conditions of high, but more importantly, constantly
growing scattering multiplicity which seemed to be almost impossible at first,
nevertheless, turned out to be successfully fulfilled. There was a large measure
it to thanks to a lot of work and talent of my colleagues, the postgraduates, and
co-workers A. Kostko, V. Pavlov, S. Proshkin, and A. Soloviev. I would like to use
this occasion to express my sincerest thanks to them.

The book’s content was formed between 1975 and 2000. During this period I had
the honor and pleasure to discuss, partly or in full, with many people the problems
touched upon here. I would like to express my gratitude to them, while being aware
that none of them bear any responsibility for eventual shortcomings in the book’s
contents.

My warmest and cherished memories go to those who helped me so much in
a personal and scientific way but who are alas no longer with us. They are Isaac
Ruvimovich Krichevsky, Vladimir Konstantinovich Fedianin, and Yuri Ivanovich
Shimansky. I learnt the experimental technique from the brilliant experimentalist
L. A. Makarevich. I found discussions with V. P. Skripov and E. V. Matizen, who
read the manuscript and made numerous useful suggestions, not only instructive
but also really fascinating. The comments of N. A. Smirnova, who also read the
manuscript, were extremely precise, original, and in many respects surprising for
me. A. I. Rusanov always showed particular interest in my work. My understanding
of critical phenomena and light scattering was greatly formed by the very construc-
tive discussions with L. Ts. Adzhemyan, Yu. N. Barabanenkov, A. N. Vasil'iev, I. K.
Kamilov, V. L. Kuz'min, F. M. Kuni, Yu. K. Tovbin, A. Ja. Khairullina, D. Beysens,
R. Tufeu, W. Wagner, and many others. I express my sincere gratitude to all of them.

I would like to sincerely thank the Russian Foundation for Basic Research for
supporting the project of the edition of this book.

And, last but not the least, this book would have never been written if the help from
my wife, Tatiana Belopolskaya, was not such permanent, effective, and inspiring.

Saint Petersburg Dmitry Yu. Ivanov
September 2002

!As mentioned by Arthur Schopenhauer: All truth passes through three stages. First, it is
ridiculed. Second, it is violently opposed. Third, it is accepted as self-evident.

vil
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Foreword to the English Edition

The presence of the above given Forewords of the editor and the author to the Russian
edition of the book essentially facilitates my task and I need to add only a little.

First of all I am grateful to Wiley-VCH Publishing House for the honor to be
among its authors. It is especially pleasant that my book will be among those that
would open the third century of the glorious Wiley history.

In the foreword to the English edition, it is necessary to say a few words about the
difference of this text from its Russian original. The research carried out during the
past 5 years since the publication of the book in Russian has allowed us to expand
essentially the first part of the book, devoted to the statics of critical phenomena under
conditions of a real experiment. In addition to the second crossover phenomenon in
the nearest critical point vicinity, not less fascinating fact has been added, namely,
that the first crossover predicted by the theory “far off” from a critical point is not
experimentally manifested for pure liquids. For the first time the question concerning
correlations between critical indices and amplitudes is investigated.

All these new results (given in Sections 2.2.9 and 2.3.3) were obtained in recent years
via the support of the Russian Foundation for Basic Research (grant no. 06-03-33117),
and, taking the opportunity, I once again express my gratitude for this support.

The second part of the book exept for sections 7.5 and 7.6 has remained practically
unchanged. However, I would draw attention to a problem of the description of
multiple light scattering spectra on Brownian particles and on critical fluctuations,
which has found both a theoretical and experimental solution here.

I would like to express my sincere appreciation to Professor Jiirn W. P. Schmelzer
whose numerous efforts allowed us to present the English version of this monograph
inits actual form. I am also grateful to him as to the permanent Chairman of the Dubna
Research Workshop “Nucleation Theory and Applications” for his constant interest
in my investigations, many of which have been presented in Dubna for the first time.

I could not even expect that my long Russian phrases can be translated into English
without any preliminary adaptation. Thanks, Alex.

I am not able to find words that describe the selflessness of my wife during the
work on the manuscript! Therefore I simply express my love and admiration to her.

Saint Petersburg Dmitry Yu. Ivanov
January 2008
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Editor’s Preface

The physics of second-order phase transitions and critical phenomena was
and is an actively developing field of research. Deep insights into the laws
governing these phenomena have been reached in the past and awarded
by a number of Nobel prizes. However, a comprehensive picture of these
phenomena in real systems is not obtained till now and a number of problems
remain open.

The author of the present monograph, Dmitry Yu. Ivanov, is intensively
involved in the analysis of these phenomena for several decades. Hereby of
special interest for him was the investigation of the effect of fields of different
types on the laws governing the critical behavior, a topic which was widely
ignored so far. As turned out in the analysis, in the nearest vicinity of the
critical point, such fields may restrict the increase of the susceptibility of the
systems. As a result the behavior in the nearest vicinity of the critical point is
transformed from a fluctuation-dominated behavior, where the Ising model
results are applicable, to a region where classical, mean-field behavior may be
once more re-established.

This idea was first proposed several decades ago by the author, just as
a logically noncontradictory suggestion. Today the situation has changed
significantly and although the problem of critical behavior of real systems
in the presence of different disturbing factors has still not been definitely
solved, recent experimental and theoretical research have added quite weighty
arguments in favor of this idea. An overview on experimental data in this
respect is given in Chapters 1 and 2 including also a brief historical account
of the development of research on critical phenomena. Here also another
problem of the theory of critical phenomena is formulated and analyzed
by the author, as it seems, for the first time: Why simple power law
dependences describe the behavior of fluids so well even for states far away
from the critical point? In Chapter 3, the question is discussed whether critical
behavior is found at singular points or possibly along certain lines, called
“pseudospinodal”curves. Chapters 4—7 are devoted to correlation spectroscopy
of multiple light scattering and critical opalescence and their application to the
understanding of critical phenomena and beyond.
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Editor’s Preface

So, in brief, in the present monograph the author gives an overview both on
the state of affairs of the analysis of critical phenomena in ideal (in the absence
of external fields) systems and of the effect of fields on these phenomena and
of a new methodology of experimental investigation of such processes. I am
sure that the present monograph will be of interest for all colleagues interested
and/or engaged in the analysis of these intriguing phenomena.

Rostock (Germany) and Dubna (Russia)
January 2008 Juirn W. P. Schmelzer



Introduction

For the physics of second-order phase transitions and critical phenomena, the
recently accomplished 20th century was a period of remarkable achievements. The
analyses of problems of this part of condensed matter physics were awarded the
Nobel Prize more than once. It was first time awarded to Johannes Diderik van
der Waals in 1910 and the last to Pierre-Gilles de Gennes in 1991. No less often,
scientists who were actively involved in this field of research became laureates
thanks to their scientific work in other areas of physics and chemistry. The
beginning of the present century has not seen any change in this trend. In 2003,
this most prestigious prize was awarded to Abrikosov, Ginzburg, and Leggett “‘for
pioneering contributions to the theory of superconductors and superfluids.”

Thousands of papers have been published on this topic yet. The basic results
of modern theory have been brilliantly proven. It could be supposed that such
achievements should have already led to the development of a comprehensive
picture of what happens close to phase transition points. However, despite such
significant successes many problems still remain unsolved. This statement is
particularly true with respect to nonideal systems whose inhomogeneity is caused
by the presence of walls, flows, external fields, etc. [1]. The problems connected
with the investigation of such systems turned out to be too intricate.

This monograph attempts to investigate the behavior of various systems close
to the critical point, affected by disturbances of different physical nature, such
as gravitational and electric fields, surface forces and shear stresses, sample
nonideality, the presence of boundaries, etc. These disturbances shall be further
given the general name “field,” and its nature will be defined more accurately when
necessary. The term nonideal relates to a system affected by, at least, one of these
fields. We intend to show that the picture of the behavior of such systems close to
the critical point is more complex than usually assumed.

In addition to the first crossover, i.e., the transition from mean-field classical
behavior to Ising-like behavior, whose position is set by the Ginzburg criterion, in
its nearest vicinity a second crossover, the transition in an opposite direction, can
be observed [2]. Thus, it appears that in the nearest vicinity of the critical point,
paradoxically, the features of the classical van der Waals-like behavior govern the
processes again.
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It is clear that the related experimental and theoretical material, unfortunately,
is not too extensive, but even so it could become the “touchstone” which leads to
the specification of new peculiarities of critical behavior. Richard Feynman at one
of his lectures —with humor which never left him and as ever surprisingly precise
—remarked, “There is always the possibility of proving any definite theory wrong;
but notice that we can never prove it right. Suppose that you invent a good guess,
calculate the consequences, and discover every time that the consequences you
have calculated agree with experiment. The theory is then right? No, it is simply not
proven wrong” [3]. Even earlier and more definitely on this theme Albert Einstein
stated: “Experiment never says ‘Yes’ to a theory. In the most favorable cases it says
‘Maybe’, and in the great majority of cases simply ‘No’. If an experiment agrees
with a theory it means for the latter ‘Maybe’, and if it does not agree it means
No’”" [4].

In its most general sense, we are dealing here with the limits of applicability of
one or another theory. As always, experiment plays the decisive role. For the critical
phenomena theory, experiments performed in the nearest vicinity of the critical
point could become such an experimentum crucis. However, the problems one
has to cope with in experiments carried out near such special points are not less if
it is no more than in theory. Theory deals with more or less ideal systems, while
experiment with real ones.

This truth would be absolutely banal if it did not relate to the peculiarities of the
matter behavior close to phase transition points. Here, with a relative temperature
distance of an order 1073-107° from the critical point large-scale fluctuations
start to play a fundamental role. Their growth is accompanied by a continuous
increase in the system’s susceptibility to various external disturbances (an almost
exhaustive list of which can be found in [1]). As a result, any external influence
which is arbitrarily weak under ordinary conditions (gradients, impurities, presence
of borders, gravitational and/or Coulomb fields, etc.) approaching the critical point
eventually may become a decisive factor. Because of this peculiarity, the requirement
of the experimental devices is very high with respect to their susceptibility, stability,
and accuracy, and even metrological accuracy does not seem to be too high.

All these features make the performance of experiments close to the critical point
extremely difficult, not only to implement, but also to interpret the results. This
statement is particularly true for the results obtained in the nearest vicinity of the
critical point due to a lack of a fully adequate theory. On the other hand, these
circumstances make a precise experiment extremely relevant. In this situation the
experimenter can use two fundamentally different approaches. The firstapproach is
to make the experimental conditions as close as possible to the ideal one for which
there exists a well-developed theory. When formulating a theory, this approach
is absolutely necessary and a very important stage in its development. For the
theory of critical phenomena this period started more than 50 years ago and is
still continuing, even though, in our opinion, the main features of static critical
phenomena, in ideal and almost ideal systems, are very well-known. A very clear
illustration of such an approach to studying phase transitions carried out under
conditions as close to the model as possible is the launching of an appropriate
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apparatus into cosmic space with satellites in order to get rid of gravity influence.
However, taking into account what has been already said, firstly, some other
disturbance will be discovered then, caused by some other physical feature and the
critical system, sooner or later, will eventually become nonideal. Secondly, such an
approach makes it more difficult to advance the understanding of the behavior of
real, nonideal systems. It should be noted that the results of experiments carried
out under conditions of microgravity, on the whole, bear out this point of view.
The second approach consists of attempts of the direct experimental study of real
systems, where the influence of disturbing factors is not fully removed, but in the
absence of an adequate theory it would be clear what will happen if we reduce it to
a minimum. This method is always more complicated than the first one, but for
investigating critical phenomena it has historically been shown to be particularly
promising.

The main aim, underlying both parts of the present book, consists in investigating
the fundamental features of static and dynamic critical phenomena which manifest
itself under real experimental conditions in the nearest vicinity of the critical point.
On one hand, there is a significant influence of various physical fields, while on
the other hand, the developed multiple scattering on growing critical fluctuations
has to be accounted for. The book is structured as follows.

In Chapters 1 and 2, the results of a detailed comparative analysis of various
experimental data on the behavior of different systems close to the critical point with
the presence of one or another disturbing field (gravity, Coulomb and surface forces,
shear stresses, boundaries, etc.) are presented. This analysis leads to the seemingly
unexpected conclusion that on approaching the critical point there is continuous
growth in the system’s susceptibility to external influences which eventually leads
to a point where fluctuations are first deformed and then completely suppressed by
some of such factors. As a result, the system is found to have mean-field, classical
behavior with corresponding critical indices. Apart from this, based on our own
experimental data we analyzed the existence of universal relations between critical
indices and critical amplitudes. The conditions were also formulated so as to fulfill
them in the nearest vicinity of the critical point.

The topic of Chapter 3, although not directly related to the main theme of the
whole book, is devoted to a question which is by no means secondary. What we
are talking about here is whether the critical point is unique as a point, where the
singularity of the fullest set of thermophysical properties appears simultaneously,
oritis an ordinary representative of a whole family of such points, forming a special
line, the pseudospinodal. On its day, the so-called pseudospinodal hypothesis was
proposed and intensively exploited which suggested the existence of a certain line,
the “pseudospinodal,” where all points would have critical properties. This chapter
shows that a line on which singularities of isothermal and adiabatic compressibility
and isochoric and isobaric heat capacity would simultaneously appear is forbidden
by the laws of thermodynamics. Such simultaneous occurrence of divergences can
only take place at separate points, as it is found at the critical point, but such
behavior is impossible on a line. Therefore, this chapter is extremely important
ideologically. Here the meaning of the term “critical point” returns to its original,
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very nearly lost, sense. This chapter shows that this meaning refers not to one of
many points on the thermodynamic surface, but to the unique one which is located
simultaneously on the binodal, spinodal, and critical isotherm.

Chapters 4-6, in the second part of the book, are dedicated to correlation
spectroscopy of critical opalescence in developed multiple scattering mode. It
should be mentioned that this problem has usually been solved by the method of
successive approximations: single scattering, double scattering, etc. This chapter
shows that the most effective way of solving this problem is our suggestion to
start from the other end of this chain, from really high multiplicity of scattering.
Chapter 4 presents a review of the development and current state of critical
dynamics. The fundamental works, ideas, and results of this comparatively recent
and actively developing direction of the theory and practice of critical phenomena
research are examined to a certain extent. Chapter 5 presents the results of
physical modeling of critical opalescence using disperse systems with regulated
extinction, water suspensions of monodisperse polystyrene latexes with practically
ideal spherical particles and of different sizes and concentrations. Here the theory
of multiple light scattering spectra developed for the first time on the basis of these
model experiments on Brownian particles, at the average, adequately described both
our own and other experimental data is also outlined. In Chapter 6, we present
both the theory of critical opalescence spectra first developed in the approximation
of multiple scattering and the results of the experimental investigation of a strongly
opalescent binary mixture (aniline—cyclohexane) also first carried out near the
critical point by the method of multiple light scattering correlation spectroscopy.
The experimental results agree well “far” from the critical point, in the area of single
scattering, with the well-known Kawasaki theory. Our theory was confirmed in the
area of strongly developed critical opalescence. As a result, the unique opportunity
is opened to go beyond existing restrictions of scattering multiplicity and carry out
a real optical experiment not only “far” from but also in the immediate vicinity of
the critical point.

Chapter 7 is dedicated to one of the central problems of critical dynamics,
the singular behavior of the thermal conductivity, the most distinct singular
coefficient near the critical point. Here, the main attention is directed to ammonia
whose molecules large dipole moment could potentially, as was noted in the
study of static critical phenomena in conducting liquids, significantly modify the
features of critical behavior and also the kinetic coefficients. However, the set
of experiments consisting of the direct determination of thermal conductivity in
the wide neighborhood of the critical point, including the nearest vicinity, and
extinction coefficient determination using light scattering with the subsequent
calculation of critical indices, compressibility amplitude, and correlation radius,
demonstrated, most importantly, an identical character of critical behavior of polar
and nonpolar pure liquids near the critical point.

The book is completed with an appendix which, although not directly related to the
book’s main content, nevertheless, promotes the application of its ideas concerning
correlation spectroscopy of multiple light scattering to other systems and directions,
and demonstrating the universality of the suggested approaches. Here, we look at
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the principles of diffusion-wave spectroscopy and the application of the technique
of photon correlation in its traditional version for opaque and supercritical systems.
The appendix describes the method of simultaneously determining particle size
and concentration in high extinction disperse systems using dynamic multiple light
scattering. The example of sol—gel systems shows the effectiveness of applying
correlation spectroscopy for investigating the dynamics of formation and growth
of nanostructures.
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Statics of Critical Phenomena in the Nearest Vicinity of the
Critical Point: Experimental Manifestation

1.1
Short History of Critical Phenomena Research

The problem of the analysis of second-order phase transitions and the critical
phenomena related to them, despite of nearly two century long history of their
existence and thousands of articles already devoted to them, remains actual till
now and is one of the key problems of condensed state physics and physics as a
whole [1].

G. E. Uhlenbeck (1900-1988), opening the famous Washington conference of
1965 on critical phenomena [5], started his review [6] with the description of the
historical experiments (1861-1869) of Thomas Andrews (1813—-1885), who carried
out the classical works on the continuity of gaseous and liquid states on CO, [7-9].
Later, Andrews not only developed the theory of this phenomenon, but he also
developed the very important assumption concerning the universality of matter
behavior discovered by him, using CO; as an example. He also introduced (in 1861)
the concepts of the critical point, critical temperature, and critical pressure. In a
parallel development, as early as in 1860, Mendeleev [10] anticipated Andrews’s
conception of the critical temperature of gases by defining the absolute boiling
point of a substance as the temperature at which cohesion and heat of vaporization
become zero and the liquid changes to vapor, irrespective of pressure and volume.
Later, Mendeleev pointed out that the critical temperature of Andrews is the same
as the absolute boiling point introduced earlier by him in 1860 [11].

However, long before Andrews and Mendeleev, in 1822, Ch. Cagniard de La
Tour [12] described experiments, which he had carried out in order to prove the
existence of a certain maximum expansion limit for liquid, which after this point
will turn completely into steam regardless of applied pressure. Faraday [13] also came to
similar conclusions in 1822-1823 based on his experiments on gas liquefaction.
It is these first experiments that should be considered as the beginning of the
history of critical phenomena.

1) G. Uhlenbeck (1900-1988) together with
S. Goudsmith (1902-1979) introduced into
physics the spin concept of the electron (1925).

Critical Behavior of Nonideal Systems. Dmitry Yu. Ivanov
Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40658-6
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Van der Waals’s thesis (1873), which was also devoted to the problem of the
continuity of gaseous and liquid states [14,15] and for which the author was
later awarded the Nobel prize in physics (1910), became an outstanding historical
milestone. We can agree with Uhlenbeck [6], and say that this work proposes one
of the most remarkable equations, which together with Maxwell’s (1874) equal
areas rule, describes surprisingly qualitatively truly for such a simple equation the
whole liquid—gas area in the phase diagram including both stable and metastable
states and the critical point. After that it was clear that there do not exist so-called
permanent gases (in the sense that they remain always gases and cannot be
liquefied), and that the presence of a critical point, as Andrews suggested, is a
universal property of matter.

Van der Waals demonstrated his profound understanding of the real role and
meaning of the critical point several years later (1880), when he formulated
the principle of corresponding states. The essence of this idea consists in using the
critical parameters themselves as units of measurement. Employing them, then the
resulting equation of state, in such a reduced form, becomes universal. Apart from
everything else, this law played an especially important role in the liquefaction of
gases, particularly, of helium (H. Kamerlingh Onnes, 1908).

Over the next few years, other phase transitions, which had amazing similar-
ity with critical point liquid—gas behavior, were discovered. So, in 1885-1889,
John Hopkinson found that iron, when heated higher than a certain temperature,
loses its magnetic properties and just before this transition its susceptibility has a
sharp maximum (Hopkinson effect [16]). This phenomenon was thoroughly exam-
ined and described in the classical article by Pierre Curie? (1895). The temperature
of this transition now bears his name. In 1907, Pierre Weiss introduced the concept
of an internal field and explained both the existence of the Curie temperature and
the spontaneous magnetization occurrence below it [17].

One more phenomenon which demonstrates the existence of a critical tem-
perature is the order—disorder phase transition in binary alloys, which was first
suggested (1919) for crystals by Gustav Tammann on the basis of the increase of
electrical resistance in CuzAu with rising temperature [18]. Later this type of phase
transition was confirmed (1925) for Au—Cu and Pd—Cu alloys via X-ray analysis by
Johannson and Linde [19]. W. L. Bragg® and E. J. Williams in 1934-1935, using
an analogy with Weiss’s theory, explained it theoretically [20, 21]. Even earlier, in
1928, a similar result was published by Gorsky [23]. So, this theory should be more
correctly called the Gorsky—Bragg—Williams theory even more taking into account
that, to Bragg and Williams, Gorsky’s work was known.

All three classical theories (the van der Waals, Weiss, and Bragg—Williams
theories), despite their formal differences, have, as became clear, the same impor-
tant unique feature: the attracting forces between molecules, which guaranty the

2) Pierre Curie (1859-1906): Nobel-Prize lau-  3) W. L. Bragg (1890-1971) together with his

reate for physics (1903) for his research father W. H. Bragg (1862-1942) are Nobel-
on radiation phenomena (together with Prize laureates in physics (1915) “for their
M. Sklodowska-Curie (1867-1934)). services in the analysis of crystal structure by

means of X-rays.”
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cooperative effect, are assumed to be long range. As a result, these types of theories
turned out to be equivalent to the model of interacting particles with an infinite
interaction radius (see, e.g., [24]). They bear the general name mean-field theory,
which was adopted from Weiss’s theory, and predict exactly the same singularities
for the transition point [25]. As these theories do not predict unstable regions (see,
e.g., pp. 127-130 in [26]), the need of the van der Waals isotherms in Maxwell’s
rule disappears.

Lev D. Landau first pointed out the general connection between these kinds of
phase transitions (second-order phase transitions) and the change in the system’s
symmetry. He developed (1937) a quantitative theory of such transitions,* based on
the expansion of the thermodynamic potential into a power series of the so-called
order parameter, representing the deviation of some thermodynamic quantities in
the unsymmetric from those in the symmetric state. The possibility of such an
expansion was suggested a priori [25,27]. The Landau theory, which is the most
general formulation of the classical ideas, continues up to now to maintain its role
as a universal zeroth-order approximation in the physics of phase transitions and
condensed states.

As for experimental researches of critical phenomena, the works of R. Gouy
(1892-1893) 28, 29] should be mentioned first. Carried out long ago, these works
have much outstriped the experimental level of that time. Gouy was the first
to describe, with surprising perspicacity, the influence of the gravitational field
on matter close to the critical point (see below for more). A great contribution
to the understanding of the critical state was made by A. Stoletov at the end of
the 19th century. His critical articles on this problem [30, 31] contain a huge
amount of precise observations, remarks, and judgments and are still relevant up
to now. A valuable continuation of Gouy’s experiments was the extensive series
of papers by a group of Canadian researchers (see, in particular, [32—34]). In the
mid-1950s, by increasing the level of experimental precision, they methodically
studied the thermodynamics of the critical point, carried out spectacular research
on the influence of gravity on the coexistence curve in vessels of large and small
height [32,33] (see below for more).

When talking about the nature of critical phenomena we must not forget to
discuss the behavior of correlation functions. Correlation function properties take
on a particular importance due to three phenomena observed near the critical
point, which initially seem disparate, but are in reality closely connected. They are
(i) amplification of density fluctuations, which von Smoluchowski proposed (1908)
as the reason for critical opalescence [35], (ii) increase of compressibility [14, 15],
and (iii) increase of the radius of action of density—density correlation functions
(L. S. Ornstein, F. Zernike® (1914) [36]). The Ornstein—Zernike (O-Z) theory [36]
was the first which could explain the anomalous growth of forward scattering when

4) Lev D. Landau (1908—-1968): Nobel-Prize lau-  5) F. Zernike (1888-1966): Nobel-Prize laureate
reate in physics in 1962 “for his pioneering in physics (1953) for his demonstration of the
theories for condensed matter, especially liq- phase contrast method and invention of the
uid helium.” phase contrast microscope.
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investigating critical opalescence (see Chapters 4—6 for more) and paid attention to
the presence of a significant long-range part in the correlation function. However,
it is this circumstance which makes the O-Z theory classical, in the above-
mentioned sense, as it is also based on the suggestion concerning long-range
forces, and fluctuations are only considered as small corrections.

The first nonclassical result, which was practically the only one at the time of
the Washington conference, was obtained by Lars Onsager® (1944) [37] in the
analysis of the two-dimensional Lenz-Ising model, the so-called nearest-neighbor
model with clearly short range forces (the history of the Lenz-Ising model can be
found in the article [38]). Despite the fact that Onsager’s most impressive result
was the prediction of the logarithmic singularity of isochoric heat capacity in the
neighborhood of the phase transition point instead of a classical “jump,” this
result was considered in the 1940s—-1950s to be a mathematical curiosity rather
than a physical reality. Such an approach to it continued until, in the 1960s,
such type of behavior was discovered for the heat capacity of helium, argon, and
oxygen (see, e.g., [39,40]). So, in the early 1960s the appearance of additional
experimental proofs of the inadequacy of the critical phenomena description by
classical theories not only stimulated a renewal in interest and further rapid growth
in their development (this explosive growth was noticeable, despite that even
thousands of investigations into critical phenomena in liquids carried out between
1950 and 1967 (see, e.g., [39])) but also marked the beginning of the new modern
stage in the research of phase transitions.

In general, as correctly mentioned by many authors (see, e.g., [26,41]), it is difficult
to fix any certain date by which the modern period in studying critical phenomena
has begun. Such a point could possibly be either the Onsager’s exceptionally
important work [37], if we agree with E. Stanley [26], or E. Guggenheim’s famous
analysis [37] which demonstrated a cubic rather than a square shape of the
coexistence curve for eight simple liquids. Or maybe, as M. Fisher said [41], it was
slightly earlier when the same result was obtained in another well-known research
for CO, [43].

Undoubtedly, this would all be true if it was not for one extremely important
circumstance. In fact, in the 1890s van der Waals found that experimental data on
the critical behavior of surface tension showed an unusual (what we would now
call “nonclassical”’) value of the critical index. Actually, the very idea of critical
indices was also not new, but was introduced by van der Waals himself (1893)
for describing just the critical behavior of surface tension. Van der Waals was not
the only one in detecting deviations from his own theory. We must not forget the
Belgian researcher J. E. Verschaffelt who, as a young man, came to the Netherlands
on a 2-year apprenticeship in 1893, began working with J. van’t Hoff, the first Nobel-
Prize laureate for chemistry (1901). He then continued working with van der Waals

6) L. Onsager (1903—1976): Nobel-Prize laureate
in chemistry (1968) for the discovery of the
reciprocity relations bearing his name.
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and, finally, ended up at the laboratory of H. Kamerlingh Onnes,” which was one
of the best laboratories of the time. He stayed there for many years. As a result of
applying an analysis technique, the logarithmic differentiation method, developed
by him [45] on his own data as well as on already published experimental data,
Verschaffelt in 1900 (!) as obtained practically modern critical index values for pure
liquids. (It is interesting that the logarithmic differentiation method was again
rediscovered in the 1960s and it is called now the Kouvel-Fisher method [44]).
Critical index values obtained by Verschaffelt: p ~ 0.34 for the coexistence curve,
8 ~ 4.26 for the critical isotherm, and jx ~ 1.32 for the surface tension coefficient,
instead of their classical values 0.5, 3.0, and 1.5, respectively. Besides, Verschaffelt
managed to develop an equation of state similar to modern equations of state close
to the critical point. But, as J. M. H. Levelt Sengers wrote in [46], from where all
this information about Verschaffelt’s work is taken, all this, unfortunately, fell “on
deaf ears.” Looking at the reasons why Verschaffelt’'s work was largely ignored
Levelt Sengers comes to the seemingly correct conclusion that this was “the seed
on the rock.” Every idea needs to be mature and in demand. It is also suggested
that the fact that practically all of Verschaffelt’s works were written in Dutch played
a negative role. Levelt Sengers, who did a great work for the physics of critical
phenomena, took over the task of translating and commenting on these works. This
was a difficult but useful task [46] which typically also passed almost unnoticed.

So, we can see that the reasons for looking again at the classical theory of
critical phenomena arose almost at the same time as its creation, but fate disposed
differently. It was necessary to wait for a really not ordinary event, the appearance
of L. Onsager’s work [37], for the reasons of inadequacy of all classical theories of
phase transitions to became clear. This created the certainty that it was possible to
understand them deeper and pointed to the directions which should be followed. As
C. Domb and M. S. Green, the first editors of the famous multivolume collection
“Phase Transitions and Critical Phenomena” wrote in the preface: ‘The problems
to be faced in extending Onsager’s work were formidable, and at first progress was
slow. However, there were many different aspects to be investigated and a number
of alternative lines of theoretical approach to be pursued. The field began to attract
new experimentalists and theoreticians of ability’ [47].

Finally, it was this last circumstance that was the deciding factor. A new modern
stage in the development of views on the nature of phase transitions and critical
phenomena, in which not the classical but the fluctuating approach to describing
them dominates, began to develop and still continues today. The essence and details
of this approach are presented in depth and fully in the reviews [39,48,49], in the
books [26,40,41,50-56], and also in the above-mentioned encyclopedic series [47].
Therefore, below, within the limits of our brief historical review, only main ideas
underlying modern representations concerning the nature of phase transitions and
the critical phenomena will be noted. These ideas [57-64] were formulated almost

7) Heike Kamerlingh Onnes (1853-1926): at low temperatures which led, inter alia, to
Nobel-Prize laureate in physics (1913) “for the production of liquid helium.”
his investigations on the properties of matter
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immediately after the 1965 Washington conference [5], where their appearance was
so wisely predicted by Uhlenbeck (see below). Moreover, it was in those years that
significant experimental material [26,39-41,48, 49,65, 66] was obtained, which did
not play a small role in the establishment, development, and enrichment of the
theory.

By “fundamental ideas” we are first of all thinking of the scaling hypothesis
(or scaling), which makes it possible, in particular, to understand the fact of the uni-
versality of second-order phase transitions and critical phenomena. This idea was
formulated almost simultaneously and independently by B. Widom (1965) [58] for
liquid—vapor systems, by C. Domb and D. Hunter (1966) [59] for the Ising model,
by A. Patashinsky and V. Pokrovsky (1966) [60] for ferromagnetic and in an appar-
ently clearer physical form leading to an understanding of the universality of critical
phenomena (see, e.g., [51,67]) by L. Kadanoff (1966) [61] for correlation functions.

Once more, all this would correspond to reality if it were not for one fact. Today,
when the idea of the universality and generality of second-order phase transitions
and critical phenomena has become generally accepted and is beyond any doubt,
we must remember V. Semenchenko whose fundamental ideas were always based
on the general fluctuating nature of these phenomena. As a result, he was the first,
in 1947, to formulate the idea of their thermodynamic generality [68]. However, as
one of his brightest pupils and followers, V. P. Skripov, wrote: ‘.. .at the end of
the 40’s and 50’s the idea came up against clear or hidden opposition by physical
chemists. The seed fell on stony ground’ [69]. So, unfortunately, the author of
the idea to unite critical phenomena and second-order phase transitions based on
fluctuation theory concepts suffered almost the same fate as Verschaffelt.

The idea of the universality of these phenomena is inherent in V. Ginzburg’s®)
already classical work [70], where different second-order phase transitions which
have a clear heat capacity anomaly (liquid helium, alloys, etc.) and those which
have not (superconductors, ferroelectrics, etc.) are considered as the same-type
transitions, transitions of the same physical nature whose difference is of an
exclusively quantitative character. Ginzburg succeeded in taking this idea to its
logical final and proposed the criterion which now bears his name and which, in
principle, makes it possible to predict when the “normal” character of the transition
is switched to fluctuation determined [70].

At the beginning of the 1970s, Kenneth Wilson made the next step. Starting
his analysis with Kadanoff’s “blocking picture” [61] and using then the ideas of
the renormalization group method (RG) developed in the relativistic field theory
in the 1950s, Wilson managed to transform the semiphenomenological ideas of
scaling and universality into a real calculation scheme close to the critical point [71].
Then F.J. Wegner showed [63] how universality and scaling naturally followed
from Wilson’s method [72]. A year later, Wilson and M. E. Fisher succeeded
in completing a self-consistent calculation method within the limits of RG by

8) V. L. Ginzburg (1916): Nobel-Prize laureate in superfluids”  together  with  Alexey
physics in 2003 “for pioneering contributions A. Abrikosov and Anthony J. Leggett.
to the theory of superconductors and
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introducing the so-called e-expansion [73]. They showed that if one introduces
variable space dimensions d = 4 — ¢, then it becomes possible to calculate indices
in the form of a series of €. Therefore, in order to describe critical behavior there
was created ““a new language no less universal than Landau’s old theory, but more
flexible and possessing a great ‘predictive power’ "’ [51]. In 1982, Kenneth G. Wilson
was awarded the Nobel Prize “for his theory for critical phenomena in connection
with phase transitions.”

In no way negating K. Wilson’s merits, L. Kadanoff should, unarguably, also be
recognized for completing a possibly more important, though intuitive, advance
in the route to working out critical phenomena theory. He postulated universality
classes and scaling hypothesis, based mainly on the fact that the only defining length
in the critical region is the correlation length and also on the idea that the symmetry
of interactions, but not their details, determines the critical behavior. The RG-
theory successfully used these ideas, thereby confirming the validity of Kadanoff’s
foresight. Later the RG-theory was developed thanks to the works of many people
and it is now an extremely powerful instrument which makes it possible to calculate
many different properties: critical indices, critical amplitude ratios, universal
correlation functions, equations of state, etc. (see, e.g., [50-55,67,74-78]).

These theoretical successes were closely related, as already mentioned above,
to the progress made in experimental researches close to the critical point: the
pioneering works of Skripov and Semenchenko [79], Voronel and Amirkhanov
with their colleagues on heat capacity [80, 81], Skripov with his colleagues on the
use and study of light scattering (in the prelaser era) [82], Shimansky and his
colleagues on the wide research of the static properties of matter [83], Makarevich
from the Krichevsky laboratory who brought a technique of (pVT)-experiments to
perfection [84], Krichevsky’s thermodynamic works on critical phenomena in dilute
solutions [85], which have outstripped time much more (see, e.g., [86]). Ivanov et
al.’s precision experiments [87, 88] could also be added to this list, where for the
first time coexistence curve asymmetry and change in the static critical indices in
the nearest vicinity of the critical point to the direction of their classical values were
attributed to gravitation [89-92].

Daniel Beysens and his colleagues in Saclay (France) carried out the encyclopedic
work on investigating the features of static critical phenomena using the example
of binary mixtures (see, e.g., [93,94]). Beysens also initiated and carried out the first
experiments on research on the critical behavior of binary mixtures in flow [95],
which gave, in principle, the same result as the experiment on pure liquids with
gravitation [87,89], transformation of critical indices to their mean-field values (see
also [96,97]). At the same time the fundamental theoretical Onuki—Kawasaki paper
[78] appeared. In this work, within the framework of the RG-approach, the authors
showed that a system influenced by shear flow crossed over to mean-field behavior
on approaching the critical point due to deformation, up to suppression, of the
long-wave critical fluctuations. As a consequence, critical indices get classical values.

Finally, we should mention the research of Wolfgang Wagner’s group [98,99] in
which, as it earlier was in our studies [87,89,91], during the brilliantly organized,
fully automated (ppT)-experiment on SFe [98] in the nearest neighborhood of
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the critical point the classical values for three (B, y, 3) static critical indices were
obtained. The reason put forward for this behavior was gravitation. Subsequently,
by repeating their experiment on CO,, they not only showed that SF¢ is not an
exception but also that the change of indices to their classical values can be directly
attributed to gravitation [99].

Referring for the last time to the Washington conference (1965), which can be
considered to have concluded one classical, era of critical phenomena, and actually
initiated the new era related to the fluctuation theory of phase transitions, we quote
again the introductory remarks by G. Uhlenbeck [6]: “If there is such a universal,
but nonclassical behavior (of heat capacity singularity, D.1.), then there must be a
universal explanation which means that it should be largely independent of the
nature of the forces. The only corner where this can come from is I think the fact
that the forces are not long-range ... With regard to the correlation function and
the Ornstein—Zernike theory I hope that the new experimental work will show
that there is a critical region, where already deviation from the classical van der
Waals—Ornstein—Zernike theories begin to show up. I think there are indications
(as the specific heat anomaly) that such a region exists.” Let us add another final
remark by Uhlenbeck concerning nonequilibrium phenomena: “There are very
surprising experimental results found about various transport coefficients,”) which
clearly are worth pursuing. Till now there is no theory, not even a van der Waals
like theory” [6].

It really was another era, although only a few decades ago. It was also different,
as today after Uhlenbeck’s prediction has come brilliantly verified, this critical area
was not only discovered but has also been analyzed in detail. We hope to show
that (see Chapters 1 and 2) beyond the critical area, even closer to the critical
point, classical behavior returns once more! Maybe, in the grand scheme of things,
Krichevsky, who was the most thorough and consistent supporter of the classical
views on critical phenomena and kept his faith until his death, was not so wrong.
Maybe he was just as wise as Newton with his “corpuscles.” Fortunately, the history
in both cases developed in their own way without terminating the appearance and
development of other ideas. As a result we have a perfect wave theory of light
and also the timely appeared quantum theory. Finally, quantum electrodynamics
could once more explain “everything” using only “corpuscles” [100]. The theory of
critical phenomena has not yet reached such perfection but we hope that it is close.

This short historical excursion!? is, undoubtedly, necessarily very subjective,
but the presence of a great number of excellent reviews and books on this theme
[39-41,46,48-53,55, 56, 65, 66] significantly simplified the author’s task and gave
the opportunity to look at the key moments and little-known facts from the history of
the development of ideas concerning the nature of critical phenomena. Anticipating
the passage to the description of the basic theme, it should be noted that, unlike
most well-known monographs and reviews (theoretical and experimental) whose

9) For more details on the behavior of the trans-  10) It should also be noted that Chapter 4 is con-
port coefficients close to the critical point, see centrated on a review of research and ideas
Chapters 4 and 7. related to the dynamics of critical phenomena.
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authors did not look at all at the influence of external factors on the behavior of
critical phenomena or interpreted them as an obstacle in the way of investigating
a “true” critical behavior, the first two chapters, and most of the whole book, are
dedicated to the evolution of critical behavior of various nonideal systems as they
approach the critical point under an influence of fields of different physical nature.

1.2
Peculiarities of the Experiment in the Nearest Vicinity of the Critical Point

1.2.1
“Experimental” Critical Indices

In the asymptotic vicinity of the critical point, independent of whether a classical
or fluctuation type description is chosen, different physical quantities can be
represented as simple power-law dependences. These exponents, critical indices
introduced already by van der Waals, play a central role in any critical phenomena
theory, as one or another set of their concrete values determines one or another
type of the critical behavior. An exact critical index determination looks like
this [26, 101]:

lim Inf) =% = flx) xx (1.1)
x—0+ Inx x— 0+
At the beginning of the 1970s, it became clear on the basis of experiments on
liquids and the RG-analysis [63,102-104] that precise experimental data cannot be
described by simple power-law dependences and in general f (x), which represents
one or another physical (thermodynamic) quantity in the wide vicinity of the critical
point, should be represented in a more complex form as

fitx) = Agix ™ [T+ a1x™ + O (xZA) +-]s, (1.2)

where x is the relative distance from the critical point in the thermodynamic
variables, N and A are critical index and amplitude, while A and a; are the
exponent and coefficient for the correction term, respectively.

Critical indices, unlike the full functions like Eq. (1.2), are experimentally mea-
surable, which is one additional reason why they are playing such an important
role. Really, as the polynomial behavior (Eq. (1.2)) close to the critical point is
mainly determined by its leading term, so in accordance with definition (1.1), by
the slope in the log—log scale graph of the dependence f(x) on x, the critical index
) can be determined. Thus, the obtained critical index can generally be considered
as an effective. Two circumstances should be mentioned in this connection. First
of all, it can be easily shown (see, e.g., [104]) that the real () and effective (h.g)
critical indices are connected by a rather simple relation (see the very interesting
papers [105—107] devoted to this subject):

\ o dlnf _
T X

r—aAEA + O(x)*A. (1.3)
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Here x = 1, 1= (T/T;) — 1, where T, is the critical temperature, and X is some
average temperature of experiment. Taking into account the fact that A ~ 0.5
[102,103] and a; < 1, then for the mean value T ~ 10~ the difference between
effective and “true” critical indices does not exceed 0.005, which is well beyond
the measurement error. Secondly, as was shown in [108], effective critical indices
in leading order in ¢ obey all scaling relations (apart from hyperscaling one, which
includes a space dimension). Below, we shall show, in the course of discussion of
the precision of (pVT)-experiments on pure sulfur hexafluoride, that this point of
view, which is only justified for ideal experimental conditions, should be corrected
for real systems. Another no less important reason why critical indices receive such
attention is related to the fact that thermodynamic and statistical fundamentals
lead to the existence of a defined set of relations between them, usually inequalities
(see, e.g., [26,40,41]).

Although thermodynamic conclusions are always categorical, that is why these
dependences have a universal and valid character for any particular system,
the nonstringencyn) of these inequalities, however, permits them, within the
limits of scaling, to pass to equalities without violating any thermodynamic
limitations.

Finally, as every model which can be used for describing critical behavior has its
own set of critical indices [26,40,41,52], so their experimentally determined values
can make it possible to decide which model is preferable. In addition, the theoretical
values of critical indices for systems with different values of space dimension (d)
and number of components of order parameter (n) are known only as a result
calculated for concrete idealized models (like the Ising model, Heisenberg model
and their modifications) [26,40,41,48,52-55,71-74,102,103]. At the same time,
the conditions for a real experiment automatically include significant additional
factors, especially in the nearest vicinity of the critical point, such as the existence
of gravitation, dipole magnetic and Coulomb forces, surface tension forces, etc.,
which are commonly not considered when calculating critical indices. This is
the reason why the comparison of experimental and theoretical values, where
the influence of these factors can be very strong and often lead to unexpected
consequences, should be made very carefully. It is also important to take into
account the experiment’s precision, as well as the way of approach to the critical
point.

The fluctuation theory of phase transitions, in particular, leads to the conclusion
that critical indices only depend on space dimension and the number of components
of the order parameter. Transitions with the same number of order parameters
form the same universality class [40, 62]. Liquids, solutions, binary alloys, and
anisotropic ferro- and antiferromagnets together with the Ising model (n = 1) form
the same universality class. This is the type of objects that we are examining in
this book and in particular we shall discuss their behavior using the example of the
liquid—gas critical point.

11) So as to avoid terminological confusion, it (see, e.g., [26,40]) called “rigorous” keeping
should be said that by “nonrigorous” we in mind the thermodynamic rigor of their
are referring to the sign “>.” This is often proof.
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1.2.2
Determination of Critical Parameters

To process the results of any experiment in the vicinity of the critical point by
equations like Eqgs. (1.1) and (1.2) it is necessary to know the critical parameters
of the substance being used for the experiment. To our opinion, it is not only
desirable but absolutely necessary to determine these parameters using the same
experimental setup which is being used for the main experiment.

It is sufficient to say that, within the framework of the International Practical
Temperature Scale (see, e.g., p. 81 in [109]) it is not possible to determine either the
temperature of absolute zero or temperature of reference points better than one
hundredth of a kelvin, whereas in the best experiments thermostatting temperature
fluctuates only within the range 10 to 200 wK. Therefore, near the critical point it is
necessary to use the thermometer’s (usually a platinum resistance thermometer)
own scale.!? Moreover, one must determine the distance from the critical point on
temperature with one’s own thermometer. However, this cannot be accomplished
unless the critical temperature is determined during the experiment itself. It is
actually quite usual to leave the critical temperature as a free parameter when
approximating experimental data by Egs. (1.1) and (1.2). However, it seems that
such a method is forced upon but not effective, and therefore does not always help
to obtain an objective picture.

Another peculiarity of experiments in the nearest vicinity of the critical point is
that they are carried out against the background of ever increasing system suscep-
tibility to different external factors. That is why there are such high requirements
for purity of the investigated substance, for the absence of gradients etc. (see,
e.g., [40]). Moreover, it is necessary to have criteria for reaching the critical state,
and in order to determine the critical indices needed for comparing the obtained
results with theoretical ones it is necessary to obtain values of no less than three
critical indices on the same experimental setup. This latter requirement is due to
the fact that, although relations existing between critical indices make it possible
to consider any two of them as independent, however, the test of these relations
themselves demands independent determination of, at least, three indices. To
obtain a self-consistent set of indices it is absolutely essential that this requirement
is fulfilled.

Further we shall discuss all of these questions and, despite the abundance
of works on this problem, the number of research papers which satisfy all the
above criteria are not that great. Therefore, we have to use our own experiments
carried out on pure SFg [87-92] and use other authors’ papers when possible. As
some additional justification of this approach we can say that these researches,

12) It should be noted that when investigating each other properly (see, e.g., [98], where the
critical phenomena where all these values found T, differs from that determined in [87]
are referred to the critical point, this condi- by only 1.5mK, which lies within the mar-
tion plays no role. However, it seems that if gins of error even for absolute temperature
the investigated samples are properly cleaned, measurements).

then their absolute value T, corresponds to
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which began in 1974, were for many years the only ones in the world scientific
literature where in the same experiment the changes of three static critical indices
toward their classical values in the nearest vicinity of the critical point were found.
Moreover, these changes were, for the first time, interpreted as the consequence of
the gravitational effect.

For many years this hypothesis was considered, at best, as an overbold one. Many
people, including such a great authority on critical phenomena as I. R. Krichevsky,
in whose laboratory this experiment was carried out, tended to consider such
behavior as a natural consequence of the validity of the classical critical phenomena
theory. It was not that long ago that papers appeared where analogous results
were once more obtained on SF¢ [98] and CO; [99]. In these papers, the authors
also treated the transition of the indices to classical values as a consequence of
gravitation. The results of these works will be discussed in detail further, but we
should start with a brief look at the peculiarities of critical parameter measurement
methods and methods of assessing purity of matter.

1.2.3
Purity of Matter

Already in the 1870s, Andrews [7-9] noted that the critical temperature of CO,
mixed with air can go right down to 0°C depending on the degree of impurity. In
fact, this is so obvious that the only surprise is the reaction against Andrews by
such famous scientists as J. Jamin and L. Cailletet who supposed that “the addition
of a gas harder to liquefy (air) should not effect the critical temperature of a gas
easier to liquefy like carbon dioxide (CO;)” (see [31], pp. 290—297).

The effect of impurities on critical parameters can be observed by studying diluted
solutions. In his thesis, Makarevich [110] determined the critical parameters of
diluted solutions of carbon dioxide in sulfur hexafluoride. By analyzing his results
we managed [141] to ascertain that a good test on matter purity can be the so-called
critical coefficient, K = (RT./p.V.), where the subscript “c”” denotes “critical,” R the
universal gas constant, R = 8.3145 ] mol ' K~' (Fig. 1.1). The figure clearly shows
that as the amount of CO, decreases this coefficient increases. As this coefficient
continues to grow as other impurities are removed, it can be supposed that this
feature relates not only to SF¢ and its impurities, but has a more general character.
Unfortunately, we are not aware of such tests carried out on other substances.

As for the two purest of the tested samples (matter purity 99.9994% [98] and
99.9995% [87-92]), although only semiquantitative evaluations were made, the
dependence found in [141] turned out to be very good (Fig. 1.1). Clearly, these
conclusions are valid only if the proposed criterion continues to operate even at
such a low degree of impurity and if there were no systematic errors in determining
the critical parameters in the quoted papers. It is in any case clear that in [91,98] we
are dealing with the purest ever investigated samples of sulfur hexafluoride (and
not only of this).

In addition, the evaluation of the degree of purity performed in [87,91], as
for [110] in its time, was carried out using one of the typical features of pure matter,
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Figure 1.1 Dependence of the critical coefficient of SFg
on impurity concentration [141]. Plots are made using ex-
perimental data from different sources: (¢) SFg and CO;
[110]; (a) data from [113] (quoted from [114]); (=) [87,91];
() [98]-

the horizontality of its isotherms in the coordinates (p—p) in the two-phase region.
After a double purification by the first rectification column the pressure difference
at the ends of the isotherm with a four times change in volume did not exceed
=£0.5 kPa. The purification by the second column stopped only when the pressure
difference, under the same conditions, was not noticeable within the limits of the
sensitivity of the pressure gauge (+2 Pa). To do this it was enough, as a rule, to
carry out two to three distillation cycles on the rectification column for a final
purification [91].

With precision thermostatting and a sensitively stable pressure gauge this test,
although not providing a quantitative or qualitative estimate of the composition of
the impurities, has, in our opinion, an incontestable advantage over other methods
(chromatography, mass spectrometry, etc.). Most importantly this check is carried
out on the same experimental setup which is then used for the main experiment.
This makes it possible to carry out a closed cycle, which guarantees that impurities
will not enter the checking process itself and also its efficiency. Finally, this method
is universal, while quantitative analysis methods are to different degrees developed
for different substances. In a recently published work [111], one of the authors of
which is the renowned researcher in the field of critical phenomena, L. Weber (see
for example one of his early works [112]), not only such method of definition of
substance purity is proposed, but also detailed recommendations for its calculation
are given.

1.2.4
Determination of Critical Density

One of the most difficult problems of determining critical parameters is critical
density, (p¢). This is due to the natural peculiarities of the critical point. The small
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curvature of the coexistence curve close to the critical point leads to low pressure
sensitivity to density changes. It is also due to terrestrial observation conditions
when the gravitational effect [28] causes additional flattening of the peak of this
curve [32-34,88,89,91,115]. All this leads to the fact that, even in the best works,
the precision of critical density determination is, as a rule, two to three times
lower than the determination of other critical parameters and does not exceed
£(0.1-0.2)%. In our research the precision of critical density determination was of
an order higher, +0.02% (see below for more).

The most common method of determining critical density is the disappearance
of the meniscus method [28,31-34, 84,116, 117] or the so-called Cailletet and
Mathias “rectilinear diameter” rule (1886) [118]. In recent years, however, the
validity of this rule for the nearest vicinity of the critical point has raised such
serious doubts that the diameter of the coexistence curve was even given its
own name “singular” (see, e.g., [119-124] and also [125] and references therein).
Therefore, it was necessary to have a method for independently determining
the critical density. Such a method, in view of all previous experience (see, in
particular, [31]), was suggested by Makarevich and Sokolova [84] and then used
in [87-92]. In view of this problem’s great importance it is necessary, albeit
briefly, to look at the principal peculiarities of this method of determining critical
density.

The method is based on using visual observation of meniscus movement
in a constant-variable volume piezometer. The high precision of critical den-
sity determination (£0.02%) in this case is due to both the high sensitivity
of such a method of observation, as Gouy [28] and Stoletov [31] still noted,
and the improved sensitivity of the volume measurements as a whole [84]. The
sharp increase in sensitivity and precision of the volume measurements in its
turn was possible only thanks to the making and application of the micro-
press, an original refinement of the (pVT)-setup. The micropress is a successful
technical realization of I. R. Krichevsky’s fruitful idea which makes it possible
to unite the advantages of constant and variable volume piezometers in one
apparatus [84].

Let us assume that the critical parameter values of the substance being inves-
tigated have been roughly determined (this is not usually very difficult). Then,
an appropriate amount of the substance is placed into the piezometer and the
temperature of the thermostat is raised by (3 —5) x 1073 K and is further kept
at this level with extreme precision (in this case £2 x 10*K). Next, using the
micropress the volume of the piezometer is quickly (quasiadiabatically) increased
by (0.3-0.5)% (AB, see Fig. 1.2) from the whole volume which leads to cooling of
the substance (BC), appearance of the second phase, and the meniscus.

Then, the volume is slowly decreased down to the initial one (CD), at the
same time generating an undulatory motion of the meniscus by light shocks of
the stirrer. The less intensive this motion, the greater is the time for transition
to equilibrium. In particular, the motionless meniscus is dissipated in at least
2h, while with intensive stirring it disappears within several seconds against the
background of very strong opalescence. The speed of the meniscus undulation
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Figure 1.2 Schema of determination of the critical density by
the disappearance of the meniscus method.

increase was experimentally chosen in such a way that in 1-2min the meniscus
begins to darken, finally turning into a 1-mm-thick dark brown stripe with very
weak opalescence in the rest of the vessel. These observations demonstrate that
without stirring the critical phase inside a piezometer can, apparently, exist only in
a thin layer of the substance.

The transition from a nonequilibrium state (D) to an equilibrium one (4) is
accompanied by the meniscus moving up or down the vessel’s height depending
on the value of the mean density of the substance therein. When p > p, holds,
the meniscus moves up and when p < p, is fulfilled, it moves down. Thus, the
task is reduced to find the position at which the meniscus movement changes to
the opposite at the minimal change of average density (volume). The sensitivity of
such a method is limited only by the micropress’s sensitivity which in [84] and then
in [87-92] was not worse than 0.002%. If we take into account the limits of error of
the micropress’s and piezometer’s calibrations, then the error in determining the
critical density did not exceed +0.02%. It should be mentioned that the possible
systematic influence of gravitation on the result of the measurements, naturally, is
not included in this estimation.

1.2.5
Determination of Critical Temperature and Pressure

The precision in determining the critical temperature (T;), using the same visual
observation method for the appearance—disappearance of the substance’s two-
phase state in the piezometer when the average density being equal to the critical
one, was not worse than £2 x 10~* K with thermometer sensitivity no less than
2 x 107> K [87,91]. The adjusted values are, of course, not related to the absolute
scale but only to the own one of a secondary reference platinum resistance (100 )
thermometer. Wagner and his colleagues did not carry out visual observations, but
temperature instability was reduced to 10-25 pK [98,99]. The measuring system
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of pressure, including critical one (p.) used in our experiment [87-91], consisted
of a piston gauge, belonging to the group of the national standards, a mercury null
indicator, and a reference control mercury barometer (for measuring changes in
atmospheric pressure during the experiment). This guaranteed an overall error not
exceeding +40 Pa (~0.001%) in the own setup scale with a sensitivity of +2 Pa and
reproducibility of the measurements no worse than £5 Pa. The experimental setup
in [98,99] used almost the same parameters.

Such setups are extremely rare in the world and the quality of the data obtained
is usually well known. The (pVT)-setup with visual observation discussed here is
not an exception (see, e.g., [40], p. 112). In addition to subjective judgements on
this theme, one can obtain an objective idea about the accuracy, sensitivity and
reproducibility of the data in this experiment from Figs. 1.6, 1.12, and 1.21, where
(partly or in full) the coexistence curve, critical isotherm, and critical isochore of
pure SFg, obtained with the help of this setup, are shown [87-91,128]. Figure 1.6,
for example, clearly shows that the scattering of experimental points lies within the
margin of error for temperature. In Fig. 1.12, where only a part of the isotherm,
immediately adjacent to the critical point is shown, apart from the horizontal
part the precision of the pressure measurement and stability of thermostatting
are distinctly visible. It should be noted that the “height” of the rectangle in
the graph is twice the measurement error of pressure (which indirectly also
includes temperature instability, which gives ~1/3 of the whole of error when
(dp/dT) ~ 8 x 10° Pa K~! which does not exceed 0.5 g at 38 kg (calculated at 1 cm?)
that is better than ~0.001%. As for the peculiarities of Wagner and colleagues’
(pVT)-setup one can find more details in [98,99].

13
Experiments Near the Critical Point in the Presence of the Gravitational Field

In this section we shall discuss the results of precise (pVT)-experiments, in which
the nearest vicinity of the critical point of pure sulfur hexafluoride was studied
in detail. The coexistence curve, critical isotherm, isothermal compressibility in
the single-phase area, and the (pT)-dependence along the critical isochore were
investigated [87-92,126-128]. All the experimental material was concentrated in
narrow temperature (—0.3K < T — T, < 1.3K) and density (JAp*| < 0.15) inter-
vals. The main result of this research, apart from the high accuracy experimental
data themselves, was, as we have already said, in obtaining three static critical
indices (B, y, and 8) under conditions of the same experiment on the same
experimental setup. It became clear that in the studied vicinity of the critical
point there are own “far” and “near” regions. In the far region, all the crit-
ical indices have values close to Ising, whereas in the “near” one the indices
again become typical for mean-field behavior. In the works [87-91] such a behav-
ior was for the first time related to the strong specific influence of gravitation.
Such an unusual, for its time, interpretation has still not become generally ac-
cepted up to now, which makes it necessary for us, even if briefly, to recall the
main facts.
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1.3.1
The Gravitational Effect

As for the experiment, the effect of the gravitational field, as has already been
mentioned, on critical phenomena was first noted and described surprisingly
accurately and comprehensively more than 100 years ago by Gouy [28]. He was the
first to describe the density distribution of matter along the height of the vessel
in the presence of gravitation under conditions of extremely high compressibility
near the critical point. Noting the necessity of having a very high degree of
temperature stability, he wrote: “‘changes by several thousands of a degree per hour
completely impede observations which only become satisfactory if the changes do
not exceed 0.0001°” ([28], quoted from [31], p. 334). Gouy was actually the first
to connect the presence of a flat top of the coexistence curve near the critical
point with the gravitational effect and noted the necessity of stirring in order to
achieve equilibrium, which otherwise would not happen “even after one week had
passed.” Despite the brevity of Gouy’s remarks it is possible to get quite a good
idea of how well his experiment was carried out and the high degree of his own
observational skills and intuition even though the experiment was performed in
the 19th century.

A brilliant continuation of Gouy’s work was carried out in the mid-1950s by
a group of Canadian researchers [32-34] who studied the coexistence curve on
a (pVT)-setup with visual observation and stirring. This analysis was the first
quantitative study of the effect of gravity on the shape of this curve in the vicinity
of the critical point. In this paper, they managed to achieve a record, for that
time, measurement accuracy; temperature was determined with an accuracy of
+0.001 °C, critical density with £0.2%, and pressure with +0.01%. Technically the
research was also faultlessly designed. The gravitational effect on the shape of the
curve in big (190 mm) and small (12 mm) vessels was studied. This was in fact a
test of Mayer’s theory [134], which it did not hold up and so ceased to exist. Today
the Mayer theory, according to which the coexistence curve has a flat top even
without the gravitation effect, has been almost forgotten.

Leaving aside the already familiar discussion about gravitation as the reason
for the coexistence curve’s flat top let us look at the clear, but up to now,
nobody noted asymmetry of the gravity field effect on the different branches of
this curve. The effect of the field on the liquid branch stops being noticeable,
i.e., both curves close up, when |1| = 1.38 x 1073, while the merging of the gas
branches only happens when significantly removed from the critical point by
|| = 4.8 x 1073 (see Fig. 1.3). While looking at the form of the critical isotherm
[88,90,91] (see Chapter 2) we will see that the behavior of its “gas” and “liquid”
branches is analogous to the case considered. We do not know the reason for such
peculiarity.

When discussing the gravitational effect we must not forget to mention the
influence stirring has on it. Many years after Gouy, D. Cannell from the University
of California studied this problem and came to the fundamentally important
conclusion [135] that stirring, which removes the density gradients caused by
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Figure 1.3 The coexistence curve of Xe in vessels of big
(19cm) and small (1.2cm) height [32].

gravitation, does not affect the critical properties of the studied matter. It should be
added that the experiments discussed [98,99] were carried out without stirring and
led to exactly the same results as in the experiments with stirring [84,87,88,91,92].
The only difference was that it took several hours to achieve equilibrium in the
first case while it only took a few minutes when stirring took place. It should
also be mentioned that stirring can help to get rid of the consequences of the
“primitive” gravitational effect only, which consists in the redistribution of density
along the vessel height, and apparently does not affect the manifestation of the
intrinsic gravitational effect which modifies the nature of the phase transition
(for more see the second paragraph in Chapter 2 and [181-183]). We believe that
this is the reason why our results coincide with those of Wagner and colleagues
independently of the presence or absence of stirring. Therefore, when discussing
the gravity influence on a measurement of a property in the nearest vicinity of the
critical point, we will mean only the intrinsic gravitational effect.

1.3.2
The Coexistence Curve

The equation for the determination of the coexistence curve, according to extended
scaling (see, e.g., [63,104]), is

* _ Pliq — Pvap

Ap
2pc

= Bo(—1)° (1+ By [t|* +---). (1.4)

Here, pjiq and py,p are the orthobaric densities of the coexisting liquid and vapor,
respectively; p; is the critical density; By, B1, and f are the critical amplitudes and
critical exponent of the coexistence curve; and A is the so-called Wegner exponent,
a universal correction of the main asymptotic term [63]. Calculation using the
g-expansion gives A ~ 0.5 (more precisely 0.493, see, e.g., [103]). Other possible
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representations of a coexistence curve look like

Pliq — Pe
Pe

Ap* = Pe _pcpvap _ Bo_(—r)f}*

Apy = = Bo ()"

: (1.5)

where By (B+) and Bo_ (B_) are the critical amplitudes (critical exponents) of the
liquid (p > pc) and vapor (p < p) branches of the coexistence curve, respectively.
On the coexistence curve, T < 0 holds.

Note that Eq. (1.4) is of more traditional nature. It implies that the critical
behavior of real systems coincides with an idealized model behavior for which
the equality = B4+ = B_ is characteristic. The two other representations given by
Eq. (1.5) are useful, because they allow one to reveal the possible asymmetry of the
upper part of the coexistence curve, which is manifested in the inequality between
the critical exponents B and p_.

The coexistence curve is fairly simple to study as it is not necessary to measure
the most “labor intensive” parameter, pressure. Density is measured by optical
or dielectric methods using the Lorentz—Lorenz or Clausius—Mossotti formulas.
A large number of papers have been dedicated to research on this curve (see,
e.g., [39, 40,49, 65, 66]). However, the results of these studies cannot be easily
used for our purposes as they were not carried out very near to the critical point.
In the case of optical measurements this restriction is caused by the need to avoid
considering multiple scattering when working in the region of developed critical
opalescence, where the laser beam deviates from rectilinear propagation and then
completely disappears, totally scattering in the cell filled with matter (see Chapters 5
and 6 for more details).

Dielectric experiments have their own difficulties. For example, the authors of
the carefully carried out investigation [136] had to ignore all experimental points,
located in the region |t| < 4 x 107%, in their analysis because, as they said, of the
distorting effect of gravitation. At the same time, as the papers [87,89,91] showed,
the peculiarities in the coexistence curve’s behavior caused by gravitation begin
only (!) when |t| < 107°. The natural desire to reduce the gravitational effect in
dielectric experiments makes it necessary to use even thinner condensers where
the effect of surface forces can be fully compared to the effect of gravitation (see,
e.g., [137]). To our opinion, it is the surface forces, but not gravitational ones, in
capacitors with a very small gap (0.076 mm [136]) that are the real reason for the
observed effects in this paper in the region |t| < 4 x 107*.

It should also be mentioned that both optical and dielectric methods are indirect
and their applicability in such complex conditions is not very obvious. It is well
known that to apply the Lorentz—Lorenz formula one must adequately account for
local field effects, which is not very simple to do (see Chapter 7 for more). This
problem was especially studied in [138,139] in which Beysens et al. concluded that
this formula could not be applied near the critical point. The Clausius—Mossotti
approximation suffers from the same inadequacies as the Lorentz—Lorenz formula
as they are practically two different formulations of the same idea. Thus, by
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attempting to apply these dependences in order to study critical phenomena, the
researcher finds himself in a kind of closed circle. This is because the main
peculiarity of these formulas is that they are very approximate everywhere [140],
especially in the vicinity of the critical point. If the critical point is excluded from the
study then, as experience shows, both methods lead to very reasonable results [40].

In contrast, precise (pVT)-experiments with visual observation and stirring are
free of all the listed shortcomings and, to our opinion, are perfectly suitable
for studying static properties near the critical point. However, there is a very
widespread opposite view that the (pVT)-method is limited by the gravitational
effect (see, e.g., [40]) which disturbs the experiment in the immediate vicinity of
the critical point, deforms the shape of the curve, distorts the critical indices etc.,
and stops them being “true.”

Actually, if one accepts an alternative point of view, stating that the critical indices
are not distorted by gravitation but obtained in its presence and, consequently,
are true for these circumstances, then the situation is cardinally changed. This
approach also gives us a way of looking deeper into the nature of critical phe-
nomena [2,141,142]. All known experimental material shows that the presence
of an additional factor such as the weak influence of the gravitational field (in
small vessels) really makes it possible to reveal new features of critical behavior
(concerning the effect of the weak magnetic field on phase transitions near the
Curie point; see, for example, Chapter 4 in [143]).

In (pVT)-experiments [87,91] more than 60 experimental points on the coexistence
curve of pure SFq in the range AT = 0.2 K below T, were registered (Figs. 1.4 and
1.5). Moreover, the top of the curve was studied in detail. The points, closest to the
critical state, are only 0.0001 K apart from it, while, in the interval AT = 0.003 K,
10 values were obtained on the “liquid” branch and 11 on the “gas” branch
(Fig. 1.6). In fact, this interval is 15 times larger than the error in temperature
measurements.

One can see the considerable asymmetry of the curve’s top. It is also found that
the critical density value (p, = 0.73883 gcm™3), obtained by visual observation, sig-
nificantly differs from the value p, = 0.7416 gcm ™3, arrived at using the “rectilinear
diameter” rule. All the data and figures presented hereinafter reflect the results
of a reanalysis [141] of experimental data [87,89,91]. Modern computer analysis
techniques made it possible to bring in correspondence calculation accuracy
with volume measurements precision. Previously, the determined p.-value was
p. = 0.742gcm ™3 [91]. The mentioned difference, as already discussed, is 0.4%,
which is 20 times higher than the error of volume measurements. In our opinion,
there is nothing very surprising about this difference as the critical density deter-
mination was practically reduced to the measurement of the coexistence curve part
closest to the critical point [87,91], as was suggested in [84]. Thus, the asymmetry
of the whole upper part of the coexistence curve finds its the natural reflection in
the critical density shift. The reasons for this asymmetry, as was already noted, can
be attributed to gravitation.

The coexistence curve is shown in Fig. 1.7 in a wider temperature range AT >
0.03 K, together with its diameter which, starting from AT = 0.01 K (t ~ 3 x 107°),
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Figure 1.4 Three-dimensional representation of the coexis-
tence curve of SFs. The domain of variability of state pa-
rameters is (T, — T) ~ 0.2K, p. —p = 17kPa, Ap* =+0.15
[147]. The plots are drawn using data from [87,91].
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Figure 1.5 The coexistence curve of SFs [87,91].

becomes curvilinear [87,89,91]. Such behavior in pure liquids was simultaneously
and independently found on SFe [87,144]. In [87], it was observed using direct
(pVT)-measurements, and in [144] by analyzing the temperature dependence of
the dielectric constant. These results not only aroused a wide discussion at the
time, but also led to a great number of additional experiments dedicated to this
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Figure 1.6 The top of the coexistence curve of SFg in the
temperature range (T, — T) = 0.003 K. The size of the verti-

cal line corresponds to the temperature measurement error
+2 x 1074 K [87,91].

problem (see, e.g., [98,121,125,129,131, 145-151]). It should be said that during
all these researches the existence of a singular diameter in nonconducting liquids
was not experimentally confirmed, and moreover, no single reason for its possible
appearance was proposed.

In Fig. 1.8, the data for the coexistence curve for pure SF¢ (see Figs. 1.4 and 1.5)
are shown in the log—log scale. As all values of Ap* (see Eq. (1.5)) for this graph
were calculated using as critical density the values p/, determined by the rectilinear
diameter rule, the fact that the experimental points corresponding to both branches
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Figure 1.7 The top of the coexistence curve of SFg in the
temperature range (T, — T) = 0.03 K together with its “curvi-
linear diameter”. For (T, — T) > 0.01K, pg = p, = 0.7416

(87,91
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Figure 1.8 The coexistence curve of SFe. The symmetry of
the behavior of both branches of the curve in the inter-
val 5x 107° < |1| < 7 x 107* [141]. The curves are plotted
using data from [87,91].

of the coexistence curve form in the region |t| > 3 x 107> a common line definitely
indicates that this rule is well fulfilled in this temperature range.

Figure 1.9 demonstrates the accuracy of the approximation of both branches
of the coexistence curve in the interval 3 x 107> < |t| < 7 x 10™* by simple
scaling dependences (Eq. (1.5)) with Boy = By— = 2.054 £ 0.021 and By =p_ =
0.3508 + 0.0013 [141]. It should be mentioned that these refined values agree
wonderfully with the results of the “pre-computer era” coexistence curve analysis
Bo = 2.05 £ 0.01 and B = 0.350 == 0.006 [89,91, 126, 128]. Note again that Eq. (1.5)
describes each branch of the coexistence curve separately in contrast to the more
usual equation (1.4). From Fig. 1.9 it follows that in the “far” part of the mentioned
temperature range errors are random and do not exceed 0.02-0.03%, while in the
“near” part there can be observed small deviations (~0.06—0.07%) but systematic
ones. As analysis showed, the addition of extra terms (such as a dependence like
Eq. (1.4)) does not lead to a better description of the experimental data. A very
detailed analysis of this problem was especially carried out in [153]; it was dedicated
to the analysis of xenon. It was shown that the obtained coexistence curve data
could be well described by the simplest one-term equation with a common index
B = 0.356 for the whole temperature interval 2 x 107 < |t| < 3 x 107 studied.
Moreover, applying in this case Eq. (1.4) in its full form could not, as well as for
SFg, improve this description. This result clearly shows that it is not necessary to
apply the extended scaling for such small temperature intervals (see also [125]).

At the same time it is clear (Fig. 1.9) that the character of deviations near
the critical point (|t] > 3 x 107°) is such that they could probably be avoided by
using the same small correction, adding it to the values on the liquid branch of
the coexistence curve and subtracting it from the gas branch values. Opposite
correction signs, here and in the area of strong asymmetry of the coexistence curve
(It < 10‘5), can, in our opinion, be explained by the influence (naturally, weaker)
of the gravitational effect. It is clear from the diagram that for SF¢ (vessel height
8 mm) the gravitational effect on the coexistence curve disappears completely,
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Figure 1.9 Coexistence curve of SFg: reduced deviations of
calculated density values (Eg. (1.5)) from experimental ones
[147]. The curves are plotted using data from [87,91].

beginning from |t| > 4 x 107°. Considering the results for the different heights
of the vessels used in two other papers [32, 98], where the gravitational effect was
also found, this value agrees well with the “old” data [32] as well as with the “new”
results [98].

133
Singularity of the Diameter of the Coexistence Curve

More than 100 years ago, Cailletet and Mathias experimentally established the
so-called rectilinear diameter rule for the coexistence curve
_ Pliq + Pvap

=14+ At/ +---. 1.6
s 1 (1.6)

Pd
This rule remained correct even when the precision of the experiment and the
degree of approach to the critical point already made it possible to find nonclassical
values of the critical index B (see, for example, reviews of experimental work
performed in the mid-1970s [39, 49], where the singular diameter problem did not
even arise, or the papers of the same time, where this problem was especially looked
at and it was shown that the experimental data for all substances, investigated by
that time, agreed well within the margins of error with the rectilinear diameter
rule). According to our data, this rule is well satisfied right up to |t| > 3 x 107>
(see Figs. 1.7 and 1.8). In [98], which devoted particular attention to this problem,
deviations from the rectilinear diameter rule were not found and it was used to
determine the critical density.

There also appeared theoretical papers at the beginning of the 1970s, which
suggested the possibility of incomplete symmetry between liquid and its vapor
(particle—hole systems in terms of the lattice model) and consequently this rule
was violated (see, e.g., [119,120, 155, 156]). The singularity is not actually observed
on the diameter itself but on its first derivative. It should be mentioned that these
papers were only dealing with theoretical models. As a result, “singular” term was
added to Eq. (1.6):
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* _ Pliq + Pvap

0 =1+ Aolt/"™ + Ayl + - -, (17)
2p,

where o is the critical index of isochoric heat capacity.

Application of the RG-representation to explain this problem in those cases,
when the critical behavior of liquids was initially modeled with the addition of an
asymmetrical term to the ¢p*-Hamiltonian [149,150], really led to the appearance of a
nonanalyticity like Eq. (1.7). In other cases, arectilinear diameter was obtained [157].
In [121-124], which further developed this theme, the singular diameter arose by
taking into account not only double interactions but also triple ones. It seems that
for the first time this approach was applied in [121] as an immediate reaction to the
results of our research [87]. Without going into details, it is worth mentioning one
important circumstance: the gravitational effect was not taken into consideration
in any of these theoretical investigations.

As for the paper [144] where, according to its authors, the singular diameter was
first found on the coexistence curve of SFg, we shall add just one remark. Despite
the wide resonance this paper arose in that time (see, in particular [148—150, 158],
the deviation of the diameter from rectilinearity (see Fig.1.10) was found in
this work so far from the critical point (AT = 0.3 °C), where nobody before or
since has observed such effects (see, e.g., [87,98,99,151] and Figs. 1.6-1.8). In
this connection, the detailed investigation [151] deserves special attention, since
here the same substance (SF¢) was studied using the same dielectric method as
in [144], but with greater precision (it is enough to mention that the thermostatting
stability in this paper was ~20 nK (!), against ~0.001 K in [144]). No deviations
from rectilinearity were found and, according to the authors [151], the gravitational
effect began to have a strong influence on the coexistence curve only in the range
|| <1 x 107*. Tt should be mentioned that with a height of the measuring cell
(capacitor) of 0.5 mm it is impossible here as well as in [136] to completely exclude
the influence of the surface tension forces. However, neither in [144] nor in any
later work, including the masterly analysis carried out in [148] in order to prove
that in [144] it was the singular diameter that was observed, the gravitation as a
possible reason for the observed deviations was not even considered. Moreover,
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Figure 1.10 Behavior of the coexistence curve diameter for SFe [144].
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the results of our paper [87], despite the suggested explanation related just to
gravitation, were considered by other authors as direct experimental evidence
of the diameter singularity of the coexistence curve (see, e.g., [121,125]). Now,
however, after the appearance of the papers [98,99], there can be no doubt in
our mind that gravitation is a cause of curve coexistence asymmetry. Without
denying the existence of the diameter singularity for corresponding theoretical
models [119, 120, 155, 156], we shall present below (see Chapter 2) a possible
alternative explanation for the coexistence curve asymmetry, not for a model
system but for a real liquid, where the gravitational field will be given the main
role [87,89,91] (see Fig. 2.4).

1.3.4
The Critical Isotherm

Out of all the lines, which are usually investigated when looking at critical
phenomena, the critical isotherm is of particular importance due to its most
complex and labor-intensive experimental study. An indirect confirmation of this
could be the fact that in vast reviews [39,40] it was not practically discussed, while
the coexistence curve had a separate paragraph dedicated to it and susceptibility
(compressibility) a large table. This is a reflection of real difficulties, which arise
when investigating the critical isotherm, whose direct (pVT)-measurements are
extremely rare [88,98,159].

The most detailed critical isotherm of SF; [88] (~140 experimental points in the
range of density change, Ap* = £0.2) is shown in Fig. 1.11. In the two other cited
works on the critical isotherm of SF [98] and Xe [159], about 25—30 experimental
points were obtained. Figure 1.12 shows only a part of this isotherm immediately
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Figure 1.11 Critical isotherm of SFs. The measurements
were carried out at increasing () and decreasing (o) vol-
ume [88]. The absence of hysteresis shows that experimental
data are obtained for equilibrium.
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Figure 1.12 The horizontal part of the critical isotherm
around the critical point: new analysis [141] of experimental
data given in [88].

close to the critical point. Here, apart from the horizontal part, both the precision
of the pressure measurement and thermostatting stability are clearly seen. The
presence of a horizontal part of the isotherm and the flattening of the upper part
of the coexistence curve are consequences of the gravitational effect [32,115]. From
the data it can be seen that its width on the critical isotherm (~=£2%) is wider than
that on the coexistence curve (~=£1%). In our opinion this can be easily explained,
as the “moving away”” from the critical point along the coexistence curve takes place
simultaneously with two parameters (p and T), and for the isotherm only with one
parameter (p). It is therefore natural that gravitation in the second case is effective
in a wider range of density changes than in the first case. The fact that there is
a twofold difference in the dimensions of the flat parts on these curves does not
seem to be an accidental coincidence and may also point to the gravitational nature
of the horizontal part of the isotherm.

The experimental data relating to the critical isotherm [88] were treated in
[90,91,126,141] in terms of the similarity hypothesis both in (n — p)- and (p — p)-
representations in accordance with Egs. (1.8) and (1.10):

-1 A
At = Doapt [apz [ (14 DF apz|*"), (8)
where p is the chemical potential,
P
Aw = [l T) = ulee, T2 (1.9)
c
and the signs “+” and “—” refer to the liquid and vapor branches of the critical

isotherm, respectively,
5-1 A
Ap: = Dodp |Apz | (1+ DF [apz] ),

Apt = (p_i - 1) . (1.10)
Pe
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critical isotherm of SFe [88,90,91].

From a theoretical point of view, the (i — p)-representation is more adequate as it
is suggested that in this case the critical isotherm should be fully antisymmetrical. In
experiments, the critical isotherm is measured in more natural (p — p)-coordinates.
Wallace and Meyer, the authors of an extended research of static properties of
3He near the critical point by the dielectric method [161, 162], expressed their
surprise after they carried out numerical integration of experimental pressure
values on the critical isotherm and were unable to obtain an equality of chemical
potential values on its both branches, as was suggested by contemporary theory (see,
e.g., [39]). Moreover, it turned out that |Apg, | > |Apg, |- To find this experimental
fact requires high sensitivity and precise data, which does not actually happen
very often. In the experiment on SF¢ (Fig. 1.13), the same result was obtained
88,90,91].

Concerning the discovered deviation from complete antisymmetry of the critical
isotherm, the calculated (v — p)-data do not, to our opinion, have enough advantage
over the initial (p — p)-representation. Therefore, the new analysis [141] of the
critical isotherm of SF¢ was only carried out with Eq. (1.10). It turned out that just
as in the case of the coexistence curve, to obtain the same critical index (§) and
amplitude (Do) for both branches of the critical isotherm it was necessary to use,
instead of the critical density value found by visual observation, the value which was
determined by the “rectilinear diameter” rule. This gives an additional evidence of
its validity.

The parameters of the main term (D and §8) coincided with those for the (i — p)-
representation found previously [90, 91], which are Dy =1.70+0.01 and § =
4.30 & 0.01. This result should have been, in principle, expected as the difference
in the numerical values of Ap* and Ap*, at worst, does not exceed 0.01Ap*.
Moreover, due to the carried out analysis it was possible not only to fulfill the
requirement of the equality A} = A_ = A [63], which had been already obtained
earlier [90,91], but also to achieve a quantitative coincidence of the obtained values
A = 0.49 £ 0.02 with its RG-value, A = 0.493 [103]. Thus, the full set of parameters
of Eq. (1.10) for describing the critical isotherm of SF¢ “far” from the critical point
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Figure 1.14 Critical isotherm of SF¢. The relative deviations
of the calculated pressure values (Eq. (1.10)) from experi-
mental ones [88]: p. = 3.75998 MPa for both branches of
the critical isotherm (o, o); p. = 3.75988 MPa for the gas
(a) branch and p, = 3.76003 MPa for the liquid (a) branch
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(I1Ap[* > 0.08) turned out to be as follows:

Dy =170£0.01,  3=430+0.01, (1.11)
Ay =A_=A=049+002
Df =1.4040.05 D =0.06+0.02,

B = 0.3508 + 0.0013.

The comparison of experimental and calculated, according to Eq. (1.10), taking
into account Eq. (1.11), pressure values is presented in Fig. 1.14. Looking at this
picture, we can see systematic deviations, although small and within the limits of
£(0.002-0.004)%, especially on the gas branch. We attribute this critical isotherm
asymmetry, as well as the coexistence curve asymmetry (see Figs. 1.6 and 1.7),
to gravitation. The asymmetry observed in both cases cannot be explained by a
real difference between liquid and gas, as any difference between them should be
decreased on approaching the critical point. As the analysis in [141] showed, the
observed systematic deviations can only be removed by a special choice of the
critical pressure. No changes in the critical indices and amplitudes led to the desired
result (Fig. 1.14). Just like in the case of the coexistence curve (see Fig. 1.9) it is
necessary to add to the measured pressure value (there, density) on the liquid
branch and subtract from the gas branch some small correction which gets smaller
as the system moves away from the critical point. It is remarkable that if the
error in measurement of pressure, including critical, was higher by only two or
three times, it was impossible to see the described peculiarities of the critical
isotherm. Even in this case the measurement precision would have been better
than 0.01% which is much higher than in most of the researches that we are
aware of.
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Finally, just as with the analysis of the coexistence curve, in the nearest vicinity
of the critical point the change in the critical index toward its classical value was
observed. The change here was also attributed to gravitation. Analogous results with
the same interpretation were also presented in [98] (for a detailed and comparative
analysis, see Chapter 2).

1.3.5
Isothermal Compressibility Along the Critical Isochore

This thermodynamic characteristic being a particular case of a more general
property, the system susceptibility, plays a rather noticeable role in the physics
of critical phenomena as well as in the physics of condensed state as a whole.
It has been known since van der Waals that all the phenomena, united by the
term “critical,” are directly related to singularity of the compressibility. This fact
is also reflected in the variety of methods for its experimental determination
using the temperature dependences of different quantities like the intensity of
scattered light and X-rays, density, dielectric constant, etc. (see, e.g., [39, 40,49,
65, 66, 125]). As the first and, for a long time, as the only one Habgood and
Schneider’s work [159] devoted to the thorough and detailed (pVT)-analysis of
the critical region of xenon should be considered. The authors did not use their
experimental data to find the compressibility critical index y. This was, however,
done subsequently by Kadanoff et al. [48] using the original data from [159] for the
determination of the dependence of compressibility on temperature in accordance
with Eq. (1.12):

=P @ — Tty
pekr = - (3p>T =Tt (1.12)

The result is shown in Fig. 1.15: “far” from the critical point the value of y
was equal to 1.44, which is close to its Ising value, near the critical point y ~ 1
holds, which is typical for the mean-field behavior. A similar result was obtained
20 years later on SFg [92,163]. The paper [92] was a direct continuation of the
research carried out in [163] and its intention was to extend this research by
studying more carefully the nearest vicinity of the critical point. Although the
experiment’s precision, as described in [163], gave us no reason to doubt the
validity of the obtained values of the critical index of compressibility, due to the
unusual importance of this problem for critical phenomena further investigation
of the temperature dependence of compressibility was carried out in the tempera-
ture interval (0.02 < (T — T;) < 0.33 K), where in [163] was found y = 1.00 = 0.02
(Fig. 1.17).

With this aim the same experimental setup as in [163] was used to study
16 isotherms (Fig. 1.16) lying higher than the critical one with an extremely small
temperature step (~0.02K). On each isotherm ~20 experimental points were
obtained within the range of volume changes of +8% from the critical one
with a decrease in the substance’s density in the piezometer as well as with its
increase. The absence of hysteresis (see Fig. 1.16) shows that the obtained data
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Figure 1.16 Linear sections of the (p — p)-isotherms in the

single phase region of pure SFg in the temperature interval
0.02 < (T—T,) < 0.33K [91,92].

were measured for equilibrium states of the system under consideration. The data
analysis carried out in [89,91] confirmed the result obtained in [163] and showed
that there are two regions in the vicinity of the critical point: “far” (t > 1073),
where the critical index y = 1.16 £ 0.03 turned out to be close to the Ising value
y =124, and “near” (v < 1073), where y = 0.96 & 0.02 (see Fig. 1.17), which
characterizes mean-field behavior. This does not exclude the fact that it should
be looked at as a crossover from Ising to mean-field value of the critical index of
compressibility.

The results obtained in [89,91] and in [163] were fully identical, but the principal
difference between these works is connected with their interpretation. The authors
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ibility dependent on the approach to the critical point
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of [163] suggested that such behavior was a natural consequence of the classical
theory of critical behavior. Another point of view [89,91] suggests that it is the
gravitational effect which leads to a change in the index y to its classical value in
the discussed experiments. In fact, we deal here with that gravitational effect that
could not be eliminated by stirring (see, e.g., [135]). [t was subsequently called the
intrinsic gravitational effect [181—183].

Subsequently, in the 1990s Wagner et al. obtained exactly the same result
(y=0.98+£0.05 at T <5 x 107*) and again on SFs [98] (it is surprising but
historically true that all nontrivial results on the behavior of simple liquids
near the critical point were obtained for the first time on SFg; of course, this
statement is true except of the first result, which discovered the critical point
itself, where CO, was used [7, 8]). Later on, apparently in order to convince
themselves of the universality of such behavior, Wagner’s group carried out de-
tailed comparative research on the isothermal compressibility behavior of SFg
and CO; in vessels of different heights [99]. In fact, it was a set of the same
vessels placed, as in the famous research [32], either horizontally (h = 11 mm)
or vertically (h = 30 mm). This work showed that the change, in the presence
of gravitation, of the compressibility critical index from the one close to the
Ising value y ~ 1.2 to the mean-field one, y ~ 1, took place both for SFs and
CO, (see Figs.1.18 and 1.19) and, in all probability, represented a univer-
sal property of pure nonconducting fluids. Moreover, in this work as well as
in [89,91,92] it was possible to confidently determine the temperature of tran-
sition from one y value to another. The temperature values obtained in [99]
(t ~ 4 x 1073, h = 11 mm) agree well with those found in [91,92] (t ~ 1.2 x 1073,
h =8mm). It also turned out that the difference, found in [99], in the dis-
tance of this transition from the temperature critical point for both heights and
both substances (see Figs.1.18 and 1.19) completely agree with their density
difference:

2
1o o PCO o 2 (1.13)
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Figure 1.19 Compressibility of CO, [99].

It is difficult to disagree with the authors of [99] who suggested that this result is
a very weighty argument in favor of the decisive role that gravitation plays in this
effect.

Overall, these facts once more clearly show that, under conditions of unlimited
growth of the system’s compressibility as it approaches the critical point, sooner or
later necessarily there will come such a moment when small, in the usual sense,
gravitational effects become essential that lead to equally substantial consequences,
namely, to the transformation of the fluctuation type of critical behavior to the
mean-field, classical one. This effect was observed in [87,89, 91,92, 98,99, 163]
when not only compressibility but also all the other investigated thermodynamic
characteristics of matter near the critical point were analyzed (see Chapter 2 for
more on this).
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13.6
(p — T)-Dependence Along the Critical Isochore

For us the (p — T)-dependence is noteworthy mainly because its form makes it
possible to judge the isochoric heat capacity (c,)-behavior near the critical point and,
therefore, the value of the critical index, a. This possibility is based on Eq. (1.14)
which can be easily obtained by double temperature differentiation of Gibbs’s
thermodynamic potential

o (@) —p (32_'*> ] (1.14)

T aT? ), aT* ),
It is expected (see, e.g., [26,40]) that the second temperature derivative of the
chemical potential has not a singularity at the critical point, so only (32p/3T?),,, is
responsible for the heat capacity singularity. Several experimental attempts were
undertaken to use this equation for determining the value of the critical index
a by experimental (p — T)-dependence along the critical isochore [91,132,152].
In Kierstead’s work [132], the (p — T)-dependence along the critical isochore of
*He was analyzed with very high accuracy. Meanwhile, to avoid using double
differentiation, the derivative (3p/dT),, was directly measured. The “He studied in
this work was high purity grade (99.999%), and its critical parameters were defined
independently on the same experimental (pVT)-setup.

The authors of [152] in their extensive (—6 K< (T — T, < 46 K) research on CO,
also used the (pVT)-method with an experimental setup like in [159], but without
the possibility of visual observations. The accuracy of these measurements was
considerably lower than in [132]. Data analysis, carried out in these works, actually
led to the same result: —0.2 < @ < 0.2[132]and 0 < a < 0.15 [152]. In other words,
it turned out that neither of these attempts was, unfortunately, successful.

Our (pVT)-investigation was carried out on pure (99.9995%) SF; in [91,92]. The
motivation for research was the following. First, the experimental setup accuracy
was significantly higher than that in [152]. Second, as for the negative result
obtained for *He, then it, a quantum liquid, could, in principle, have a special
behavior. What is more, if success is achieved, then in the same experiment
the full set of critical indices (o, B, y, and 3), which are needed to describe static
critical phenomena, could be simultaneously obtained. In the course of this
experiment [91], within a fairly narrow temperature interval near the critical point
(=7 x 107 < 1 < 3 x 1073) ~ 220 experimental points were found (Fig. 1.20).
Particular attention was paid to studying the region £0.005K from the critical
point. More than 40 pressure values for different temperatures within this range
were registered (Fig. 1.21). Ideal linearity of the dependence near zero makes it
possible to state that here, just as in [132,152], a = 0.

It would be natural to suggest that, just as for other critical indices, the obtained
value of a is a consequence of the gravitational effect. It is known that gravitation
distorts the heat capacity anomaly (see, e.g., [40]), which makes it similar to a
jump that is typical for classical theory for which a = 0. Thus, in the precise
(pVT)-experiments described above [87,89,91,92,98,99,163] it was found every
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Figure 1.21 The nearest to the critical point part of the
(p—T)-dependence along the critical isochore of SFg [91,126].

time that critical indices took on their “classical” values, beginning with a definite
degree of approach to the critical point with respect to temperature (density).

Let us repeat: the compressibility critical index turned out to be equal to y ~ 1 for
T < 1073, the coexistence curve critical index p ~ 0.5 for |t| < 107>, while on the
critical isotherm 8 ~ 3 for |Ap|* < 0.08. Such a type of behavior was first found
in [87,88,91,92], and for the first time explained by the strong specific influence
of the Earth’s gravitational field on different properties of matter under conditions
of unlimited growth in the system’s susceptibility. In [89] a nontrivial analogy
in the critical behavior of pure liquids and magnets was noted consisting in the
tendency of the index B to tend to its classical values common for both systems
(see Chapter 2 for more). Also, the idea was put forward, which has only been
confirmed in recent years, according to which “near to the phase transition points,
independent of interaction details, external factors of different nature can in the
same way influence the behavior of similar physical quantities” [89].

The mentioned paper can be considered as the first, maybe heuristic, formulation
of this book’s central idea: the nearest vicinity of the critical point is, in fact,
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the region of deformed (suppressed) fluctuations, whose further increase under
conditions of unlimited growth in the system’s susceptibility is restrained by the
action of macroscopic fields of different (depending on the type of system) physical
nature. As a result the nearest vicinity of the critical point is transformed from a
fluctuation region, where Ising model results are justified, to a region where classical,
mean-field behavior should be once more re-established [2,126,141,142).

When this idea was first mentioned, just as a logical noncontradictory (at least,
according to the author) suggestion [87,89,91], it had no other basis. Today the
situation has changed significantly. And although everything that has been said
above shows that, with rare exceptions, the problem of critical behavior of real
systems in the presence of different disturbing factors has still not been definitely
solved, recent experimental and theoretical researches, some of which we have
already mentioned, add quite weighty arguments in favor of this idea.
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Critical Indices and Amplitudes

2.1
Phenomenological Model of the Critical Behavior of Nonideal Systems

In the present chapter, a simple physical model based in fact on “first principles”
of the theory of critical phenomena is proposed to explain the experimentally
discovered nontrivial behavior of real systems near the critical point (see Chapter 1).
Let the real physical system, which is already close enough to the critical point, get
even closer to it, for example, by further changing the temperature (Fig. 2.1). Then,
the order-parameter fluctuations in the system grow and, at some point, say at
temperature T, become so developed that their radius (correlation length &) turns
out to be, according to Kadanoff, the only determining scale characterizing the
system’s properties [61,62]. At this moment, the system goes over into region IT and
changes from mean-field behavior (region I) to fluctuation-determined behavior, in
particular, to a behavior of Ising type. This transition can be called the first crossover.
Its position is determined by the Ginzburg criterion [70]. For idealized systems it
is assumed that such a change in the character of their behavior in the vicinity of
the critical point can only happen once. The question now is whether the behavior
of a real, nonidealized, system may change (and if it does, how) as it moves deeper
into the fluctuation region.

It is well known that the development of large-scale fluctuations on approaching
the critical point is accompanied by a continuous increase in the susceptibility
(compressibility) of the “critical” system (see, e.g., [166]). This includes susceptibil-
ity to perturbations of different physical nature, such as gravitational and electric
(internal or external) fields, surface forces and shear, samples nonideality and the
presence of boundaries, turbulence and gradients, etc. Moreover, any disturbance,
no matter how weak in ordinary circumstances it is, eventually becomes of out-
standing importance here. This, in turn, means that any system in the nearest
vicinity of the critical point should be considered as a nonideal system.

It should be remembered that by “nearest vicinity” we mean the vicinity of
the critical point where the effect of one or another field in high precision and
sensitivity experiments becomes noticeable. The following feature inherent to
critical phenomena should be added to Kadanoff-Wilson’s ideas that the critical
point is a point of decreased stability [78]; in other words, the fluctuations become
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(or density). For iising < iclassic (for example,

extremely “fragile” formations, very sensitive to various perturbations. It therefore
seems natural to assume that if we move deeper into the critical region, then the
moment inevitably arises when fluctuations are initially deformed (at a temperature

), for example) and then (at a temperature T,) are totally suppressed by one or
other field applied to the system [2,141, 142]. Even if other fields do not exist, as an
ever-present factor the boundaries of the sample can play the role of such a field.

As a result, the system undergoes an inverse transition from fluctuation-type
behavior (in particular, Ising type) to classical mean-field behavior and falls
into region III (Fig. 2.1). By analogy, this transition can be called the second
crossover [2,141]. To judge whether one of these transitions (I<II or II<111) takes
place, it is possible to use the well-known, but strictly individual for each of these
regions, combination of critical indices. In such cases when the fluctuations of the
order parameter in the system are still only developing (section T; T; of region II),
or they are already anisotropic but not completely suppressed by a field (section
T,T,), there should be a transitional type of behavior with intermediate critical
indices. It should also be stressed that, in our opinion, the universality of critical
phenomena consists, in particular, on the fact that in the limiting situations (see
Fig. 2.1) no other critical indices apart from the fluctuational or classical ones
probably seem to exist.!) Indeed, the modern general theory of critical phenomena
in idealized systems [71] gives, when the spatial dimensionality d > 4 (no matter
what it is), mean-field, classical, indices while for any d < 4 it predicts Ising-
type values [166]. The modern specific theory of the critical behavior of liquid in
flows, in the presence of shear, based on the RG-approach [78] also gives in the
limit the same two sets of index values (see below for more). It is interesting to
note that the experiment [93,95], in which it was quite easy to vary this type of
perturbation, the entire spectrum of intermediate values of the critical susceptibility
index (y) between its known limiting values (see below and Fig. 2.14 for more) was
found.

1) It is worth remembering in this respect Ein-
stein’s words: “Subtle is the Lord but mali-
cious He is not.”



2.1 Phenomenological Model of the Critical Behavior of Nonideal Systems

By using Kadanoff’s idea it is quite simple to understand the physical reason
for this: if the system has the developed isotropic fluctuations (region II), then
the behavior is fluctuational and the indices are of Ising type. If there are still no
developed fluctuations (region I) or they have been already suppressed by a field
(region III), the behavior is mean-field type and the indices are classical. If the
fluctuations are not sufficiently developed or due to a field have started to become
anisotropic, then there is a transitional type of behavior, and the indices have
intermediate values.

On this assumption the distinction of various nonideal-specific systems should
manifest itself only in the change in the positions of the boundaries of region
II between two crossovers up to its complete (in certain cases) disappearance.
Although this model is quite sketchy it allows us to further elaborate the position
of these boundaries.

Firstly, if the internal fields guarantee the suppression of fluctuations in the
whole temperature range, right up to temperature which hardly differs from the
critical one, then region II can be extremely narrow or even completely absent.
Interestingly, in [70] the following was said concerning the critical behavior of
superconductors: “... due to the region’s narrowness, the effect (heat capacity
anomaly, D.1.) will be smeared even if the sample deviates slightly from the ideal.”
If we take into account that the paper [70] was dealing with the narrowness of
the fluctuation region, then this phrase can be considered as a logical justification
of our proposed scheme. It later turned out that systems with long-range forces
(superconductors, ferroelectrics, etc.) nearly always demonstrate the classical,
mean-field behavior [24].

Secondly, the position of the boundaries of the fluctuation region should differ
not just for various nonideal systems but also for different physical properties of
the same system which behave anomalously in the vicinity of the critical point.

This clarification seems not only quite essential but also physically justified
as, despite the general reason for anomalous behavior near the critical point, the
anomalies of various physical quantities are described by critical indices of different
values. Indeed, compressibility divergence does not need, in principle, to be as close
to the critical point as, for example, the heat capacity anomaly of the same liquid
under the same conditions. However, the Ginzburg criterion, which is based on the
heat capacity anomaly, does not suggest this a priori [70]. This means that curves,
similar to that shown in Fig. 2.1 for various system properties, might not coincide
with each other and could be shifted by one to another along the horizontal axis. In
other words, each specific physical property has its own disposition of regions I, II,
and III (Fig. 2.1) relative to the critical point (see also Figs. 2.5, 2.6, 2.10, 2.12, and
2.16). As we shall see below, it is extremely important to take these circumstances
into account when checking the universality relations which exist between the
critical indices.

Finally, if it is correct to say that in the limit there are no other critical index
values than Ising-type or classical ones, then even with a few disturbing factors
the system can only once pass on from region II to III due to the effect of the
strongest of them. Other “fields” should not seemingly influence the behavior of
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critical indices after such a transition. It is, of course, possible to combine the effect
of different “fields,” but in this case there will also be only one second crossover
which can change its position on the temperature or density axes. It should also
be mentioned that the curve in Fig. 2.1, modeling the critical behavior of the
system in the presence of a field, can be naturally presented in a more complex
way: the flat section does not have to reach the limiting value of the corresponding
critical index, the “slopes” might not be smooth, but, for example, stepped, etc.
All these, and other, questions can and should be answered by the microscopic
theory of critical behavior of real, nonideal, systems a particular example of which
we find in the already cited paper [78]. Now, in order to illustrate these ideas
we consider the examples of the evolution of critical indices in the vicinity of
the critical point for various real systems in the presence of different distorting
factors.

2.2
Critical Indices: External Field Effects

2.2.1
Critical Index

To determine the critical index f it is necessary to study the coexistence curve in
liquids, and the magnetization curve for magnets. To see how the critical index
changes, data from the coexistence curve of pure SFg (see Figs. 1.4 and 1.5) are
represented here in a log—log scale (Fig. 2.2). In this case the curve’s asymmetry
(see also Figs. 1.6 and 1.7) in the region near T, (|| < 10~°) is manifested especially
clearly.

Figure 2.3 clearly demonstrates the changes in the critical indices of the
coexistence curve as the system approaches the critical point. However, if this
behavior were previously noticed only in the papers [87,89,91,126], it would have
now received additional confirmation in the results of other research [98]. Apart
from the basic feature which is the transition from “almost” Ising-type value
of the index p “far” from the critical point to its classical value in its nearest
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Figure 2.2 Dependence of Ap* on t in a log—log scale
[147]. Plots are made using the (pVT)-data from [87,91].
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Figure 2.3 Dependence of the critical index p for the coex-
istence curve of pure SFg on the proximity to the critical
point [2,141]. Data refer to (e) liquid branch [87, 89,91, 126]
and (v) values along the whole coexistence curve [98].

vicinity, this figure clearly shows that the growth of p when the vessel’s height
is 30mm [98] starts at a greater distance from the critical point than in a ves-
sel of 8mm. The latter can certainly be taken as an additional argument for
the idea that it is gravitation that is the cause of the observed changes of this
index.

2.2.1.1 The Gravitational Effect

Assuming in the first approximation that the coexistence curve asymmetry is totally
determined by gravitation let us consider how it effects the temperature of the
appearance or disappearance of one of the matter phases in a piezometer on both
sides from critical density. The method of fixing of the system’s transition from
a two-phase state to a single-phase one and vice versa does not seem to play
an important role. It seems plausible to assume [87,89] that gravitation, which
compresses matter when there is an unlimited compressibility growth, encourages
the formation of a liquid phase from a gas one and makes the reverse transition
harder to perform. Continuing this thought, we can say that instead of point
A in Fig. 2.4, point A’ should be experimentally found and instead of point B,
point B'. Thus, the coexistence curve becomes asymmetric (see the dotted line in
Fig. 2.4). Despite the simplicity of this explanation, we believe that it illustrates
quite accurately what is happening physically.

Remember also that according to the model of critical behavior of real liquids
suggested above, fluctuations in this region are suppressed by external fields, in this
case by gravitation. Consequently, concrete interactions, which previously did not
play a significant role on the background of the growing correlation length, could
now become very important. We do not mean here the “primitive” gravitational
effect, which leads to a redistribution of density along the height of the vessel, as
an additional pressure due to the column’s height (the height of the piezometer
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p

Figure 2.4 The effect of gravitation on the shape of the coexistence curve [87,91].

was 8 mm) did not exceed 60 Pa, which is comparable to the measurement error
and was only ~0.0016% from critical pressure.

Another argument in favor of the suggested explanation could come from
Frenkel’s theory of heterophase fluctuations [167]. This theory’s basic idea is
that close to the transition points, from one phase to another, fluctuations of
different signs are unequal with respect to the probability of occurrence and when
averaged their influence is not destroyed, which, finally leads to the appearance
of nuclei of the second phase within existing (stable) phase. It seems to us that
the role of gravitation becomes even more natural. Indeed, Frenkel’s mechanism
relates to ordinary, noncritical fluctuations. It is suggested that it could be used
effectively not only far from the critical point, where fluctuations are small, but
also when critical fluctuations are suppressed by some external field such as, e.g.,
gravitation.

Under these conditions not only the Kadanoff-Wilson “interaction symmetry
type” [26,40,41,61,166] but also the details of these interactions determine the
critical behavior. Therefore, it seems to us that the above-mentioned considerations
(Fig. 2.4) concerning the role of gravitation (and in fact of any other field) in the
nearest vicinity of the critical point do not show ad hoc statements. Gravitation
(or any other field), which suppresses fluctuations in the immediate vicinity of
the critical point (region III, Fig. 2.1), removes all restrictions on the possibility
of influence by the concrete details of interaction on the development of critical
phenomena (see below for comparison with metals).

2.2.1.2  The Influence of Surface Forces

It is interesting to note that an analogous suggestion concerning the asymmetry
of the coexistence curve to that proposed above was made later for binary mixtures
placed between two parallel walls (see [168,169] and references therein), and
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for pure liquids (SFe) placed in nanometer pores [170], subjected to the action
of surface tension forces. It turned out that if the surface forces favored one
of the mixture’s components, then the curve was shifted toward one (bigger or
smaller) concentration, and if they favored another component then the shift
was found to be in the opposite direction. In another paper [137] by the RG-
method for a two-dimensional Ising model, a critical binary mixture placed in
a narrow slit between two parallel plates was investigated. It was shown that
if the gravitational field applied compensates the oppositely directed surface
forces, then the system returns to a state of “ordinary” critical point behavior.
This unequivocally, in our opinion, demonstrates the equivalence, according to
the results, of different types of forces near the critical point on the critical
behavior.

2.2.1.3 The Influence of Fields: Comparison with Magnetic Materials

The next two figures show the dependence of the critical index p on the degree
of proximity to the critical point for both branches of the coexistence curve of SF
(Fig. 2.5) and for ferro- and antiferromagnets (Fig. 2.6) (the data for Fig. 2.6 and
Table 2.1 are taken, with some abridgement, from Kadanoff et al. [48]). It seems
to us that the qualitative and partly even quantitative similarity of these graphs is
symbolic. The experiment thereby shows that both liquid and ferromagnets, on
one hand, and gas and antiferromagnets, on other hand, behave in a similar way in
the vicinity of the critical point. However, we are not talking about the well-known
similarity between the critical behavior of liquids and magnets which results from
the scaling hypothesis [61,62]. In this case we are only talking about the way of
evolution of the critical index B in both systems to its classical value [89,91, 141]
as they approach the critical point. Moreover, “far” from the critical point both
liquid and magnets have the same index f ~ 0.33 — 0.35, close to the Ising value
B =0.325. Near the critical point the situation changes dramatically, fyq and
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Figure 2.5 The dependence of the critical index p for the gas
and liquid branches of the coexistence curve of SFg on its
proximity to the critical point [141]. Curves are plotted using
data from [87,89,91].
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Figure 2.6 Dependence of the critical index p for ferro- and
antiferromagnets on their proximity to the critical point
[147]. Curves are plotted using data from Table 2.1 [48].

Table 2.1 Critical parameters for ferro- and antiferromagnetics [48].

Ferromagnet Antiferromagnet
Substance Alx| B Substance Alt| B
Fe 2x1073 —1071! 0.344+0.02  MnF, 8x107° —  0.33540.01
2x 1072
Ni 5x 107 — 1072 0.51 £0.04 CuClL-2H,0 5x107%— 0.18 +0.07
1072 — 1.6 x 107! 0.3340.03 1072 0.29 4 0.03
1072 — 107!
EuS 1072 — 107! 0.3340.015 KMnF, 1072 — 107! 0.33
YFeO3 2x107* =3 %1073 0.554+0.04 CoCl-6H,O0 1072 —10"1 0.1540.02
1072 =3 x 107! 0.354 + 0.005 5x 1072 — 0.23 £0.22
2 x 1071

Br = 0.5, while By, and Byr = 0.25 (for some, as yet unknown reasons, this
trend for liquid and ferromagnets is more clearly expressed than for gas and
antiferromagnets).

It is known that both adjusted values are classical in the sense that they are a
consequence of the hypothesis concerning the possibility of the Taylor expansion of
thermodynamic functions near the critical point. Meanwhile, the equation of state
is analytical at the critical point (this equation could, for example, be the van der
Waals equation), and if the first, not equal to zero, isothermal pressure derivative
with respect to density is the third derivative, then p = 0.5, and if it is the fifth one
then B = 0.25 (see, e.g., [26,27]).

The mentioned analogy in the behavior of liquids and magnets (here and further
we are only talking about the analogy in the behavior of the critical index B for
both systems) can be, at least, qualitatively understood [89,91] within the lattice-gas
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model, where phase space partition into cells itself is equivalent to an effective
repulsion between particles (see, e.g., [171]). If most cells are not filled (low-density
state, gas), then the repulsion prevails over attraction and the situation becomes
similar to that for antiferromagnets. When the cells are mainly filled, there is
an analogy between liquid and ferromagnets. We hope that a deeper theoretical
foundation will be found for this nontrivial fact.

2.2.1.4 Comparison with Metals

The asymmetric shape of the coexistence curve was also obtained as a result of
quite impressive experiments on liquid metals Rb and Cs [129] (Figs. 2.7 and
2.8). The authors of this experimental paper, as well as theorists discussing these
results [122-124], were sure that a singular diameter of the coexistence curve
in accordance with Eq. (1.7) was observed there. There is really no doubt about
this. If the coexistence curve is asymmetric, then the diameter is curvilinear.
The authors of these works suggested that the reason for this is that in metal
liquids the interparticle potential depends more strongly on the nature of the
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Figure 2.7 Coexistence curve for rubidium. Figure taken
from [141] plotted there by using data from [129].
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Figure 2.8 Coexistence curve for caesium. Plotted
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Figure 2.9 Coexistence curves for rubidium (e, o) and cae-
sium (a, a). The filled symbols relate to the liquid branches
and the empty ones to the gas branches. Plotted in [141]
using data from [129].

electron gas, screening the Coulomb interaction, than on the atomic properties
themselves [124].

The data of the coexistence curve for both metals analyzed in the same way as
for SF¢ (see Fig. 2.2) are shown in Fig. 2.9. From this figure it is clear that both
branches of the coexistence curve for both metals shown in a log—log scale are
almost ideal straight lines. Moreover, the liquid branches of Rb and Cs have the
critical index P for the whole range of temperatures close to 0.5 (~0.42), while for
the gas branches it is close to 0.25. This is very similar to what was found for SFg,
as well as in the case of ferro- and antiferromagnets (see above). Similar results are
also known for other metals (see, e.g., [172] and references therein). The difference
from a simple liquid consists in the fact that for SF¢ only the top of the curve
behaves in that way, while for metals the whole curve is asymmetric.

The question arises whether this similarity suggests that here we have also a
situation where “near the phase transition point, independent of the details of
interaction, external factors of different nature can influence in the same way on
the type of behavior of such physical quantities” [89,91]. Is it possible to explain the
observed change in the critical index p to its classical value as resulting in particular
from the electron gas in metals near the critical point where the effective long-range
interaction arises and consequently classical critical indices appear? Clearly, for
such a complex problem all these suggestions must be taken as hypothetical.

According to our proposed model (Fig. 2.1) this means that pure liquids and
metals fall into two different regions of classical behavior. Nonpolar SFs, which
experiences the second crossover under the influence of an external (gravitational)
field, appears in region III, while metallic liquid due to the internal (Coulomb)
field does not completely leave region I. This can be indirectly seen in the different
character of temperature dependences for a simple liquid (Figs. 2.3 and 2.5) and
for metallic ones (Fig. 2.9).

The question why, as follows from the analysis, a value of p for the gas
branch of a coexistence curve and antiferromagnet, on the one hand, and that
for liquid branch and ferromagnet, on the other, are not the same, but exhibit
different classical critical indexes, 0.25 and 0.5, respectively, remains open. Such
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an extremely interesting and undoubtedly fundamental question will need to be
further explored in future.

Thus, despite the fact that the authors of [122-124, 129] believed that liquid
metals are completely different as compared to ordinary liquids in their critical
behavior, there is much evidence to state that they fit into the general picture. In
the case of ordinary liquids, gravitation can suppress critical fluctuations only in
the nearest vicinity of the critical point, and consequently, the second crossover
appears. In that case when one or another internal field, such as, e.g., Coulomb
field in metals (as a result of the possible influence of electron gas or some other
mechanism) which initially guarantees long-range interaction, acts in a system
then, the probability of its leaving region I (Fig. 2.1) turns out to be extremely low
(see also [70]). However, all these ideas have probably only a heuristic value and as
the authors of [124] correctly remarked, after they had tried to explain the effects
observed in liquid metals in [129], “... it remains an important open problem to
develop a microscopic theory of critical phenomena in systems with such rapidly
changing electronic structure as metallic fluids.”

Nevertheless, attempts to move ahead in this direction continue. Without going
into details, as for us only the fact itself is important, it should be mentioned that
the paper [173], for example, not only suggests a mechanism of deformation of
fluctuations by electrical fields, in particular, in polymer solutions but also offers
a more general idea that due to the influence of external fields on approaching
the critical point “fluctuation behavior can once more become mean-field.” These
ideas, in turn, also agree very well with Beysens and colleagues’s [174] assertion
that “external fields or disturbances such as shear flow, turbulence, temperature
gradients, gravity, walls influence (pores, surface forces) etc. can lead to anisotropy
and even to destruction of the fluctuations” (compare with Fig. 2.15 taken from
one of Beysen’s earliest works [96]). It is quite remarkable that this statement
appeared in the paper [174] where for the first time the morphology of critical
fluctuations of the order parameter was directly analyzed using their visualization
with subsequent computer analysis. It is quite clear that all these ideas are similar
to those which were stated in one [87,89,91,126] or another [141,142] form starting
from 1974. In recent years, as we can see, totally different experiments confirmed
them.

2.2.2
Critical Index &

2.2.2.1 The Influence of Gravitation

By analyzing small sections of the critical isotherm step by step, getting closer
and closer to the critical point, it became possible to calculate the changes in the
effective value of the critical index 3 in its nearest vicinity [2, 141]. It was also
found that it gradually changed toward its classical value 8 =3 (see Fig. 2.10),
which was explained by the influence of gravitation, as it had been for other
indices [2,90,91,141]. An analogous result was obtained and similarly interpreted
in [98]. Figure 2.10 clearly demonstrates the compatibility of the behavior of the
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Figure 2.10 Changes in the critical index of the critical
isotherm on approaching the critical point on density

[2, 147]. (e) plotted using data from [88, 91]; height of
the piezometer 8 mm; the data relate only to the “liquid”
branch; (v) plotted using data from [98]; height of the
piezometer 30 mm; the data refer to both branches.

critical index 3 in the nearest vicinity of the critical point with the suggested model
(Fig. 2.1). This confirms thereby that the transition to classical indices can take
place when real system “moves” toward the critical point not only on temperature
but also on density.

2.2.2.2 The Influence of Coulomb Forces

Similar changes in the index § were noted not only in response to gravitation but also
under the influence of Coulomb forces [175]. The authors, from Kiev University,
of this paper investigated the near-critical isotherm (the lower critical point) of the
binary mixture 3-methylpyridine—heavy water using optical methods. It turned out
that by adding just 0.3% of ions (Nat or Cl7) the critical index § changes from
4.4 to 3.05 % 0.15 for both branches of the critical isotherm (Fig. 2.11). We can
assume that in this case the weak Coulomb field, which guarantees its long-range
action, transfers the system into the region analogous to region IIT and not region I
(Fig. 2.1) as the system had already been in the fluctuation zone II before the
field was introduced. We also suggest that if the experiment was carried out with
different ion concentrations, then, with sufficient sensitivity, the whole “spectrum”
of values of 3 between 3.0 and 4.4 could be found.

This leads to the idea of using the Coulomb field to investigate the influence of
different (in view of universality) fields as it, unlike gravitation, can be easily mod-
ified by changing, for example, the ion concentration. Doing so, however, instead
of the critical isotherm, more convenient to study compressibility, isothermal (for
pure liquids) or osmotic (for binary mixtures) as, in this case, the position of the
second crossover will change on the temperature axis, which is more convenient
than on the density one.
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of the ionic and nonionic (without salt) isotherm for the bi-
nary mixture 3-methylpyridine—heavy water [175].

Such behavior, but for other indices, y and v, was found in the presence
of Coulomb forces for other binary mixtures (see, e.g., [176—178]), and also for
polymers (see, in particular, [173]). Without going into details the explanation of
the authors of [176—178] came down to the following. There are two mechanisms
of phase separation. The first is the so-called Coulomb immiscibility which is
determined by the long-range effect of electrostatic forces and the second the
so-called solvophobic immiscibility, which is related to the predominance of
short-range forces, such as hydrophobic interaction in aqueous solutions.

In the first case the long-range Coulomb forces could lead to the suppression of
fluctuations and consequently the system’s behavior will become close to classical,
mean-field one, while in the second case they could lead to the Ising model. In
essence, this interpretation rather corresponds to that which was put forward above
for a similar occasion and also with the idea that weakly changing Coulomb forces
can also be responsible for establishing ferroelectric phase, as was mentioned
in [48]. It is also possible to explain the asymmetry of the coexistence curve,
supposing that the gravitational field encourages the formation of one phase and
prevents the appearance of another one (see Fig. 2.4 and comments to it in the
text).

223
Critical Index y

2.2.3.1 The Influence of Gravitation

Isothermal compressibility (Eq. (1.12)), which describes the reaction of the system
on the external mechanical action, should, in essence, be more exposed to the
gravity influence. The (pVT)-experiment on pure liquid (SF and CO;) [89,91,99]
which we discussed in Chapter 1 (see Figs. 1.16—1.19 and comments in the text)
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Figure 2.12 Changes in the critical index y on approaching
the critical point [2]. Plotted using data from [97, 92, 163]
(o), height of the piezometer 8 mm; v [99], height of the
piezometer 30 mm.

confirmed this. Analysis of all these data shows [2,141] that the change in the
critical index y toward its classical value really happens on 1.5-2 orders further away
from the critical point with respect to reduced temperature (Fig. 2.12) than for the
analogous change in the critical index p [87] (Figs. 2.2, 2.3, and 2.5). It is clear
from Fig. 2.12 that the difference in the positions of the second crossover in the
experiments [91,92,163] on the one hand, and in [99] on the other, is in qualitative
agreement with the dependence of the difference in densities of the investigated
substances and in the heights of the used piezometers. This is the reason why
gravitation can be considered as the main reason for this. It is also clear that the
character of the change in the critical index y in the region II<III follows the
discussed model (Fig. 2.1) more fully than the other indices (§ and §).

We shall now briefly look at the most significant results for the gravitational
effect obtained in theoretical papers. The first paper to look at is Hohenberg and
Barmatz’s paper [115] which used the so-called linear model of the parametric
equation of state [179] to calculate the density distribution with respect to the height
of the vessel, the isochoric heat capacity behavior, and the low-frequency sound
velocity in the presence of gravitation. According to the authors, their main aim
was to obtain corrections caused by gravitation and not to clarify the form of the
exact equation of state [115]. It was in this paper that the formula was obtained for
the dimensionless width (A*) of the flat part of the top of the coexistence curve:

5\ H
A= 2 (_") k= BT (2.1)
d+1 \ Dy Pe

where Dy and 8 are the amplitude and the critical index of the critical isotherm (see
Eq. (1.10)), respectively, and H is the vessel’s height.

We used this relation to determine the critical index § with the help of the
experimentally measured width of the flat part of a coexistence curve. Figure 2.13
shows the dependence, satisfying Eq. (2.1), for different 3 in application to the
experiment on SF¢ (see Eq. (1.11), Figs. 1.5-1.7)

hs=3x107°, D=1.70, A*=~0.02. (2.2)
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Figure 2.13 Relation between the critical index 3 and the re-
duced width (A*) of the flat part of the coexistence curve.
Plotted in accordance with Eq. (2.1) [141].

From Fig. 2.13 it follows that for SF; in the presence of gravitation 3 ~ 3.2. This
value also agrees well with its direct determination from experimental data in the
region near the critical point on the critical isotherm itself (see Fig.2.10). We
should also add that although Eq. (2.1) was obtained using the “linear model” of
the equation of state, the authors of [115] especially stressed that its application is
of a general character and does not depend on a concrete model. The result shown
above seems to confirm the validity of this opinion.

In [115] the value of the temperature range (t) from where the influence of
gravitation on compressibility turned out to be significant was also obtained as

TN
— i 2.3
© ( By ) (2.3)

where By and f are the amplitude and the critical index of the coexistence curve (see
Egs. (1.4) and (1.5)), and and I'{ is the amplitude of isothermal compressibility in
the single-phase region (see Eq. (1.12)). Unlike [115] we used ““2” as the subscript
for t [141], as according to the ideology of the model of critical behavior for real
systems (see Section 2.1), it is just the second crossover [2] for compressibility
that the temperature position is given, in our opinion, by Eq. (2.3). The evident
nonuniversality of 1, should be noted (compare with the Ginzburg criterion [70)).

A paper close in spirit to [115] is [180], in which Chalyi and Chernenko stud-
ied in particular the relation between true and experimentally measured static
critical indices under gravity with finite vertical dimensions of the vessel. It was
shown that gravitation leads to the fact that the measured effective isothermal
compressibility index can be less than the true one, yef < Virue, as Was experi-
mentally obtained in [89,91, 92]. It should be recalled here that the central point
of the approach taken in [115] was the idea that a fluid near the critical point
is like a local homogeneous system, despite the influence of gravitation. How-
ever, as the authors of several papers on this topic mention (see, e.g., [181-183]
and references therein), “in the immediate vicinity of the critical point, as a
consequence of the interaction between adjacent layers with different densities,
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this suggestion becomes invalid.” In other words, “gravitation changes the local
properties of liquid, modifying, thereby, the very nature of the phase transition
near the critical point.” Further in these papers it was noted that the develop-
ment of a consistent theory of the “intrinsic” gravitational effect would require
a RG-analysis. However, as such an analysis was not available at the time (as
far as we are aware, it is still not available), the van der Waals ‘“‘square-gradient”
theory (see, e.g., [184]) was used as an alternative, although it has many disadvan-
tages [181].

It should be mentioned that similar ideas first appeared still in 1979 in the paper
of Moldover et al. [185]. Moreover, the idea of the universality of the influence
of different factors on the system’s critical behavior was stated, in a general way,
earlier in our papers [89,91]. The main conclusion that the authors of the works
quoted above [181-183,185] came to is that gravitation modifies the system’s
properties near the critical point, and correlation functions become anisotropic.
Due to the latter a difference between correlation lengths which are parallel and
perpendicular to the gravitational field direction should be made.

Critical Fluids under Shear Flow: In principle, the result just mentioned is analo-
gous to that obtained previously by Onuki and Kawasaki in their RG-description of
critical systems under shear flow [78]. They showed that in this case an anisotropy
of critical fluctuations arises and, consequently, the transition of critical indices
from Ising-type to classical values takes place. Simultaneously, and independently,
Beysens and colleagues found the same behavior of the susceptibility for the binary
mixture aniline—cyclohexane [95] and then for other binary systems [96,97] under
shear flow.

Susceptibility, which determines the system’s reaction to the most varied
external influences, is a more general thermodynamic characteristic of a sys-
tem than isothermal compressibility. However, the critical index participating in
the description of both characteristics of a system, as is known, is the same
index y. In Fig. 2.14, Beysens and colleagues’s experimental results are shown.
Figure 2.15 represents a “naive,” according to Beysens [96], illustration of the
shear influence on the shape of the critical fluctuations. It is clear that in
the direction, perpendicular to the flow, the fluctuations appear very noticeably
deformed.

If we return to the RG-analysis of critical behavior in flow [78], we should
emphasize that its authors concluded that shear flow, which suppresses long wave
fluctuations, leads to the following consequences:

o the phase transition takes on a mean-field character;

o the spatial correlation function becomes anisotropic and stretched along the
direction of the flow;

o the critical temperature decreases;

o the equation of state and critical indices become mean-field type.

From all the analysis carried out (see also Fig. 3 on page 481 of the paper [78])
it is clear that we talk here about the transition of the system to classical behavior
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Figure 2.14 The susceptibility dependence of the binary mix-
ture aniline—cyclohexane on temperature and shear [95,96].
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Figure 2.15 “Naive” picture of the effect of shear on the
critical fluctuations [96]: (a) without shear, (b) with shear.

specifically in the nearest vicinity of the critical point, i.e., from region II to region
I11 in the above-discussed model (Fig. 2.1). In other words, this work first described
theoretically, for the case of shear flow, the second crossover. Not long before this,
it was experimentally found on pure liquid (SFg) in the gravitational field [87].

2.2.4
Critical Index o

2.2.4.1 The Influence of Gravitation

Ashas been already mentioned in Chapter 1, all the known experimental attempts to
use an equation such as Eq. (1.14) to determine the value of the critical index a from
the (p — T)-dependence along the critical isochore [91,132,152] were unsuccessful,
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despite the extreme accuracy of the measurements. It was not possible to determine
the critical index of isochoric heat capacity better than by an order of magnitude
and the most likely value turned out to be the classical value o = 0 rather than the
one for the Ising model, o = 0.11. To find out why such serious efforts led to such
uncertain results, we once more turn to the influence of gravitation? [91, 126]. As
is known, gravitation distorts the heat capacity anomaly (see, e.g., [40]), making it
like a jump for which a = 0.

It is usually necessary to spend a great deal of efforts to discover the true picture
of the critical behavior of heat capacity under conditions of real experiment for
pure fluids. It is typical that A. Voronel who, with colleagues, eventually discovered
experimentally the singular character of the heat capacity behavior [80], in one of
their first papers on this topic obtained exactly a jump [186]. To be fair, it should
also be noted that heat capacity singularity was found long before this by Skripov
and Semenchenko on a system (binary mixture) [79] which was almost free from
the influence of gravitation. Unfortunately, this paper received attention only about
15 years later [187].

One could imagine that it would be a good idea to carry out such experiment
during a space flight where it should be free from the distortions caused by
the Earth’s gravitational field. However, this is also not that simple. German
researchers led by J. Straub spent more than 10 years studying the isochoric
heat capacity anomaly under conditions of microgravity (see, e.g., [188—190]).
Although this topic lies outside this book’s scope, it is interesting to look at
some observations from these works. It turned out that the experiments per-
formed during the first German Spacelab Mission D1 (1985) have revealed
that “the measured c,-values were even more strongly distorted than those
obtained with the same facility and the same ramp rates under 1g condi-
tions” [190]. A few years after the experiment in space, the authors wrote,
“... it became evident that the flattening of the c¢,-curves observed could be caused
by a nonuniform mass distribution and the slow mass diffusion process” [189,190]
(for further results concerning the features of the experiment under micrograv-
ity conditions see also [191] and references therein). Thus, by getting rid of the
influence of gravitation, the scientists, who sent their apparatus for studying critical
phenomena into space, acquired other, no less serious problems. In the absence
of gravitation the slowing down of heat and mass transfer and also the influence
of surface forces, which as we saw acted just like gravitation, became predominant
factors.

Returning to the result o ~ 0, obtained from the (p — T)-dependence analysis
along the critical isochore, we can suggest that this value is also a consequence
of the distortion of the heat capacity anomaly by the Earth’s field, or in the spirit
of this book, this is the critical index of isochoric heat capacity in the presence of
gravity [2,126,141,142].

2) An alternative explanation is that neither p isochore. It is interesting that the “rectilinear
nor p has any peculiarities on the critical diameter” is automatically fulfilled.
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2.2.5
Critical Index of the Correlation Radius v

The critical index of the correlation radius, v, due to the methods of its determina-
tion, undoubtedly refers to the dynamics of critical phenomena (see Chapters 4-7).
However, it is responsible for the behavior of such an important physical quantity for
critical phenomena, as a whole, that it exceeds the limits of whatever their division.

There are not so many works devoted to the determination of the index v, which
are of interest in the light of all what was said above. One analysis, which fulfills all
requirements, is the research carried out by Fabelinsky and colleagues [192]. In this
analysis, the temperature dependence of the correlation radius of concentration
fluctuations in the region of the double-critical point of a guaiacol-glycerine
solution was studied [192]. This system is interesting as being a homogeneous
one at all temperatures and concentrations. However, with the addition of a small
amount of water, it starts to form a closed region, in which the solution decomposes
into two phases. Moreover, in temperature—concentration coordinates this region
becomes bigger the more water is added [192]. The viscosity of this system near
the double-critical point (the occurrence of such special point is the distinguishing
feature of this and similar systems), i.e., near the state where the upper and lower
lines of the critical points meet, was investigated using both a viscometer and
correlation spectroscopy in the single scattering mode (the basics of correlation
spectroscopy and its development for multiple scattering systems, and also for
systems near a critical point, are discussed in Chapters 4—6). This approach made
it possible to determine the temperature dependence of the critical index v. As the
authors themselves remarked, it was surprising that on approaching the double-
critical point the index v changed from the value close to an Ising type to one which
was typical for mean-field behavior.

Figure 2.16 shows the changes in the critical index of the correlation radius. It
is clear that this dependence does not differ fundamentally from those obtained
for the coexistence curves (Figs. 2.3 and 2.5) and magnetization (Fig. 2.6), on the
critical isotherm (Fig. 2.10) and at studying of isothermal compressibility in the
single-phase region (Fig. 2.12). With a slightly greater scatter of points, compared
to the (pVT)-method, the tendency for the critical index v to change to its classical
value can also be quite clearly traced. The observed evolution of the critical index of
the correlation radius allows one to suppose that a similar behavior is not limited
only by the set of static critical indices, but is a property of the nearest vicinity of
the critical point for real systems [2, 141]. Without suggesting any reason for such
behavior of the critical index v the authors 0f [192] noted that “binary solutions with
small additions of a third component ... are items where small external actions
lead to serious intermolecular effects.” In the spirit of all the above said, as it
seems to us, this statement gives the explanation that is the essence of the problem:
near the critical point, small, in the usual sense, disturbances (whether they are
gravitation, internal or external electric fields, shear, etc.) always lead to serious
consequences. Thus, it seems that we are dealing with another system where the
second crossover, i.e., a passage from region II to region III was found (Fig. 2.1).
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Figure 2.16 Dependence of the critical index of the corre-
lation radius on the proximity to the double-critical point
on temperature in the presence of water. Plotted in [2,141]
using data from [192].

This statement is supported by the fact that on approaching the double-critical
point the critical index v changes from Ising-type to classical values but not in
the reverse direction (Fig. 2.16). The exact reason for this type of behavior in the
particular system under investigation is unknown (the general features of systems
with a double-critical point are discussed, for example, in [193]). In an attempt to
understand a mechanism of such “uncommon” behavior of the critical index v the
authors of [192] tried to apply the Ginzburg criterion. However, as is known, to
really use this criterion is not so simple: the data required for its calculation are not
available, as a rule [70]. They were also not available for this particular system [192].
But even if this attempt were successful, then the position of the first crossover
would have been determined by the Ginzburg criterion, whereas in this work it
was the second crossover that was probably first established for the critical index v.

Consequently, the question of applying the Ginzburg criterion is not really that
simple. This is so not only and not mainly because it is sometimes difficult to
obtain the necessary data, as it turned out to be the case in the work of Fabelinsky
and colleagues [192]. There is, in our opinion, a more serious deep reason for
the difficulties connected with its applicability. In [70], where it was first obtained,
a nonmonotony of the dependence of its behavior on the degree of proximity of
the system to the critical point was not supposed to occur. The appearance in
the immediate vicinity of the critical point of the second crossover, the passage
from fluctuation-type to classical behavior of matter, indicates that near the critical
point there are two changes in the mode of critical indices behavior, as shown in
Fig. 2.1, instead of only one change. This circumstance, in turn, requires, in our
opinion, a more complex dependence of a criterion like the Ginzburg criterion on
temperature (density).

The Ginzburg criterion, in the form as it was obtained many years ago [70], which
determined the region where the classical theory can be applied, gives the position
for only one crossover, in accordance to our terminology, for the first crossover
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(alot of attention is now devoted to this crossover due to its practical implications
for constructing equations of state valid in wide parameter ranges (see, e.g., [194]
and references therein)). This attitude can be understood easily as in 1960, when
this paper [70] was written, no date were available pointing out the need to account
for the additional peculiarities in the behavior of critical indices in the nearest
vicinity of the critical point, which were only found later. Nevertheless, it is not so
much the consequence of the Ginzburg criterion itself as due to the ideas on which
it was based [70], that it seems natural that in the nearest vicinity of the critical
point of a real, nonideal, system the influence of different disturbing factors can
lead to mean-field behavior appearing once more.

The classical values v and y were also obtained by Skripov and Kolpakov [82] in the
research carried out near the critical point of SF and CO, by static light scattering
measuring its integral intensity (for more on this method and its possibilities, see
Chapter 7). In this scrupulous, still prelaser, work the features of light scattering
near the critical point of sulfur hexafluoride and carbon dioxide were first studied
with ingenious thermal pressure adjustment. The setup’s geometry was such
that passing and scattered light beams lay in the vertical plane. Moreover, an
incident light had to go up a significant distance (21 mm) through the scattering
medium, crossing sections with density difference caused by gravitation. It is
possible that with such geometry the optical experiment can be considered, in a
certain sense, as equivalent to a (pVT)-experiment, which always deals with average
density. Seemingly, this is what explains why classical values of critical indices
were obtained in [82]. It should be mentioned that the authors did not calculate the
critical indices themselves. However, it was done much later in [195] where their
data were employed.

2.2.6
Micellar Systems

Micellar solutions, which are binary mixtures of water and nonionic surfactants
(here we mean compounds like CH3(CH3);—1O(CH,CH,O);H, which are abbrevi-
ated here to C;E;), have become very widely used for studying critical phenomena
only in the last 20 years (see, e.g., [196—199]). In pioneering investigations carried
out by Italian physicists [196,197] it was shown that the phenomena in these
systems, which had been previously taken as being a result of the growth of
accidentally forming aggregates, were actually a true phase transition for a binary
mixture, corresponding to a decomposition into two phases, a phase enriched
by a surfactant and a phase depleted with respect to it. What is more, in one
case, such a system exhibited fluctuational behavior while in other cases classical
behavior of the indices y and v was found. This result received a great attention
from theorists (see, e.g., [200-202]) and also from experimentalists. Dietler and
Cannell [198] repeated the experiments made in [196,197] on the same substance,
C12Es, produced by the same company, Nikko Chemicals Co., but unlike [196,197]
they obtained Ising-type and not classical values. The most remarkable situation,
however, occurred when they repeated the experiment using an “Italian” sample
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instead of “their own” Cj3Eg and obtained the same results as in [196,197], i.e.,
the critical indices once more demonstrated classical behavior. At the end of their
article, Dietler and Cannell put forward the obvious suggestion that the result was
somehow related to the kind of sample employed.

Actually, it is well known that the properties of systems near the critical point (in
micellar solutions this is the CMC, the critical micelle concentration) can change
dramatically due to the presence of minor traces of impurities (see, e.g., [203]).
However, in none of the cited papers [196—198] the purity of the sample was
especially checked (for example, by the concentration dependence of the surface
tension, a method that is quite simple and effective [203]). It is therefore quite
possible to assume that an unnoticed or accidentally introduced impurity in the
“Italian” sample could have played a role similar to the small addition of water in the
case of the guaiacol—glycerine binary mixture [192]. Of course, it is quite possible
that there are other reasons, as a surfactant—water mixture is quite a complex
system. However, we are here mainly interested in the fact that this system,
although for an unspecified reason, repeatedly exhibited (as was independently
confirmed twice) the second crossover in its critical behavior. If a concrete reason
were discovered, then by varying the “strength” of its influence it would be
possible to obtain on the same sample not only the crossover itself but also the
whole spectrum of intermediate values of critical indices y and v, as it happened
in [95—97] when investigating the temperature dependence of susceptibility in flow.

There is another paper [199] which is remarkable in the considered context as
here in the analysis of micellar solutions like Ci,Es5 + water an unusual value
for the coexistence curve critical index B = 0.25 was found. This was the same
critical index as obtained in the immediate vicinity of the critical point for the gas
branch of the coexistence curve of SF; (Fig. 2.5), Rb and Cs (Fig. 2.9), and also for
the antiferromagnetic magnetization curve (Fig. 2.6). In addition, the coexistence
curve’s diameter was rectilinear, while the critical indices y and v were also close
to their classical values. Subsequently, however, Ising-type critical indices were
obtained in the same laboratory on the same system [204]. In this connection, it is
unclear which of these papers is close to the truth as in the second work [204] the
results of the first investigation [199] were not discussed at all. It is quite possible
that, as in the case of Ci,Eg, both sets of critical indices are valid for the same
reasons as discussed above.

2.2.7
Influence of Boundaries: Finite-Size Effects

The quite comprehensive and independent part of the theory of critical phenomena,
the so-called finite-size scaling (see, e.g., [54,204-211]) is remarkable, in particular,
due to the fact that it is, strangely enough, quite close to the description of
experiments under real conditions of the nearest vicinity of the critical point.
Although critical phenomena are theoretically characterized by the singularity of
the correlation length, in fact this singularity, as all the authors of the cited works
mention, is limited by various external perturbations, impurities, different external
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fields, etc. The presence of such disturbances leads to a rounding and/or a shift
of the critical point [54,205]. Besides, a large number of physical systems (such
as magnets and binary systems with large, but finite interaction radii, polymer
mixtures with large, but finite size of the chains [208,211]) begin to exhibit mean-
field critical behavior [209] since, in accordance with Ginzburg’s ideas and the
Ginzburg criterion [70], critical fluctuations cease to play a decisive role under
these conditions.

As one example of such kind of behavior similar to the one described above for
liquids and ferromagnets, we would like to discuss briefly the behavior of the critical
index B, as it was obtained comparatively recently by a Monte Carlo experiment
on a two-dimensional model employing a truncated Lennard—Jones potential and
taking into account size effects [210]. For the coexistence curve, in a system where
linear dimension was the control parameter, the crossover from Ising-type behavior
(for a two-dimensional model B = 1/8) far from the critical point to the mean-field
(B = 1/2) behavior close to it was found. In accordance with the concept proposed
by us this effect has to be interpreted as the second crossover. Unfortunately, it was
not possible to obtain such a crossover in this work for a three-dimensional model.
The author himself writes that dimensional effects are also present here, but for a
Lennard—Jones-type potential these effects, as a rule, are not that clear.

In addition, it is well known that, in order to go over from performing the
calculations on two-dimensional to three-dimensional models, a large increase of
computational power is required. For example, to analyze the behavior of a polymer
chain near the critical point on a three-dimensional lattice using the Monte Carlo
method it took 3000 (!) hours of CRAY-supercomputer calculations [211].

2.2.8
Results and Consequences

Finally, it should be mentioned that in each of the investigations examined here,
concrete systems not related to each other, and correspondingly different physical
fields which have an influence on the character of their critical behavior, were
studied. It is indicative that in the whole history of research on critical phenomena
there have been no more than 20 such investigations out of the tens of thousands
of works on critical phenomena. These papers, as they dealt with different systems
and fields, do not seem, at a first glance, to have anything in common (the authors
hardly ever referred to each other’s works as they presumably considered their
scientific areas to be very different).

However, if one considers them together, then the results of these investigations
manifest itself in a completely new way. Now they make it possible to bring to
light new features of critical behavior of real, nonideal, systems. In particular, it is
possible, in accordance with the proposed phenomenological model of the critical
behavior of such systems (see Section 2.1) and taking into account all the examined
experimental information, to formulate some theorem-like statement “on even
crossover number”: a real system, in contrast to an ideal one, demonstrates near
the critical point either two crossovers or their number is zero [141, 165].
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If in the system a certain internal field (such as a Coulomb field) acts from the
very beginning and this field does not allow critical fluctuations to develop, then
the system, as it approaches the critical point, does not perform any crossover
and demonstrates along the whole “path” the mean-field, classical behavior. In
this case, region II (Fig. 2.1) just does not appear. For example, both ferroelectrics
and superconductors behave in this manner. If such a field is not acting in
the system from the beginning, then it first passes from region I to region II
(first crossover) and then, by necessity, some influence is found which at first
deforms and then suppresses at all the critical fluctuations. Therefore, there
will be a passage in the opposite direction (second crossover) and the real,
nonideal, system once more will begin to demonstrate the mean-field, classical,
behavior.

Unlike for the phenomenological approach, a microscopic approach to describing
critical behavior of real systems does not yet exist. In the special case of systems
under shear flow, for which RG-analysis was carried out [78] (this analysis remained
for a long time the only one), the obtained results agreed well, as we have already
mentioned, both with the proposed model and with the results of other systems
with different disturbing fields.

Another successful attempt to construct a RG-theory. of critical behavior for
diluted solutions of electrolytes was undertaken quite recently [212]. The aim
of this paper was to describe critical behavior of weak electrolytes in the first
crossover region for subsequent comparison with the results of a special experi-
ment on light scattering in a ternary system 3-methylpyridine + water 4+ sodium
bromide [213]. It turned out that the theoretically and experimentally obtained
results for the critical index y agreed qualitatively with each other [212,213]. The
comparison of Figs. 2.1 and 2.17 shows, in turn, that in the first crossover region,
for which the curve was calculated (Fig. 2.17), its shape fully corresponds to the
character of the curve, modeling the critical behavior of real systems according to
Fig. 2.1.

It is important to underline that, from Fig. 2.17, for large values of the dimen-
sionless constant b, which reflects the interaction between the order parameter
and the density of ions, the “critical index vs. temperature” dependence has been
obtained not with one, but, actually, with two crossovers (the curve correspond-
ing to b =3 in Fig. 2.17) [212]. Although the author did not comment on this
fact, it seems to us that it, together with the results from [78], can serve as an
additional experimental confirmation, within the limits of the RG-approach, of the
phenomenological model examined here. Also, it is clear from Fig. 2.17 that by
varying the concentration of the added ions, i.e., regulating the interaction constant,
it is possible, as we suggested above, to obtain the whole spectrum of values from
fluctuation to classical type for one or another critical index.

Experimental investigations of different systems show, as we could confirm in
the above discussions, that the restoration of the mean-field critical behavior in the
nearest vicinity of the critical point is not a special singular event but rather
the manifestation of a universal property of real, nonideal systems. In fact, all
examined and similar (see, e.g., [196,197,210]) systems clearly demonstrate in their
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Figure 2.17 Temperature dependence of the effective critical
index of susceptibility yes of the model systems for various
values of the dimensionless constant b, which characterizes
the interaction between the order parameter and density of
ions [212]. The curve, where b = 0, corresponds to a non-
ionic solution.

critical behavior a second crossover induced by different reasons. In liquid—vapor
systems [87,89,91,98,99] it is the intrinsic gravitational effect, creating an effective
long range action through the interaction between macroscopic layers of matter
that starts to play a role [181]). In binary mixtures it is a shear flow [78,95-97]. In a
double-critical point case [192] some other disturbing factors (e.g. the Coulomb field
of water dipoles) operate. It is the variety of concrete disturbing factors which lead
to the same effect, the restoration through suppression of large-scale fluctuations
of mean-field behavior, that convinces us of the universality of such a picture for
real systems.

Is such behavior in the nearest vicinity of the critical point really universal?
Keeping in mind Feynman’s words (see introduction and [3]) let us be careful. The
final, conclusive answer to this fundamental question will only be obtained from a
consistent microscopic theory of critical behavior of nonideal systems.

2.29
Some Unresolved Problems

Above, considering the state of affairs with respect to the behavior of matter in
the nearest vicinity of a critical point, in particular, the experimental data on the
second crossover [2,87,141,164, 165], we already could get convinced that a variety
of unresolved problems still exist in critical phenomena physics. Here we would
like to address in more detail some of such problems further. But here we will be
concerned mainly with details of the first crossover.

The first crossover entered into our model by a logically consistent way (as
discussed in Section 2.1), but without any discussion about its experimental
manifestations. Note that Ginzburg’s paper [70] was written in 1960 when the
modern theory of phase transitions did not exist yet. The purpose of this paper
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was to show that the nature of all phase transitions, both of the second order
and the first order close to the second, was the same, and distinctions had only
a quantitative character. The basic thesis in this analysis was: “all transitions of
second order are the same and differences between them are connected only with
relative weight of bulk and correlation energies.”

The Ginzburg criterion, based on such a concept, actually assumes that the
dependence of all properties on fluctuations near a critical point has an universal
character, i.e., the first crossover position depends only on the type of the sys-
tem under consideration and it should be the same for various thermodynamic
quantities.

This idea has found its confirmation in some theoretical investigations [214]
(see also [215,216] and references therein). In these works, for three-dimensional
Ising-like systems the temperature dependences of the critical indices o, B, and y
were determined in the critical region. It is possible to get an impression on their
form by having a look at the basic curve (solid line) in Fig. 2.17. These dependences
appeared similar in shape for all three indices and also they were absolutely equally
located along the temperature axis. However, the latter property does not seem,
in our opinion, to be physically justified [217]. Indeed, the existing distinction in
critical index values between “big” indices, such as y (index of compressibility
or isobaric heat capacity), and “small” ones, such as o (index of the isochoric
heat capacity), indicates convincingly that the basic mechanism (in particular,
fluctuational) has different levels of influence on one or the other thermodynamic
properties near a critical point [217].

Experiments in the second crossover region, as we have seen, essentially confirm
this idea: for the “big” index y ~ 1.2 (a continuous growth of compressibility is
directly connected with a growth of fluctuations [166]) considerable changes begin
practically at two decades on temperature earlier, than for a relatively “small”
index B ~ 0.35 (Figs. 2.3, 2.12, and 2.26). In this connection, a similar question
concerning the first crossover emerges: in which manner and where does it actually
manifest itself experimentally with respect to various thermodynamic properties of
real systems in a critical region?

For convenience of the subsequent comparison we recall here once again a
summary of the fundamentals of the modern theory of critical phenomena (see,
e.g., [26,40,41,52]). It is widely accepted (see, e.g., [215,216]) that “critical-point
universality originates from the long-range nature of the order-parameter fluctua-
tions”3). In the so-called critical region fluctuations are so large that microscopic
details of short-range intermolecular interactions become insignificant. In this
region, the fluctuational (Ising-like) behavior should be observed. In practice, one
can consider T~ 1072 or a few kelvin around an ordinary critical temperature
as the critical region [215]. Outside the interval t > 1072 one should expect a

3) Actually, this statement is not absolutely true, magnets, and alloys. Therefore, here it would
since all versions of the mean-field theory be more exact to speak not about the “univer-
which do not consider fluctuations at all sality,” in general, but about the universality
also predict a universal critical behavior for of a certain type.

very different physical objects, such as fluids,
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Figure 2.18 The generalized coexistence curve of eight pure
liquids from the original Guggenheim’s work [42].

crossover to classical, mean-field (van der Waals-like) behavior (first crossover).
The experimental facts accumulated in the world literature on critical phenomena
can be used both for checking of these concepts and for tackling the question of
the first crossover formulated above.

In the work “The principle of corresponding states” [42], which has already
become classical, Guggenheim has set as the purpose to find out the degree of
applicability of this principle to various thermodynamic characteristics of matter in
different states of aggregation. In particular, he plotted the generalized coexistence
curve of eight pure liquids (see Fig. 2.18), and draw the attention to the fact that it
does not agree with the van der Waals equation, not being of parabola type but, more
likely, of a cubic shape. Since then this result was included into many publications
on critical phenomena, as an example that the critical index B is equal to 1/3,
instead of 1/2. However, neither Guggenheim himself to whom this result was
only a byproduct of his analysis, nor, unfortunately, those who subsequently quoted
his work, have noted another surprising fact: the generalized coexistence curve can
be well approximated by a simple power dependence with an exponent § = 1/3
extending to states very far from the critical point, from an almost zero value of the
reduced density (p/pc) up to values (p/p; > 2.5! The reduced temperature range
also was incredibly wide, 0.55 < (T/T;) < 1 (Fig. 2.18).

In fact, it is such a behavior that proves the validity of the “principle of
corresponding states.” Note that this “principle,” apparently, relies on the existence
of a particular point with special status, the critical point, distinguished by nature
itself. The fact that the “principle” is valid on such wide temperature intervals
implies that a system ‘feels’ his own critical point even very far from it. The behavior
of the thermal conductivity critical enhancement which is also observed for several
tens of degrees apart from a critical point (see also Chapter 7 and Fig. 7.3) testifies
this statement as well. The nature of such effects and feasible mechanisms of their
realization are not clear. Moreover, such a situation, we should repeat, seems rather
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surprising from the point of view of the widely accepted today critical phenomena
concepts.

In recent years, (ppT)-experiments of highest accuracy have been performed on a
set of pure substances in a wide range of state parameters, states in close vicinity of
the critical point including [218—-224]. Figures 2.19 and 2.20 show the generalized
curves for various pure substances plotted after proper mathematical processing of
initial data from these works in the form of log—log graphs [225]. As it is known,
such a type of representation allows one not only to determine effective critical
indices, but it is a highly sensitive test of the form of the crossover behavior as well.

One can see from Figs. 2.19 and 2.20 that the “principle of corresponding states”
holds true both for the coexistence curves and for the compressibility. Attention is
attracted by the fact that, in wide temperature intervals, experimental data are well
approximated by one-term formulas (as a calculation shows, the error is within the
limits of ~1%). This circumstance, in turn, confirms once again the conclusion
that an application of polynomial formulas for data presentation in the vicinity

Ap'
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Figure 2.19 Generalized coexistence curves for ethylene
[218], argon [219], methane [220], and sulfur hexafluoride
[221]: Bo = (1.814 £ 0.008), p = (0.3498 + 0.0014).
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Figure 2.20 Generalized compressibility for ethylene [222],
argon [223], methane [224], and sulfur hexafluoride [221]:
Iy = (0.087 £0.004), y = (1.144 £ 0.013).
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of a critical point, most likely, is superfluous [141, 153,225, 226]. Note that the
opportunity of the description of thermodynamic characteristics of pure liquids
in such a wide temperature interval by such a simple equation with such high
accuracy is of huge interest for the practical use of (ppT)-data. The most surprising
fact is, however, that in the whole investigated region (Figs. 2.19 and 2.20), far
beyond the limits of “a few kelvin around a critical temperature” any ‘kinks”
which would indicate a change of values of critical indices f and vy, and, hence, also
a change of the character of critical behavior are not observed (cf. with the second
crossover region, Figs. 2.2, 2.3, and 2.12).

The effective critical indices obtained in these cases have the values § = (0.3498 +
0.0014) and y = (1.144 £ 0.013) which are different both from classical and from
Ising ones. At the same time, as the “left” border of the temperature range on
each of these graphs practically coincides with the beginning of a passage into the
second crossover area (see, e.g., Figs. 2.3 and 2.12), it is possible to believe that for
real pure liquids an Ising-like region with its values of critical indices, if it exists, is
extremely narrow [225].

As all these important conclusions are a consequence of generalized dependence
analysis they demand a more detailed consideration. Therefore we plotted and
analyzed also similar dependences, but now, for individual substances. In Fig. 2.21
the dependence Ap* = f(t) is plotted according to initial data from [45]. In
this paper, by the way, the fact that B # 1/2 has been observed for the first
time. In this work Verschaffelt, apparently, also for the first time has applied
a log-log scale analysis. He found that for pure CO, the critical index has the
value B = 0.3434 and keeps this value constant up to the end of the investigated
temperature interval, down to a temperature more than 60 °C below the critical one
(Fig. 2.21). Our additional computation shows that for CO,: p = (0.3434 £ 0.0006)
and By = (1.698 £ 0.004). Similar to the case of the generalized dependences
(Figs. 2.19 and 2.20), the presented data are well approximated by smooth straight
lines and do not demand for their description with an accuracy of ~1% a more
complex dependence than a one-term formula. And this result was obtained as far
ago as in the year 1900! Then, after the corresponding mathematical processing
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Figure 2.21 Coexistence curve of CO, plotted using the experimental data from [45].
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Figure 2.22 Coexistence curve of argon plotted in the range
AT =|T— T, ~ 60K and Ap* > 1.3 using experimental
data from [219]: By = (1.785 & 0.004), B = (0.3519 £ 0.0011).
The linear correlation coefficient R is equal to R = 0.9999.
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Figure 2.23 Coexistence curve of methane plotted in
the range AT = |T — T,/ ~ 100 K and Ap* > 1.3 using
the experimental data from [220]: By = (1.782 £ 0.003),
B = (0.3493 4 0.0009), R = 0.9999.

of initial data from modern (ppT)-analyses, we plotted the dependences for the
coexistence curve (Figs. 2.22 and 2.23) and for the isothermal compressibility along
the critical isochore in the single-phase area (Figs. 2.24 and 2.25) for some pure
substances of various chemical structures. It is evident that the coexistence curves
of argon and methane in a log—log scale are ideal straight lines with an accuracy
not worse than 0.5% and correspond to the one-term equation Ap* = By || P
(Eq. (1.5)) up to the triple point (!). As to the isothermal compressibility, the
dependence p. Kt = I'{ 177, plotted in the same way, is linear with high accuracy
as well. Results for other investigated substances (see, e.g., [218,221,223,224] and
references therein) do not exhibit, as our analysis shows, any distinctions from the
results presented here.

As a whole, the absence of visible “kinks” on these dependences means that
in a real experiment on pure liquids it is not possible, strange as it may seem, to
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Figure 2.24 Compressibility of ethane plotted in the range
AT = (T — T,) ~ 150 K using the experimental data from
[227, 228]: T’y = (0.088 == 0.002), y = (1.140 % 0.005),

R = 0.9999.
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Figure 2.25 Compressibility of ethylene plotted in the range
AT = (T — T,) = 90 K using the experimental data from
[222, 228]: T = (0.087 £ 0.001), y = (1.154 + 0.004),

R =0.9999.

find out any change of the mode with a passage to the mean-field behavior on any
distance from a critical point. This newly discovered situation, certainly, requires
a theoretical explanation. First of all, it will be necessary to specify the role and
influence of fluctuations on the nature of critical phenomena. Melville S. Green,
the chairman of the organizing committee of the already multiply mentioned
famous conference, still wrote [229]: “Why do deviations from the classical theory
of critical opalescence occur within hundredths of a degree of the critical point
while deviations in thermodynamic quantities show nonclassical behavior much
farther away?” Despite the very high intensity of research on critical phenomena
any answer to this question has not been obtained up to now. From the above
discussion together with the fact that the nearest vicinity of a critical point of
nonideal systems is a van der Waals-like region (the second crossover) it follows
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most likely that a certain correction of the modern theory of critical phenomena is
required, at least, in application to pure liquids.

23
Critical Indices and Amplitudes

As was already mentioned, critical indices play a key role in the theory and practice
of critical phenomena, as one or another set of their numerical values satisfies one
or other critical behavior model (see, e.g., Table 2.2). It is no less important that the
thermodynamic and statistical fundamentals in the assumption of the validity of
scaling lead to the existence of a well-defined set of universal relations, independent
of the model, between critical indices (see, e.g., Egs. (2.4)—(2.11)). Although these
some combinations of critical amplitudes appear to be universal (see, e.g., [76]),
on their own, unlike indices, they are not universal. The numerical values of
these relations are also unequivocally connected with the universality class of the
investigated system, which makes it possible to use them for the determination
of critical behavior and universality classes just as effectively as critical indices.
Therefore, it is just as important to carefully determine them experimentally as it
is for critical indices.

Furthermore, an analysis of the wide base of experimental thermodynamic
data near a critical point showed [141, 226, 237] that there should exist definite
correlations between the values of critical amplitudes and indices, related to the
critical behavior of the same physical property. The search for a correlation between
the values which characterize the different aspects of behavior and properties of
matter makes up the base of the methodology of thermodynamic similarity (see,
e.g., [238,532]), including the similarity hypothesis (scaling) widely applied in the
theory of critical phenomena. However, for the correlations which we shall be
dealing with here, the theory of critical phenomena has still not been examined.
All these questions will be discussed below.

2.3.1
Universal Relations Between Critical Indices

As was discussed in Chapter 1, the only strict relations established for critical
indices are the following inequalities:

Table 2.2 Example of sets of values of critical indices.

Model Critical indices
o [} Y i) v
Mean field 0 0.5 1.0 3.0 0.5

Ising(d=3n=1 0110 0326 1239 480  0.630
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y>pB—1), (2.4)
a+pB+1) =2 (2.5)
d@—1)> 2 -3 +1), (2.6)
Y2 —m) =, (2.7)
a+28+y =2, (2.8)
YE+1) > 2-a)@ 1), (2.9)
dv>2—aq, (2.10)
vd—1)>T, (2.11)

where 1) is the Fisher critical index. In order to prove these relations, the definitions
of the corresponding thermodynamic quantities, and rigorous physical statements
such as, for example, the nonnegativity of heat capacity, and simple geometric
considerations like convexity or concavity of thermodynamic potentials as functions
of their variables (see, e.g., [26]), are usually employed (for more details on the
relation between geometry and thermodynamics, see Chapter 3). However, the
simplicity of the preconditions does not imply that the evidences are simple.

Within the limits of the scaling hypothesis each of these inequalities transforms
to equality. This makes it, in principle, possible to check its validity experimentally.
Obviously, it is possible at least to an extent in which the conditions of a real
experiment manage to differ an equality from an inequality. On the other hand,
if the similarity hypothesis itself does not raise any doubts and can be considered
valid, then these relations make it possible, determining experimentally the values
of only two critical indices, to calculate the values of the others.

Before moving on to such a calculation and discussion of concrete experimental
results which refer to critical indices and the relations between them, we shall
discuss the significant limits put on this process by the properties of the model
of critical behavior (see Section 2.1). Let us look at Fig. 2.26 where the evolution
curves for the critical indices f (Fig. 2.3) and y (Fig. 2.12) are shown together for the
sake of convenience. This figure directly shows one of the above-discussed features
of the critical behavior of real systems in the nearest vicinity of a critical point:
the second crossover region for different physical properties of the same system under
comparable conditions is observed at a different distance from a critical point. From the
curves shown (Fig. 2.26) it follows that the second crossover for the “strongest”
critical index of isothermal compressibility (y) is far from the critical point almost
by a factor of 10? with respect to 1, than the similar transition in the case of a
relatively “weak’” coexistence curve index (B). While checking the feasibility of the
universal relations between critical indices it is extremely important to take this
fact into account.

It is now clear that for real systems it is necessary to extract effective values
of all critical indices, which can take part in such a check, not from the same
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temperature (density) range, as it is usually done, but from the corresponding
regions of the curve (Figs. 2.1 and 2.26) for each index separately. Moreover, it
is also important that all necessary critical indices (at least three) are determined
on the same experimental setup and on the same sample. Existing experimental
data confirm this conclusion even though, for understandable reasons, they are
not enough numerous. Therefore, here we are using the results of our own precise

(ppT)-experiment on SFg [89,91, 141],

in the course of which the critical index

values B, y and § and their amplitudes (By, I'j, and Do) were obtained (in the
presence of gravitation) from both sides from the position of the second crossover

for each index (see Eq. (2.12)):

T, = (318.7355 £ 0.0002) K,

e = (738.83+0.15)kgm™3, ol

= (741.60 £0.15) kgm 3,

P, = (38.3281 4 0.0003) atm = (3.759987 + 0.00003) x 10° Pa,

ltl >3 x107°, Bp=2.05440.021, B =0.350840.0013, B; =0,

It <1x107°, By ~0.5(liquid), B_ ~ 0.25 (vapor), (2.12)
1>1x107%, I'f =0.081+£0.001, y=1164£0.03 I';=0,
'c<1><10_3, y &1,

|Ap*| > 0.08, Doy=170+0.01, D =1.40+0.05,

Dy = 0.06+0.02,

%

|Ap*| <0.08, d~3.2.

3 =4.30+0.01,

Ay =A_ = A =0.49£0.02,
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Thus, according to Eq. (2.12), one of the most important relations y = (8 — 1),
which connects static critical indices, is fulfilled almost exactly both for the
fluctuation region (|t| > 3 x 107> forBand v > 1 x 1073 fory), where f = 0.3508 +
0.0013,y = 1.16 £ 0.03, and 8 = 4.30 £ 0.01, and for the region where fluctuations
are already suppressed: p ~ 0.5, y ~ 1 and § ~ 3. At the same time it is seen
(Fig. 2.26) that the use of critical index values obtained in real experimental
conditions (in the presence of gravitation in the case of SF¢) from the same
intermediate temperature region for both indices, e.g., from 3 x 1075 < |7 <
3 x 107, would appear wrong.

In turn, for this aim the necessity to use critical index values from different
temperature regions could only mean that it is only in these temperature ranges
the same critical behavior of those physical properties of a real system which are
described by these indices can be observed. So, as we are talking about gravitation
it follows that its influence on compressibility begins to display at a distance of
1.5-2 orders of magnitude far from the critical point on t than on the coexistence
curve. This seems perfectly natural from a physical point of view.

It also follows from Eq. (2.12) that the obtained critical indices, each in their
own region II (Fig. 2.1), turned out to be not strictly fluctuational but only close to
being so. To be more precise they have intermediate values between Ising type and
classical one. This might point to the fact that either they are indirectly influenced
by gravitation as well or the Ising model is not completely suitable for describing
pure liquids (see also Section 2.3.3). As the universal relations were fulfilled it could
be pointed out that this influence, which was observed at different “distances”
from the critical point, was of the same type for all indices.

This result also confirms what was previously said that the positions of the
region II boundaries (Fig. 2.1) should depend on the concrete physical property
which demonstrates an anomalous behavior near the critical point. This conclusion
is also confirmed, in particular, by the Monte Carlo experiments on a polymer
system given in [211]. In this paper the authors varied the number of chain links,
and thereby practically changing an effective long-range action, managed to create
either classical or fluctuation type of behavior in the system.

Moreover, it turned out that for different system properties (order parameter and
susceptibility were examined) the boundary between regions with different critical
behavior types was found at different distances from the critical point. Analogous
results were also obtained in [78], where for the same properties the change of
indices (B and y) under the influence of shear flow also took place at different
distances from the critical point.

Now let us return again to discussing the results of our experiment on pure SFe.
The self-consistency of the numerical values of static critical indices within the
framework of this experiment (Eq. (2.12)) makes it possible to use the remaining
relations (Egs. (2.5)—(2.11)) as equalities in order to calculate the substance’s other
critical indices. The critical index of isochoric heat capacity o, determined from
different relations by taking into account Eq. (2.12), takes on values between
0.137 and 0.141. Its mean value a = 0.139 agrees quite well for such a small
index value with theoretical calculations: a = 0.07 (e-expansion), a = 0.125 (series
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summation), o = 0.110 (numerical solution of RG-equations (see, e.g., [40])), and
also with experimental values which range from a = 0.04 to a = 0.159 (see,
e.g., [52]). Considering how much the scaling hypothesis, according to S. Ma, is
“simple and rough” [52] such a coincidence can be considered to be quite good.

Having a, it is possible to look at the determination of v and jx. The coincidence
of the obtained critical indices v = 0.62 and [t = 1.24 with values found in the
literature can also be considered as quite good. For example, in study [230] for critical
index of the surface tension which is rare in occurence the value & = 1.28 4= 0.02
for SF¢ was obtained. It should be mentioned that the authors of this paper, just
as we did, carried out an analysis determining the critical index « from different
relations between indices, and found for it the values which were located between
a = 0.011 from Eq. (2.10) and a = 0.109 from Eq. (2.6). This comparison clearly
shows that even the presence of good experimental data does not still guarantee
automatically their self-consistence.

It is worth looking at the calculated value of the index of the anomalous
dimensionality 1, or the Fisher index. According to our data for SF¢ (Eq. (2.12)) its
value changes within very narrow limits from 0.130 to 0.132. However, it is already
remarkable that by such a calculation method it did not “dissolve” in the error of
determination of other “large” indices, as its theoretical value is only n = 0.031
(see, e.g., [40]).

232
Universal Relations Between Critical Amplitudes

Modern theory of critical phenomena not only puts restrictions on the values of
the critical indices (see, e.g., [26, 40, 52]) but also establishes universal relations
between nonuniversal, in principle, amplitudes which take part in the description
of equilibrium and kinetic properties of systems near phase transition points
[76,231-234]. However, unlike critical indices, for which all the known relations
(except for those with space dimensionality) are satisfied for all the known models,
including the “mean-field” model, the same combinations of critical amplitudes
for various models have different values. Taking this fact into consideration, let us
look at a situation typical only for the fluctuation region. But to examine this we
shall use only some of similar universal relations:

R =T§DoBy ", (2.13)

/ peB2 \"
Rf =R (RY) P =%, ”’) . 2.14
e =R (R) S0\ %, Tt (2.14)
Here & is the correlation radius amplitude (direct correlation length), kp is the
Boltzmann constant, and R}, R;, R, and R} are the critical amplitudes.

A more informative relation, but at the same time not so commonly studied
one, is the universal relation (2.13). To employ this relation in computations, it
is necessary to experimentally investigate the coexistence curve (By), a sufficient
number (no less than atleast 10 to 20) of near-critical isotherms in the single-phase
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region (I'y"), and the critical isotherm (D, and 8). Obviously, it is necessary to carry
out all the measurements on the same experimental setup and on the same sample.
The RG-theory predicts for this universal relation the result R} = 1.60, while the
high temperature expansion method (HTS) gives R} = 1.75 [76].

For pure liquids, apart from SFg, we are aware of only two papers [112,136]
where the experiment, using the dielectric method, was carried out in a sufficient
full manner to calculate this universal relation. The data obtained in [112] made
it possible to obtain R =1.82+0.05 for Oy. In [136], R} =2.05+0.8 and
R; = 1.71+ 0.5 were obtained for Ne and N;. In the case of binary mixtures,
which are in principle much easier than pure liquids to investigate near the critical
point, this amplitude combination is only known for the mixture nitrobenzol-n-
hexane (R} = 1.75 + 0.30) [94]. This is despite the fact that Beysens and colleagues
studied the remaining universal relations between amplitudes for tens of other
binary mixtures [93, 94, 235].

The substitution of the necessary values from Eq. (2.12) into Eq. (2.13) for SFg
leads to the value R} = 1.48 & 0.05. As we can see this agrees well enough with both
theoretical values and with the amplitude combinations obtained experimentally
for other systems and with other disturbing factors. It is, therefore, possible to
conclude that the universal relations between amplitudes are, less than critical
indices and critical amplitudes themselves, subjected to the influence of such kind
of factors. As the behavior of the universal relations between critical indices is
the same it is possible for them to come to a similar conclusion as well. Below
(see Section 2.3.3), while looking at the question of correlations between critical
amplitudes and indices, we shall once more return to this amplitude combination.

We are not dealing here with the results, which were obtained using a quite
widespread method when data from various sources are gathered to compare with
theory (see, e.g., [49,2306]). It is impossible to call such a method of comparing
experiment with theory in the critical area too successful. It is interesting that
the authors of [236] write at the end of their article, although concerning some
other topic: “as a final minor point we note that the experience we have had in
‘forcing’ data to fit the current theoretical framework involving correction terms
has made it clear to us that almost any reasonable data set can be brought into
very good agreement with theory, because of the tremendous flexibility afforded
by the correction terms” [236]. I quote this in full so as to emphasize the fact that
such a method of comparing experiment with theory is not useful to one or the
other, and also because, unfortunately, it is in fact very often used. It should also be
mentioned that the very idea of using additional, although incomplete information,
for this purpose is extremely productive. However, the method how this idea can
be realized, in our opinion, should be significantly different (see Section 2.3.3).

As for Eq. (2.14), it, like other universal relations between critical amplitudes,
can be used to calculate those parameters which are part of it, but for whom no
data were found in the examined experiment on SF¢. Thus, for example, together
with Eq. (2.12) this relation makes it possible to find one of the fundamental
characteristics of matter near the critical point, the direct correlation length
go. Substituting into Eq. (2.14) the well-known theoretical values R; = 0.26 and
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0.27 for the HTS-method and e-expansion (order €?), respectively [232,233] and
R =0.059 and 0.066 for the HTS-method and e-expansion, respectively [76],
we obtain Rf = 0.668 for both calculation methods. Then, for SFe, taking into
account Eq. (2.12), we obtain £ = 1.98 x 1071 m. In the previously mentioned
paper [230], for SFs, & = (2.0 £0.3) x 1071 m was obtained, while in [135]
£0 = 2.016 x 1071° m was found. It is clear that all the presented values of £( agree
very well with each other.

We have earlier established that critical indices, which take part in the description
of one or another physical property of a nonideal system, can have intermediate
between Ising-type and classical effective values in quite a wide, and for each
index its own, temperature (density) region (transition II<III, Fig. 2.1). These
facts show that not only the effective values of critical indices themselves but also
the corresponding amplitudes may satisfy the existing universal relations only if
the correct temperature (density) regions of their experimental determination are
chosen. Therefore, in the nearest vicinity of the critical point these relations are, in
fact, only satisfied if for each concrete critical index and amplitude their values are
taken from any, although identically positioned in relation to the second crossover,
temperature (density) region (see Figs. 2.1, 2.3, 2.12, and 2.26). It is also necessary
to account for the fact that, as will be shown below, there exist definite correlations
between critical indices and amplitudes [226, 237].

233
Correlation Between Critical Index and Critical Amplitude Values

The idea that there should exist quite definite correlations between values of
critical amplitudes and critical indices, corresponding to the critical behavior of the
same physical property, has been proposed earlier [141]. An additional extensive
analysis of experimental thermodynamic data near the critical point, carried out in
recent years, shows that these correlations not only exist but can also be used very
effectively [226,237].

Correlation dependences between the amplitude—index pairs can be represented
as simple power laws of the following form:

Coexistence curve:

By p~" = by, (2.15)
Isothermal compressibility along the critical isochore in a single-phase region:

Ty - v8 =g, (2.16)
Critical isotherm:

Do - 5% = dy. (2.17)

In [226,237], the existence of such correlations was confirmed by the results
of the analysis of the whole set of available thermodynamic data for classical
(nonquantum) pure liquids. In addition, a method of a proper test of the universality
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of various critical amplitude combinations was also proposed using results not from
separate experiments but based on the similar generalized correlations.

In fact, if experimental thermodynamic data are used to determine the exponents
b, g, and d and the “universal” constants by, gy, and dy in Egs. (2.15)—(2.17), then
there arises a real possibility of properly checking the universality of different critical
amplitude combinations using the results from all this information and not from
separate experiments. In particular, the test of relation (2.13) can be performed if,
using Egs. (2.15)-(2.17), it will be given in the following way [226, 237]:

RY =T DoBy ' = goy 8 - dod? - (boB")*~". (2.18)

It should be emphasized that a positive result for such a test of relation (2.18) would
also mean an adequacy of the approach, expressed by Egs. (2.15)—(2.17). The set
of critical indices B, v, and 3, used for substitution in Eq. (2.18), should, obviously,
satisfy the equation (2.4) considered as an equality.

It is suggested that all available experimental data should be used for such an
analysis. This makes things significantly easier, as otherwise it would be necessary,
for the independent determination of the universal constant value of R} on the
basis of one separate experiment, to investigate simultaneously the behavior of
all necessary thermodynamic properties. Such complex precise investigations in
the critical region are, as we have already seen, extremely difficult and are found
therefore not so often.

In order to carry out such an analysis, precise experimental data were selected
from the original papers [45,87,88,99,136,154,160,163,218,220-223,227,239,518]
and from some reviews [39,40,49,76]. These investigations cover a 100-year period
out of the almost 200-year history of critical phenomena research. They start with
Verschaffelt’s, unfortunately, little-known work in which he has obtained almost
the modern critical index values at the beginning of the 20th century in the
famous Kamerlingh Onnes’s laboratory in Leiden: p ~ 0.34 for the coexistence
curve and 3 ~ 4.26 for the critical isotherm, by studying the critical behavior of
CO; [45]. And they end with (ppT)-experiments carried out in recent years for a
large group of ultrapure substances in Wagner’s laboratory at Bochum University
(Germany) [218,220-223,227,239].

In certain cases the values of the critical amplitudes (B, I‘0+ ,and D) and indices
(B, v, and §), which were necessary to carry out such an analysis, were contained
in the works themselves (for example, in [40,49, 76,136, 154]). In other cases, to
obtain the pairs of values By — B, I'{ —y and Dy — § it was necessary to carry out
a preliminary mathematical treatment of the original experimental data. For this
purpose, all the experimental data, found in each work, were broken into small parts
which were located at different distances from the critical point. Then for each of
them, by using the least-squares method the values for the amplitude—index pairs
were obtained. It was in that way the data from [160,163,218,220-223,239,518]
were approximated by Egs. (2.15)-(2.17).

Then, using the totality of these data the amplitude—index dependences were
plotted, as can be seen in Figs. 2.27, 2.28, and 2.29. As a result, on each graph the
basic trend of the sought correlation was formed, confirming thereby the fact of its
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existence. The points which turned out to be positioned randomly relatively to the
curve formed in this way were removed from the examination. This procedure is
quite natural as it allows one to distinguish self-consistent experimental data from
the rest. We shall look at the details of this procedure below.

The coexistence curve for pure liquids can be represented by one of Eqgs. (1.4) and
(1.5). The first of these relations, Eq. (1.4), is more traditional and supposes that
critical behavior of real systems corresponds to the idealized model for which the
equality p = B4 = B_ is typical. The other two representations, Eq. (1.5), are useful
in that they make it possible to judge about possible asymmetry of the coexistence
curve, which is displayed in the inequality between the critical indices B+ and p_.
It is this type of analysis that made it possible to find the difference in the behavior
of both branches of the coexistence curve of SF in the nearest vicinity of its critical
point (see Chapter 1, [87]). Later, this was used as the basis for the conclusion
on the second crossover appearance, the transition in the nearest vicinity of the
critical point of pure liquids from the Ising type of a behavior corresponding to the
mean-field one [2,164,165].

To establish the constant numerical values in Eq. (2.15) the coexistence curves of
different pure liquids were analyzed in the wide neighborhood of the critical point,
with the obvious exception of the second crossover region. Moreover, curves with
single-term expressions, Eq. (1.5), as well as more complex dependences taking
into account the following terms in the expansion such as Eq. (1.4) were examined.

Figure 2.27 shows, in a log—log scale, the correlation between the critical index
and amplitude for the coexistence curve of various substances, obtained as a result of
the analysis. The line which is set out using “‘experimental” data of 22 pairs of values
By and B (Fig. 2.27) satisfies the linear dependence log By = a + blogp with a =
2.254+0.10 and b = 4.298 4 0.217. Moreover, the linear correlation coefficient is
R = 0.9754, the standard deviation (SD) is equal to SD = 0.014, and the probability
P of the absence of the correlation is P < 0.0001. After reducing this dependence
to Eq. (2.15), the following result was finally obtained:

3 e—Ar [40] ©-CH, [220]
o-Xe [40] o-C,H,[218]
v-Ne [136] m—C,H, [40]
+=N, [136] ®-SF, [40]
x—RI3[154] ©—SF, [87]
A-CO, [49] e-SF, [221]
A—CO,[154] *—NH; [141]
v - N,0 [154]

032 034 036
p

Figure 2.27 Correlation between critical amplitude (Bo)
and critical index (B) for the coexistence curve of pure
liquids [226].
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Bo-B P =bo = By -p+30+022 = 178 + 40. (2.19)

As can be seen, the largest deviation from the line (2.19) is found for Ar (the lower
of the two points representing argon on the graph) and SF¢ from the paper [221].
However, if the corresponding values By and p are substituted into Eq. (2.19), then
for the constant by we get by = 168 for Ar and by = 190 for SF¢. The error does not
exceed practically the limits £15, which is slightly less than 10% of the value of By.

It should be noted that, taking into consideration other sets of experimental data,
the constants b and by, as well as their error, can change. However, as an analysis
has shown, “correct,” self-consistent, combinations By and p will be located, with
all changes, in the immediate vicinity of the approximating line. Hence, this
fact makes it possible to consider the obtained dependence as a tool of testing
experimental data with respect to their self-consistency.

As for the data scatter relative to the linear correlation, firstly, it seems to be
unconnected to the difference in dipole moments of the substances analyzed. The
polar N,O (dipole moment 0.2 D), trifluorochlormethane (0.5 D), and ammonia,
whose dipole moment is more significant (1.5 D) as well as all other substances,
which have a zero dipole moment, are almost evenly distributed relative to the
discussed line. Also this scatter could not be caused by the fact that one or other
type of formulae (Egs. (1.4) or (1.5)) of the representation (single or polynomial)
along the whole coexistence curve or its separate branches were used by the authors
in order to find the leading asymptotic term, as the corresponding data on the
graph do not show any special regularity.

This result once more confirms that the application of polynomial formulas for
an analysis of the data related to critical region is rather superfluous [141,153,226].
The presence of systematic errors in various authors’ experiments should probably
be considered as the main reason for the observed scatter, while in their own
scales their results are usually much more precise (this is quite typical for critical
phenomena research [39, 40, 141]).

On the other hand, the possibility should not be totally excluded of a certain
difference on the background of the universality of critical behavior of separate
groups of substances. In particular, quantum liquids helium-3 and helium-4 form
such a group. As analysis showed [240], in this case, the correlation By -p~* =
by between the experimental values By and f in a log-log scale can also be
approximated by a straight line. However, this straight line does not coincide with
that for classical liquids but is located parallel to it. It should be emphasized that
the obtained values of the exponent of b and the “universal” constant by for helium
also did not show any dependence either on its mass number or on the kind of
formula, Eq. (1.4) or (1.5), for the coexistence curve representation used by the
authors in the original works to analyze their data.

Isothermal compressibility in single-phase regions along the critical isochore in
the asymptotic vicinity of the critical point can be exhibited using the well-known
equation in dimensionless form, Eq. (1.12). Unlike the coexistence curve, for which
there is a very wide array of experimental data, relating to pure liquids, analogous
sets for compressibility and for the critical isotherm are noticeably more modest.
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Figure 2.28 Correlation between critical amplitude (I'j') and
index (y) for the isothermal compressibility in the single-
phase region [237].

Nevertheless, they were sufficient and made it possible to uniquely determine the
necessary parameters in the dependences, Eqgs. (2.16) and (2.17), in their analysis.

The correlation between the amplitude (I'J) and the index (y) for the isothermal
compressibility along the critical isochore in the single-phase region near the
critical point for some pure substances is shown in Fig. 2.28 in a log—log scale,
obtained using the described method. On this graph, the absence of points
corresponding to the value y = 1.24, which is well known for a three-dimensional
Ising model result achieved with the e-expansion, is noteworthy. At the same time,
the paper [76] supplies lower values for this index: y = 1.20 (I'§ = 0.065) and
y =1.21(I'§ = 0.061), obtained as a result of applying different theoretical models
to describe experimental data in the vicinity of the critical point of CO,, which quite
well fit into the general picture (Fig. 2.28).

As for the pairs of values for Xe cited in [76]: y = 1.24 (I = 0.065), y = 1.21
(Ty =0.074) and y = 1.18 (I'{ = 0.12), we can see that they do not lie on the
same line either with each other or with the other points on the graph (Fig. 2.28).
Unfortunately, in most investigations of the compressibility of Xe, published later
than the work [76], self-consistent pairs of the values y — I'{ were not found as well.

The situation concerning SF¢ turned out to be very interesting [163]. It was
assumed for a long time [141] that the pair of consistent values y = 1.16 (I'j =
0.093) corresponded to the experimental data obtained in [163]. Such consistency
was confirmed by the practical coincidence of the value R} = 1.70 £ 0.06, found
for SF using Eq. (2.13), with both its theoretical values [76]. However, it turned out
that the point with the coordinates (1.16, 0.093) does not satisfy the obtained general
regularity and is located noticeably higher in Fig. 2.28. As there was a trust in the
quality of the experimental data [163] as well as in the validity of the idea developed
here concerning the correlation between critical amplitudes and indices, it became
necessary to reanalyze the results from [163]. In this work, 19 supercritical isotherms
in the range 107> < t < 1073 for the “far” critical region, adjoining T < 1073 (see
Table 2 in [163]) were investigated. As a result, the critical index y = 1.16 was
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obtained, while the amplitude (I'j) was not determined. A new analysis of these data
showed [237] that the corresponding values of pairs amplitude—index, depending
on the choice of the t approximation range (excluding the second crossover
region, where y ~ 1, see Fig. 1.17) are 0.081-1.161; 0.0785-1.166; 0.0778-1.168;
0.073-1.176. These values are presented in Fig. 2.28. This example shows that the
proposed correlations also have a significant prognostic potential. This once more
confirms the possibility of their using to test experimental data on self-consistency.

It is worth noting that for NH3, unlike all other substances (see Fig. 2.28), thermal
conductivity and light scattering experiments instead of direct (pp T)-measurements
were used. The measurements of the thermal conductivity coefficient of ammonia
in a large temperature and pressure range including the critical region were carried
out in [518]. The analysis of these data together with results of the light scattering
intensity made it possible to obtain the following consistent values for ammonia:
y =1.176 and I'{ = 0.072 [141] (see Chapter 7 for more).

As a result, for the “experimental” values of 19 pairs I'j” and y the straight line
was found (Fig. 2.28). It satisfies the linear dependence with a correlation coefficient
R = —0.996, with a standard deviation equal to SD = 0.005. After transformation
of this dependence to a form of Eq. (2.16) the values of g and gy were finally
obtained as

g=715+£0.16, go =0.234+0.01. (2.20)

The critical isotherm is usually described employing Eq. (1.10). However, as in this
case every time only small parts of it were examined, it was possible to use only the
main asymptotic term from Eq. (1.10). In Fig. 2.29 the correlation between critical
amplitude (Dy) and index (3) is shown in a log—log scale for the critical isotherms of
some pure substances. It was plotted in the same way as previously. The straightline
shown on the graph (Fig. 2.29) is plotted using “experimental” values of 23 pairs Dy
and 3, and satisfies the linear dependence with a correlation coefficient R = 0.997
with a standard deviation equal to SD = 0.04. After transformation of this depen-
dence to a form of Eq. (2.17), the following values of d and dy were finally obtained:

10 o-Xe [160]
o —Xe [76]
A-CO, [76]
< I b-CO, [45]
o GH, [222]
& - CH, [227]
o SF, [239]
0.1k

: . 0-SF, [88]

3 4 5

5

Figure 2.29 Correlation between the critical amplitude (Do)
and index (3) for the critical isotherm [237].
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d=2848+0.15 dyp=(8.2+1.5)x 107°. (2.21)

Now, after having established the values of all the necessary constants it becomes
possible to calculate the universal combination R} .

However, the values of three critical indices, connected by the universal rela-
tion (2.4), should be fixed before. It is possible to do this logically consistently in
two ways. Firstly, it could be a theoretical set which satisfies the three-dimensional
Ising model. In this case, we have the well-known set of parameters: § = 0.326,
y = 1.239 and § = 4.80 (see, e.g., [26,52]). Secondly, it could be possible to use
values obtained independently in the same experiment, with the same highly pure
sample. For this purpose, naturally, our choice falls again on our (ppT)-experiment
on SFe, which was discussed in Chapter 1, as it fully satisfies all requirements
demanded of such an experiment.

The substitution of a set of critical indices into Eq. (2.18) corresponding to the
Ising model together with the constants found (Egs. (2.19)-(2.21)) gives R} = 0.96,
which differs significantly from the theoretical one. This fact, once more, demon-
strates that critical index values, which satisfy this model, can be seen only as a
zeroth-order approximation for the situation typical for real liquids. With the second
method, taking into account Eq. (2.12) and Egs. (2.19)-(2.21), we get R} = 1.44,
which is close both to the theoretical RG-value (R} = 1.6) and to R = 1.48 £ 0.05,
which was obtained by the direct substitution of the corresponding amplitudes and
conjugated critical index values from Eq. (2.12) into the relation for R}, Eq. (2.13).

Thus, the results obtained in the course of this analysis confirm the suggestion
about the existence of correlation dependences like Egs. (2.15)—(2.17) between
critical amplitudes and indices, which are involved in the theoretical description
of the critical behavior (Eq. (1.2)) for various physical properties of pure classical
liquids. The universality of critical indices makes it possible, on this basis, to also
consider critical amplitudes as “quasiuniversal” within the limits of a certain class
of matter. In order to find out whether such features exist for other groups of matter,
included in the (d = 3, n = 1)-class of universality, further analyses are required.

It should be emphasized that the presence of such correlation dependences has
also a significant heuristic value and makes the estimation system of experimental
data quality more complete. It turned out that the agreement of critical indices,
even if independently determined, with the theoretical equation (2.4) is necessary,
but totally insufficient. It is also required that the amplitudes satisfy the empirical
relations (2.15)—(2.17). In the rather frequent cases when only separate sections
of the thermodynamic surface are studied and, therefore Eq. (2.4) cannot be
used, to satisfy these correlation dependences is, in essence, the only criterion
of the obtained experimental data self-consistency. If the wish arises, during the
experiment to enter deeper into the critical region, it is important to remember
in this case that when carrying out such a check it is necessary to be particularly
careful not to attract into the analysis experimental data belonging to the region
after the second crossover [2, 164,165,226, 237], as this will lead to an incorrect
determination of critical indices and, especially, amplitudes.
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Thermodynamics of the Metastable State

3.1
The “Pseudospinodal” Hypothesis

The topic of this chapter, although not directly related to the main theme of the
whole book, is devoted to a question which is by no means secondary. What we
are talking about here is whether the critical point is unique as a point, where the
singularity of the fullest set of thermophysical properties appears simultaneously,
or is it an ordinary representative of a whole family of such points, forming a
special line, the pseudospinodal. Of course, we should not also ignore the more
general question posed in the title of the chapter.

Despite the large number of books and articles which have already been devoted
to the domain of metastability (e.g., [241-243]) it still remains a certain terra
incognita in liquid state physics. This state of affairs, unquestionably, leads to
the occasional appearance of various hypotheses, some of which are clearly quite
unrealistic. Within the limits of one small chapter our aim is not even to try to
comprehend all details of this subject very deeply. Our task is much more modest.
That is to discuss a set of principle considerations concerning the once so popular
so-called pseudospinodal hypothesis, which suggests the existence of a certain
line, the “pseudospinodal,” whose all points possess the properties of the critical
one [244]. These considerations also touch on the question of the very existence of
such a universal “pseudospinodal” curve [141, 245].

3.1.1
The History of the Occurrence of the “Pseudospinodal Hypthesis”

In 1969, George B. Benedek, one of the pioneers of correlation spectroscopy [246],
published a review [247] on the application of this method in physics, chemistry,
biology, and engineering (about essential features of correlation spectroscopy
see, in particular, Chapters 4-6 and the Appendix). At that time correlation
spectroscopy had greater future potential rather than actual successes, which
made the review particularly timely. In it, Benedek presented an analysis of
detailed experimental research on the behavior of the thermal conductivity of
SFe along different lines close to the critical point. The analysis was carried out
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by Benedek’s colleague J. B. Lastovka. We mention this research, first because
its results showed an unusually weak singularity of SF¢ thermal conductivity.
It was just after this research that the necessity of taking into account background,
nonsingular, parts of kinetic coefficients became quite obvious (for more details,
see Chapter 7).

Among mentioned and other things, a very important observation was made
during this analysis. It was found that the character of the C,-singularity along both
the critical and noncritical isochores appeared to be the same. This feature helped
to find the spinodal position by extrapolation.

Almost simultaneously to this review [247] an article was published (Chu
et al. [248]) in which the authors, referring to Benedek, introduced, for the first
time, the idea of the “pseudospinodal.” In this work it was clearly emphasized
that the use of the term “pseudospinodal” instead of “spinodal” was caused by
the fact that “in contrast to the pseudospinodal, a line defined by extrapolating
from stable domains, the position of the true spinodal (if it exists) could only be
determined by special experiments in the metastable region.” We have to mention
that the authors of the article [248] could not have read Benedek’s work itself as it
had not yet seen the light of day. They could only have known about its results,
as often happens, either from Benedek himself or from a preprint sent to them.
Therefore, the reference to his work was entered very approximately (1968 instead
of 1969 and the title of the French collection where the work was published was
also inaccurately cited). It is interesting that even after the paper [247] had been
published, articles [249—252] appeared in which the author of the “pseudospinodal”
was still considered to be Benedek himself. Note that Benedek was not talking at all
about the “pseudospinodal” or the singularities of other thermodynamic quantities
(except for C,) in his work [247].

3.1.2
The Universal “Pseudospinodal”

All that was said above about the pseudospinodal, although indicating a certain
carelessness concerning the authors references to quotes from primary sources, is
related exclusively to “priority-terminological” questions without touching on the
essence of the problem. The authors of the paper [244], however, went even further.
They “attributed” to Benedek not only the “pseudospinodal” but also the universal
“pseudospinodal,” on which “all thermodynamic and transport properties diverge
just as on the critical point.” So according to Benedek, or in fact according
to Osman and Sorensen [244], the pseudospinodal is defined by the equation
X = Xo[T* — T, (p)]*, where X is the investigated thermodynamic or transport
property, and Xo, x, T*, and T, (p) are the critical amplitude and index, temperature,
and “pseudospinodal” temperature (made dimensionless with the help of T;),
respectively. The set of T}, (p) points forms the universal “pseudospinodal” curve.
In their work, Osman and Sorensen [244] claimed that they had succeeded, by
using a huge amount of various experimental data for different substances, from
CO, to *He, in convincingly demonstrating that such a line really exists. Below, we



3.2 The van der Waals Spinodal | 91

will show that the existence of such a line would contradict the basic principles of
thermodynamics.

3.2
The van der Waals Spinodal

Supersaturated vapor and superheated liquid are particular examples of the
metastable state of matter. The region of metastable states in the phase dia-
gram is bounded by two lines, the binodal and the spinodal curves. The binodal
(coexistence curve, boundary curve) separates metastable and absolutely stable
homogeneous states. The spinodal is the boundary between metastable and unsta-
ble states, the latter, as a rule, quickly lose their homogeneity as they are unstable
with respect to small amplitude but long wavelength perturbations in density
and/or composition [241-243,253].

The van der Waals equation, despite its simplicity, is surprisingly correct in a
qualitative sense and reproduces all the basic features of single- and two-phase
states of matter, the metastable region included. Unfortunately, as is well known,
it is not realistic to obtain from this really remarkable equation a quantitative
description close to the critical point. However, as shown in the two preceding
chapters, it seems that in the close vicinity of the critical point the mean-field theory
and its special case, the van der Waals equation, can be applied once again.!

It is not difficult to show that in the van der Waals theory the isothermal
compressibility, Kr, the isobaric heat capacity, C,, and the isobaric expansion
coefficient, a,,, become infinite on the spinodal, while the isochoric heat capacity,
Cy, is finite everywhere. Actually, as the spinodal goes through extrema of isotherms
in (p, V)-coordinates, the necessary condition determining the location of the
spinodal can be expressed as

(sp)
(g—s)T =o. (3.1)
This condition together with the van der Waals equation for one mole of a substance,
RT a
PEVCy v G2

allows one to determine the spinodal. In the dimensionless form, we can rewrite
the van der Waals equation as
8T* 3 . P T .V

= ==, T"=—, Vi=_—, 3.3
3VE—1  (V)? P Pe T, Ve G-3)

*

p

where p*, T*, and V* are nondimensional pressure, temperature, and molar
volume, respectively. With these notations, the spinodal equation can be presented
in different coordinates as given below:

1) Here it seems quite appropriate to paraphrase but subtle,” remembering his famous phrase
Einstein (“Gott ist raffiniert, aber er ist nicht given in the original version earlier and also
bosartig”) as “The Lord is not malicious, below.
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2a(V — b)? (BV* —1)?

To=—prs Th = R (3.4)
a(V — 2b) 3VF—2

pSp = V3 ’ p:]? = (V*)3 . (3'5)

These equations allow one to construct the van der Waals spinodal. The spinodal
shape corresponds to its name: spina (lat.): thorn (see, e.g., [243], pp. 21 and 23).
The term was introduced by van der Waals.

Let us examine, now, the behavior of isothermal compressibility on the spinodal.
According to the definition of isothermal compressibility and Eq. (3.1) regardless
of the chosen equation of state, we immediately get

IR VANE
Kr=——|— = 00. 3.6
! V<3P>T > 66

Following the definition of the thermal expansion coefficient, let us differentiate
Eq. (3.2) with respect to temperature at constant pressure. Then taking into account
Eq. (3.4) we get

1 <av><5?> 1 R(V —b)

*=v\ar), T VRT)(V-bp 24V

= o0. (3.7)

3.2.1
First-Order Stability Conditions

As far as the spinodal is the stability boundary for continuous phase changes
[241,243] it is necessary, for further examination, to look at the conditions which
determine the thermodynamic stability of the system. We assume that the necessary
equilibrium conditions, such as temperature and pressure equality in different
parts of the system, are satisfied. So for thermodynamic stability of the system
it is necessary that inequality (3.8), following from maximum entropy [254] or
minimum internal energy [255] in the equilibrium state, is satisfied in its strict
sense ([256], p. 110)

SU +pdV — T8S > 0. (3.8)

This requirement, in turn, will be satisfied if the second-order variation of the
internal energy is essentially positive [254-258]

1 /92U 9*U 9*U
N¥U==-(—38V*+2 VS + —— 852 0. 3.9
2 (avZ teavest T as ) 7 (3:9)

Let us clarify the necessary and sufficient conditions under which the quadratic
form given by Eq. (3.9) will always be positive. Therefore, let us examine the identity

which is analogous to Eq. (3.9), i.e.,

1
U(x,y) = ax® + 2cxy + by? = ; [(ax + cy)* + y*(ab — %], (3.10)



3.2 The van der Waals Spinodal | 93

from where we immediately get the desired result for the stability determinant

32U\ (92U 92U \°
DE —— R - > 0!
av2 )\ as2 avas
’U 92U

W>O W>0.

(3.11)

Applying the thermodynamic identity TdS = dU + pdV, taking into account
Eq. (3.11), we obtain

92U aT T
USSE—: _—>0,

92~ \as/), cv
Uyy = 22U op LI (3.12)
= =—\— = — >0, .
W= v V) VKs

Uve — Uew — ap _ oT
vs = Ugy = s V— )

Using standard methods of transformation of thermodynamic expressions, in par-
ticular, the method of Jacobi determinants (see, e.g., [258]), it is not difficult to
express the stability determinant D using the quantities that we are interested in.
We get

(T, —p) (T, —p) o(T, V) T
D = UssUyy — Usy Uys = = = ,
SSEVV T HSVEVS T (S, V) (T, V) a(S,V) _ CyVKr 513
AT, — (T, —p) 3(S, T '
D = UssUyy — Usy Uys = (T.—p) _ (T, —p) 3(S,p) _ .
S, V) — 3(S,p) 9(S,V) C,VKs
Then, for stable states, we get
T 0 0
— >0, ——>0,
Cy VKr
(3.14)
T 0 ! 0
— >0, — >0,
G, VKs
where Kg, the adiabatic compressibility, is determined as
1 /0V
Ks=-——(22) . (3.15)
V\op /g

3.2.2
Higher Order Stability Conditions

On the spinodal, where D = 0 holds [241-243], some of the first-order stability con-
ditions (3.14) are violated. The inequality sign changes to an equality sign. As a re-
sult, on the spinodal C, and Kt become, at the same time, infinitely large. According
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to Gibbs, D = 0 holds also at the critical point, where also dD = 0 ([256], p. 135).
The stability matrix determinant, which can be determined from the conditions of
minimum of the Gibbs thermodynamic potential (see, e.g., [259], pp. 265—266),

‘AT Ap

AV AS ’ =0 (3.16)

gives, in this case, the possibility of arriving at a set of stability conditions of an
already higher order

82 3
A R 0, 8_p <0, T =const.
av? ). av3 ).

(aZT) 0 (33T> 0 .
=] =0 o) >0 p=const
3982/, 9s* ),

Therefore, in general, the stability conditions are given by the requirements that
the first nonzero derivative with respect to pressure (temperature) should be, first
of all, of odd order and secondly negative (positive).

(3.17)

3.23
Approaching the Instability Points

Inequalities (3.14) show that for stable states all four inverse to C,, Ky, Cy, and
Ks quantities are positive. As for the thermal expansion coefficient (3.7), it can be
presented as

1[0V ap
p==(=) =k (=) . (3.18)
v\aT), aT ),

Since (8 p/0T) v 18 positive everywhere and, as experiment shows (see, e.g., [91,126]
and Fig. 1.21), nonsingular a, has the same sign, the same zeros, and “infinities” as
Kr. Therefore, by virtue of the well-known thermodynamic relations (see, e.g., [26],
pp. 62-65)

TV

Cy=Cy+ K—Taf,, (3.19)
Kr = Ks + Buz, (3.20)
G’
K _ %, (3.21)
Ks Cy
for the stable phases the following inequalities are satisfied:
C, > Cy >0, l>l>0, Kr > Ks > 0, L>L>0. (3.22)
Cy Cp VKs VKt

From these inequalities it follows that in the absence of infinite values of (T/Cv),
stability is probably violated first of all when the quantities (T/C,) and (1/(VKr))
simultaneously go through zero. However, if C, and Kr go through zero, then Cy
and Ks, under these conditions, approach zero faster ([259], p. 232).
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3.2.4
The Instability Area

Let us assume that the state of the system is represented by points on the critical
isochore (V = 3b) in the two-phase area (T < 8a/27Rb). From van der Waals’
equation, we get

(g—%;)v:% >0 forall V >b,

p\ RT n 2a
V) (V=h2 V¥

In fact, this means that the “T”-derivative, as was already mentioned, is nearly
always positive. Then, for the selected state variables by Eq. (3.23), and taking into
account Egs. (3.6) and (3.7), for constant density we get

(3.23)

ap 1
(—) >0, — <0, a,<0. (3.24)
), VKr

As is known, in the mean-field theory, whose special case is the van der Waals
equation, the isochoric heat capacity is positive and finite everywhere outside
the critical point, where it undergoes a jump (see Eq. (3.24)). Then, according to
Eq. (3.19), C, — Cy < 0holds. This inequality means that C, can, in principle, have
any sign and that the sign of Ky is opposite to the sign of C, (see Eq. (3.21)). Along
any isotherm in a two-phase area the derivative (3p/d V), goes through zero twice,
thus fixing the spinodal, which together with the condition Cy > 0 determines
the limits of stability. On the spinodal the stability conditions (T/C,) > 0 and
(1/(VKr)) > 0, as we have already noted, are violated and both these quantities
(Cp and (1/(VKr))) go through zero. So, if somewhere in the instability region,
the heat capacity C, is positive, then that part of the area where C, > 0 holds
is limited by zero values of C, [259]. In particular, C, has zero values on the
so-called adiabatic spinodal (where D < 0 [243]). This line is formed by the zeros
of the inverse adiabatic compressibility K ', and at the same time the “common”
spinodal coincides with the zeros of K itself.

The fact that phase stability is usually violated when both (T/C,) and (1/(VKr))
go through zero simultaneously probably explains the practice of using only two
stability conditions: (T/C,) > 0 and (1/(VKr)) > 0, instead of the whole set (3.14)
while searching for critical points or the spinodal equation (see, e.g., [243]). So, we
can see that, at least within the framework of the van der Waals equation, if Kr,
Cp, and a,, become infinite on a common line, the spinodal (these quantities also
go through zero together), then the adiabatic compressibility, Ks, in contrast, has
a zero value on the spinodal and becomes infinite on a completely different curve,
on the adiabatic spinodal.

Note, the analysis carried out here essentially is a generalization of a number
of known thermodynamic problems, which use the van der Waals equation as an
equation of state, applied to the problem under examination (see, e.g., [259]). In fact,



96

3 Thermodynamics of the Metastable State

the choice of this particular equation of state, as can be seen, in no way limits the
generality of the conclusions arrived at as a result of the analysis. This analysis,
together with the reliably established fact that Cy is infinite at the critical point, con-
vincingly shows, in our opinion, that a universal line, whatever it is called, on which
the same quantities could diverge, that are singular in a critical point, does not exist.

To conclude this section it should be noted that the analysis shows that neither
the van der Waals spinodal nor any other line can perform the role of a universal
curve “in the spirit of Osman and Sorensen’ [244]. The very process of this analysis
did not leave any doubt that, in all probability, the use of a specific equation should
not stop us from making more general conclusions about features which appear in
the metastable area. Nevertheless, as in the van der Waals theory Cy does not have
infinite values anywhere, including the critical point [25,27], then in order to get
greater generality and strictness it was necessary to involve the now well-known
experimental and theoretical result which is beyond the van der Waals theory as
well, namely, the singularity of Cy at the critical point. In fact, the conclusion that
the singularity lines of Kr, Cp,, and oy, on the one hand, and of Kg, on the other,
are different lines does not bear any relation to what was said above.

This conclusion remains valid. Only the isochoric heat capacity Cy does not
fit the general picture, as after such a deviation from “classical” behavior as the
Cv singularity at the critical point was discovered, the possibility, maybe only
hypothetical, appeared for it to remain infinite outside this point on a certain line.
Within the limits of the discussed suggestions [244] it was considered that this
line would be similar to the spinodal. At a first glance such a hypothesis seems
attractive: it seems to take us in a qualitative sense back to the van der Waals theory,
where the critical point is an ordinary representative of the spinodal curve. (Here
the term “ordinary” is appropriate, obviously, only from the point of view of the
joint divergence of thermodynamic quantities. The fact that the critical point is
the only point on the whole thermodynamic surface belonging at the same time
to the binodal, spinodal, and critical isotherm makes it totally exceptional, even by
formal characteristics.) It is not possible, however, to make such a hypothesis agree
with the principles of thermodynamics, not only when using a specific type of state
equation, in particular the van der Waals equation, but also, as will be shown in
the next section, in the most general case [245].

3.3
Thermodynamic Analysis of the “Pseudospinodal” Hypothesis

3.3
Physics and Geometry

One of the distinctive features widely used in his thermodynamical works by
J. W. Gibbs, one of the founders of modern thermodynamics, who extended
it to multiphase, multicomponent, and heterogeneous systems, was geometry.
In the cycle of three thermodynamic papers (even the titles of some of the
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works of this cycle are typical: “Graphical methods in the thermodynamics of
fluids,” “A method of geometrical representation of the thermodynamic prop-
erties of substances by means of surfaces” [256]), Gibbs showed how, with
the help of geometrical methods, we can analyze the behavior of different
systems and study the limits of their thermodynamic stability and critical phe-
nomena therein. This connection may seem surprising only at a first glance.
Many, if not the majority, of properties of the world which surround us can be
interpreted geometrically: physics geometry of space—time in special and gen-
eral relativity theories, physics geometry of order — disorder phenomena, phase
transition physics — scale invariance — e-expansion — fractal geometry, Brownian
trajectory — polymer chains — multiple light (neutron) scattering (the connection
between “Brownian trajectory — polymer chain — multiple light scattering” will be
discussed in Chapters 5 and 6); geography — cosmology — fractal geometry.

This list is far from being a complete one and it could be easily extended. We
just wanted to underline here the universality and fundamentality of geometric
concepts in nature (see, e.g., [260,261]). The only difficulty consists in the plurality
of geometries themselves and in the choice of an adequate geometric conception
in the framework of any of them.

33.2
Mathematical Foundation

The “universal pseudospinodal”” hypothesis will be further discussed in connection
with the work [245] using the most general mathematical concepts, allowing us
to give a fairly simple geometric interpretation. The first and second principles
of thermodynamics establish a connection between thermal and caloric properties
of matter and set the direction for the development of natural processes. As
a consequence of both thermodynamic principles there exist thermodynamic
potentials, each of which has its own natural set of variables. For variables (T, V),
such a potential is the Helmoltz free energy, F. Below, we shall show that the
suggestion about the simultaneous divergence to infinity of C,, Kr, and Cy results
in so many contradictory requirements concerning this surface, F(T, V), that it is
impossible to satisfy them.

To prove our assertions we first need to summarize some mathematical facts.
First of all, let us discuss the behavior of the first derivatives of a continuous
function, f. Let f(x,y) be continuously differentiable within the area G, while the
boundary of this area, L, is the line of singularity of one of the first derivatives: when
(x,y) € L, then (9f /9x) becomes infinite; however, f (x, y) is finite and continuous
there. Let us suppose that at a certain point (xo, yo) € L there exists the derivative

(dy/dx)sin, so that

dy dx
(E>sin 75 O (d_Y>sin 75 o (325)

The index “sin” means that differentiation takes place along the singularity line L.
Let us choose the point (x7, y1) on L in such a way that (xo, yo) € G. Further we use
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the identity

Sleny1) —f(0,y1) _ y1—yo f(%0.y1) —f (%0, yo)

X1 — %0 X1 — X0 Y1—Yo
4 L) =0, vo). (3.26)
X1 — X0

Now we go over to the limit x; — xo. The left-hand side of Eq. (3.26) becomes
infinite and, if demanded that for (x1,y1) € L the relation

fx1,91) — f (%0, y0)

X1 — X0

lim sup
60 1y —xg | <e

£ 00 (3.27)

holds, then the second term on the right-hand side, thanks to condition (3.27),
remains finite with respect to its absolute value. Consequently, near the singularity
line, we have

of () U

The obtained asymptotic correlation is easy to generalize when, on L, the first-
order derivatives from F(x,y) are continuous, but the second derivative (32F/9x?)
becomes infinite. Assuming that the conditions given by Egs. (3.25) and (3.27) are
satisfied for f = (0F/dx) and f = (3F/dy), then close to the singularity line we get

3%F dy 3%F dy\> 0%F
o~ (L) Y=~ (E) = (3.29)
92 dx ) g, 9xdy ax ) g, 9y?
All further conclusions are based on these asymptotic relations.
Relations (3.29) allow us to confirm that the second-order derivatives

9%F  9%F 9%F

or ok otk 330
ax2’  dxdy  9y? (3.30)

become infinite on a common line. In other words, second-order derivatives should
diverge together. Note that this statement is inapplicable to those points where
conditions (3.25) are violated, i.e., where the tangent to the singularity line is
parallel to one of the coordinate axes (at such points one of the second derivatives
can be infinite, while two others are finite). We would also like to mention that
the limitations imposed by Eq. (3.27) are practically superfluous: the functions
(0F/9x) and (9F/dy) are continuous on the singularity line, but the continuity of
the function f on a certain line means that the points, where condition (3.27) is
violated, form on this line a null set (more often, these points do not exist at all).

333
Thermodynamic Consequences

Equations (3.29) can be applied to any appropriate thermodynamic potential. Let
us begin with Helmholtz’s free energy F(T, V), for which
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dF = —SdT — pdV (3.31)

holds. Then, close to the singularity line of second-order derivatives we obtain

Cy [(av ap avy* 1
-~ (= =) ~(=) —. (3.32)
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So, if on one line Cy = oo is fulfilled, then on the same line Kt = 0 holds.
Consequently, the universal “pseudospinodal” cannot exist.

It should be stressed that at the critical point one of the conditions (3.25) is
violated; therefore, this is the only point where Kr and Cy can diverge together.
From Eq. (3.32) it follows that the singularity line cannot be a spinodal, too. In
fact, the spinodal is the boundary between metastable and unstable states. For
metastable states, the stability conditions (3.11) and (3.14) should be satisfied, i.e.,
D > 0and Cy > 0 should hold. However, from Eq. (3.32) it follows that K and Cy
have opposite signs; therefore, close to the Cy singularity line the determinant D
is less than zero. As a consequence, the line on which Cy = oo is surrounded by
unstable states, and metastable states are not close to it.

The spinodal is a singularity line of second-order derivatives from Gibbs’
thermodynamic potential G(T, p), for which

dG = —SdT + Vdp (3.33)

holds. If in Eq. (3.29) we change F to —G, then these relations turn into

C (dp dp\’
T (dT>smv(xp (dT) VK. (3.34)

sin
So, at the spinodal Kr, C,, and w, diverge together. As for Cy, comparison of
Egs. (3.32) and (3.34) leads to the conclusion that Cy and C, cannot become
infinite on the same line. And this means that Cy is always finite on the spinodal.
Further, for enthalpy H(S, p), we have

dH = TdS + Vdp. (3.35)

Therefore, close to the singularity line of its second-order derivatives, we get

T dp aT dp\*
—~—(=£ Z) ~—(£) vk (3.36)
CP ds sin ap S ds sin

On this line, adiabatic compressibility diverges, which is the reason why it is called
the adiabatic spinodal [241,243]. The comparison of Egs. (3.34) and (3.36) shows
that the simultaneous divergence of Ky and Kg is not possible on the line. From
Eq. (3.36) it follows that on the adiabatic spinodal C, =0 and C, and Ks have
opposite signs, i.e., C,Ks < 0. Thus, we can see from Eq. (3.13) that close to the
adiabatic spinodal the determinant D < 0, i.e., this line is surrounded by unstable
states. All these conclusions were also established within the framework of the
previous, less general, analysis (see Section 3.1).

Finally, if there exists a singularity line of second-order derivatives of the internal
energy, U(S, V), then close to this line the relation
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T av aT avi? 1
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is fulfilled. From this relation it follows that Cy can become zero only together
with Ks. However, the suggestion that such a line exists, apparently, cannot be
in agreement with the usual understanding about the behavior of matter in the
metastable state.

The main result of the performed analysis [141, 245] is that the restrictions
placed by thermodynamic principles on the simultaneous singular behavior of
thermodynamic coefficients close to a particular line appear significantly stricter
than analogous restrictions close to an isolated particular point. We can dis-
tinguish a group of thermodynamic coefficients, which diverge together. Such
a group is formed by second-order derivatives of one and the same thermody-
namic potential. At the same time, there exist pairs of thermodynamic coefficients
(Kr and Cy, Cy and Cp, C, and Ks, Ks, and Kr), for which a simultaneous
transformation both to zero and to infinity is forbidden. These prohibitions
can be violated at individual points; however, such points can never form a
line. In particular, such unique properties are inherent to the critical point
where Kr, C,, and Cy diverge together, although such a behavior is impossible
on a line.

3.4
Experimental Test of the “Pseudospinodal” Hypothesis

Before the publication of the paper [245], where a complete thermodynamic
analysis of the “pseudospinodal” hypothesis was first carried out, this hypothesis
was analyzed repeatedly with respect to the question whether it agrees with the
scale invariance hypothesis or not (see, e.g., [262,263]). As we mentioned in
the first chapter, the idea of scale invariance, or scaling, which was formulated
in the mid-1960s, is one of the most productive ideas in the physics of phase
transitions and critical phenomena [58-62]. Scaling is based on the inviolable
physical fact that close to the critical point the correlation radius significantly
exceeds molecular size, and therefore this parameter can be taken as the only
distinctive scale in the system. Scale invariance implies that thermodynamic
potentials are homogeneous functions of their variables (see, e.g., [26]); this in
turn leads directly to the establishment of relations between critical indices (see,
e.g., [52]), only two of which are independent, and the space dimension. The
concrete values of critical indices also depend on the type of symmetry of the
system under investigation. This is what determines the existence of different
universality classes.

It would not really be a great exaggeration to state that the basic successes in
describing critical phenomena are, in one way or another, related to the idea of scale
invariance. Although, as Stanley writes in his book ([26], p. 54), “‘at best it has not
been proven.” Of course, this statement was made still in the “prerenormalization



3.4 Experimental Test of the “Pseudospinodal” Hypothesis

group” era. Applying, as it is done now, renormalization group ideas, the block
Hamiltonian, as it does in scaling, has a central position (see, e.g., [52]). To calculate
the critical indices we must turn to space of fractional dimension, d = 4 — ¢, within
the framework of the so-called e-expansion (see, e.g., [51]). Fractional dimension is
in this case similar to fractal dimension, the central quantity in fractal geometry,
which was mentioned above. The successes of the theory, achieved in this direction
over the last few years, are fully confirmed by accurate theoretical predictions,
obtained by different methods, which closely agree between themselves and with
experiments [40, 50].

Therefore, we can confidently assume that scale invariance is now not only justan
established fact, but also a working instrument of critical phenomena theory. This
is the reason why attempts to verify the “pseudospinodal” hypothesis with scaling
concepts are very reasonable. Naturally, all the attempts gave negative results.
Naturally, because, as the analysis (see Section 3.3) shows, the prohibition of the
existence of a universal “pseudospinodal” comes directly from thermodynamic
principles. Consequently, this hypothesis, by necessity, should come into conflict
with any consistent thermodynamic theory.

Since in [244], where this hypothesis was put forward, it was asserted that
the experimental data used for illustration did not contradict it, experiments
were carried out in different laboratories and on different substances specifically
to verify it. For example, Skripov and colleagues [264] studied the behavior of
the isochoric heat capacity of liquid xenon. The tests were carried out close
to the liquid—vapor critical point, where one might expect to find prespinodal
peculiarities even for shallow penetration into the metastable area. Absolute errors
in the measurements of heat capacity were of the order ~5%, and relative ones did
not exceed 1%. In going through the line of phase equilibrium with penetration into
the metastable area along two isochores, differing by 23 and 32% from the critical,
no anomalies in the temperature dependence of Cy or prespinodal peculiarities
were discovered.

Matizen and colleagues also carried out special research on the isochoric
heat capacity of liquid *He [265,266] using both their own experimental data
and the results of Moldover’s group. Previously, the whole data array was
checked for self-consistency. Without going into the details of these painstak-
ingly and delicately carried out works, we arrive at the final conclusion, taking
into account its importance: ““He data processing does not allow us to draw a
conclusion on the possibility of describing Cy on noncritical isochors by scaling
type formulae, where the reduced temperature is counted off from the spinodal
curve” [265].

So, the attempt to introduce into scientific use the so-called pseudospinodal
hypothesis [244] to describe the metastable area, was unsuccessful. This idea could
not be made to agree either with the principles of thermodynamics, or with the
theory of scale invariance. Specially carried out experiments were also unable to
confirm this. As a result, it can be stated that the existence of a universal line on which
all the same thermodynamic and transport properties, which diverge at the critical point,
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would simultaneously diverge is prohibited by thermodynamics. The critical point is the
only point of the thermodynamic surface where this is possible.

Therefore, the results of this chapter, apart from anything else, are extremely
important ideologically. They establish the fact that what is implied by the term
“critical point” is not related to one of the many possible points on the thermody-
namic surface, but to the unique point which simultaneously lies on the binodal,
the spinodal, and the critical isotherm.?

2) Itis once more appropriate to remember Ein-
stein, but this time not paraphrased “Subtle
is the Lord, but malicious He is not.”



Part Il
The Dynamics of Critical Phenomena



4

Foundations of Critical Dynamics

4.1
Introduction

It is an anomalous growth in order-parameter fluctuations (density, concentration)
close to the critical point that lies at the heart of critical dynamics. According
to Onsager’s hypothesis [267], the process of fluctuation decay is described by
the same hydrodynamic equations as for corresponding macroscopic impacts.
Therefore, the dynamics of critical phenomena is naturally determined by the time
evolution of these fluctuations. The anomalous behavior of kinetic coefficients close
to the critical point is caused by the slowing down of large-scale order-parameter
fluctuations as they get closer to the phase transition point. A simple picture of the
phenomena accompanying this “critical slowing down” is a “drop,” whose radius
grows as the correlation length, and which performs a Brownian motion. This
“droplet” is a large-scale entropy fluctuation. As the critical point is approached,
because of the growth of the “droplet’s” radius, its movement, and therefore, the
rate of heat flow decrease. Thermal diffusivity, which determines the rate of decay
of these fluctuations, decreases toward zero at the critical point, despite the fact that
thermal conductivity shows anomalous growth in this region (see, e.g., [40]). The
classical kinetic theory of dense gases and liquids does not suggest any anomalies
for kinetic coefficients close to the critical point [268, 269]. This is natural as
such a theory, which examines the collisions between different molecules (mostly
paired), does not take into account the cooperative character of their behavior in
the neighborhood of the phase transitions points.

Van der Waals was the first to understand (see, e.g., [14, 15]) that the critical
behavior of pure liquids is, in fact, a direct consequence of a “strong” singularity
of isothermal compressibility (in a more general sense, of the susceptibility). The
van der Waals theory [15], like all other classical critical phenomena theories, takes
into account the cooperative character of the transition, but neglects fluctuations
and assumes the possibility of a series expansion of a thermodynamic potential
with respect to the order parameter. Therefore, all these theories, in one way or
another, lead to a mean-field theory. However, the flaw in the theories of this type
consists not mainly in the change from a stochastic field to a mean one, but in the
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suggestion about the analytic properties of a certain “free energy functional.” This
assumption, in fact, implies the neglect of fluctuations ([51], p. 47).

Mentioned neglect of fluctuations is the reason why, as had already become
clear by the middle of the 1960s,!) experiment does not agree quantitatively with
the conclusions of “mean-field” type theories. Even if this is so, this does not
stop them being universal zeroth-order approximations. The main feature which
distinguishes the modern approach to the description of critical phenomena from
any mean-field-type theory is that it takes into account the role of anomalous
growth of fluctuations, correlated on all scales from the microscopic distance
between molecules up to the correlation length, &, which is the maximum spatial
dimension for the given temperature [61, 62].

In one-component liquids, order-parameter fluctuations are density fluctua-
tions, which, in turn, lead to the appearance of fluctuations of the specific
entropy (see Section 4.3). In liquid mixtures close to the mixing critical point,
concentration is the order parameter. The behavior of the radial distribution
function and the correlation length in both pure liquids and mixtures is totally
analogous. However, in the latter case, the role of the “droplet,” performing
a Brownian motion, is played by concentration fluctuations, and as a con-
sequence, the reciprocal diffusion coefficient of liquid mixtures close to the
mixing critical point behaves like the thermal diffusivity of one-component liquids
close to the liquid—vapor critical point. The viscosity of mixtures has the same
weak anomaly as in one-component systems, but thermal conductivity remains
finite [270].

Moreover, experiment shows [93,271-273] that, in contrast to pure liquids, in
the description of binary mixtures [63,64] the role of nonanalytic corrections, which
have already been discussed in application to the analysis of data of pure liquids (see
Chapters 1 and 2), is negligible, if they exist at all. The typical situation for liquid
mixtures in the neighborhood of the liquid—vapor critical points line (so-called
plait points) is more complex. This is because we are dealing here with two order
parameters: density and concentration. Therefore, it seems natural that, far from
the critical point, density fluctuations will dominate, stimulating the singularity of
thermal conductivity in the same way as for one-component liquids, while close to
the critical point, concentration fluctuations guarantee a finite value for thermal
conductivity.

However, experiment did not confirm these expectations. In the liquid helium
isotope mixture 3He—*He [274,275] and in the binary mixture methane—ethane
[276], clear features of the critical behavior of thermal conductivity, characteristic
for one-component liquids, were found. At the same time, the expected crossover
to finite values of thermal conductivity was not detected (see, e.g., [277] and
references therein). Here we do not go any further into details on what happens
to the kinetic coefficients in critical mixtures (for more details, see [278,279]), as

1) It is well known that which is new is some- using his own and experimental facts cited in
thing old which has been well forgotten. As the literature, already reached in his estimates
was already mentioned (see Chapter 1), J. E. almost modern values of critical indices for

Verschaffelt at the end of the 19th century, pure liquids [46].
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this lies outside the scope of this book. However, it is worth emphasizing once
more that despite the fact that pure liquids and their mixtures belong to the same
universality class, the universality of their dynamic critical behavior has a much
more restricted character than when static properties are discussed. This statement
implies that in systems which formally belong to the same universality class and
which demonstrate the same static behavior, completely different dynamic effects
can be observed ([52], p. 266).

There is a simple explanation for this. Having the same static action (more
precisely, functional action) you can have many different dynamic models with
different intermodal connections ([51], p. 565). Berg and Gruner’s paper is a quite
remarkable illustration of this fact [280]. In it a surprisingly low value for the critical
index of viscosity (x5 = 0.044) for one of the polymer solutions compared to pure
liquids and mixtures (x; = 0.054 or 0.065) was found; more details on the critical
index of viscosity are given in Section 4.4. At the same time no differences from
the latter, as a rule, are found in the static critical behavior of polymer solutions
(see, e.g., [281]).

Finally, one more feature of critical phenomena dynamics should be mentioned.
Its formation and development was and remains closely related to light scattering as
light is a unique instrument for investigating such kinds of effects, and the spectral
distribution of light scattering contains information on correlation functions and
fluctuation kinetics. The results of experiments on light scattering were the source
of many ideas and approaches to critical dynamics, and they made it possible to
check and correct the conclusions of different theories developed for it. We are not
going to tear apart their natural connection and so let us first remember some facts
about light scattering.

4.2
Critical Fluctuations: Light Scattering Intensity

The differential cross section of scattering is defined as the scattering coefficient or
Rayleigh’s constant

_ldo _ 16, ¥)°

R.. = =
T VAQ IV

, (4.1)
where (6, ) is the mean intensity of light falling into the solid angle, d<2, located
at the observation point with the polar coordinates r, 8, and : dQ = sin 6d0d,
Ip and V are the intensity of the incident light and scattering volume, respec-
tively. John W. Rayleigh (Strutt)? suggested that the incoherence of secondary
waves, radiated by gas molecules, is connected with the independence of their
thermal motion [284] (here we are not using Rayleigh’s formula itself as it
is inapplicable for liquids, not even approximately applicable [285]). Later, in

2) J. Rayleigh (1842-1919): Nobel Laureate for densities of gases and the discovery of argon
Physics (1904) for his investigations of the in connection with these studies.
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1907, Mandelstam [286] showed that when there are lot of scattering particles
their thermal motion does not violate the wave coherence (Rayleigh’s sugges-
tion is valid for only a small number of particles [286]). Therefore, despite
Rayleigh’s opinion, molecular motion cannot be the reason for light scatter-
ing. Nevertheless, Rayleigh’s formula is correct, although its justification should
be different.

It has been known since Fresnel that if light passes through a completely
homogeneous medium, then, as a result of interference, all the waves, scattered
from every point of the medium, will be extinguished in all directions apart from
the forward direction. Smoluchowski [35] was the first to notice that real liquids
are never completely homogeneous due to their density fluctuation. Then, Albert
Einstein® attempted a quantitative realization of this idea. Based, in accordance
with Boltzmann’s statistics, on the additivity of entropy of different parts of a given
volume of the system under investigation, he developed [287] the thermodynamic
theory of light scattering in liquids and obtained a formula connecting the scattering
intensity with physical constants of the respective media:

4 2
Rsc(q = 0) = Ryc(0) = 12’12 sin® ® <p§—Z>T kpTKr. (4.2)
Here g is the scattering wave vector; ko = 27t/) is the wave number (\ the
wavelength of incident light in vacuum); ® is the angle between the polarization
direction of planarly polarized light and the direction of observation, 7; p and
¢ are density and dielectric constant, understood as the square of the refractive
index (e = n?), respectively; and kg is the Boltzmann constant. The scattering wave
ki ks| = k=

~
~

vector § = ks — ki, taking into account the approximate equation
(2mn/)), is determined as

. (6 4mtn . (6
q = 2ksin 5) =5 sinl 5 ) (4.3)

where Ei is the wave vector of the incident radiation, ES is the wave vector of
scattered radiation, n is the refractive index of scattering media, and 6 the scattering
angle. For gases, Einstein’s formula agrees with Rayleigh’s formula [288]. Taking
into account the divergence of isothermal compressibility, Einstein’s formula could
even explain critical opalescence in one-component systems with noncorrelated
fluctuations. Of course, for calculating the angular dependence for strong scattering
near the critical point, Eq. (4.2) is inconsistent. However, for forward scattering
(q = 0) it remains true even in the critical region.

In a next step, Ornstein and Zernike, who did not accept the idea about entropy
additivity of different parts of the volume, in fact turned to the mutual correlation
of density fluctuations. Taking into account the connection which exists between
susceptibility and correlation functions (see, e.g., [41]), they were the first, in

3) A. Einstein (1879-1955): Nobel Prize especially for his explanation of the
Laureate in Physics (1921) for important photoelectric effect.
mathematical physics investigations,



4.2 Critical Fluctuations: Light Scattering Intensity

the development of Einstein’s approach, to work out a calculation scheme [36]
for large-scale fluctuations and obtained the now well-known formula for light
scattering, whose intensity strongly depends on the scattering wave vector

Rec(0)
Rsc(q) = ( (+4)

1+ qZEZ) '
Here & is the correlation length which is connected with the isothermal compress-
ibility by the relation

£ = g2 (I%) — gl =g, (45)

where &( is the so-called direct correlation length, a nonuniversal constant,
depending on intermolecular potentials, and Kor = (pkpT)~! the isothermal com-
pressibility of ideal gas. Equation (4.4) is a consequence of the fact that with high
values of r the spatial correlation function G(r) in the structure factor

S =1+ p/exp(iZﬁ)G(r)d? (4.6)
v

has the following form (see, e.g., [289]):

G(r) = 1 exp(—r/§)

EPETTE (4.7)

It should be noted that although the Ornstein—Zernike function can be regarded as
only a natural generalization of the van der Waals theory, i.e., a classical theory [6], it
was and, on the whole, still is very successful in describing a variety of experimental
data. In addition, this approximation is still often used as a starting point for various
attempts at creating more complex theoretical approaches.

/4 well known for

For example Fisher, based on the exact result G(r) ~ r~
a two-dimensional Ising model, proposed [57,101] a modified form of the
Ornstein—Zernike correlation function

1 exp(—r/§)

G(r) = o T (4.8)
Fluctuation theory of phase transitions shows that the difference between Egs. (4.8)
and (4.7) is not that large if one uses the exact, but not calculated in the Landau
approach, value for the correlation radius, & ([109], p. 471). The value of the index
n is small and for three-dimensional Ising models, depending on the method of
calculation, is found within the limits 0.031 < n < 0.041 (see, e.g., [40]). Therefore,
it is not very easy to discover it experimentally, if at all (see Section 4.4 for more
details). As a result, for Rayleigh’s constant we get

K 9e\ 2 29)-1
Ree(g) = =2 sin? @ p— ) kpTKy (1 + ¢2£2)"27". 4,
@ Ton2 S (Pap)T sTKr (1+q°€%) (4.9)
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With Fisher’s corrections, Eq. (4.9) predicts a slightly reduced curvature of the
dependence of the inverse scattering intensity on g.

In turn, the full scattering cross section h, known as the extinction coefficient,
can be calculated as an integrated critical part of scattering from Egs. (4.4) or (4.9)
on the overall solid angle:

h= | Rel@)d2, )
/

2 2 2
b de 2w+ 2w+ 1 2(1+w)

Here, w = 2(k&)? holds. Equation (4.10), which first appeared in [195], suggests
as a condition of integration that n = 0 and the perpendicularity of the electrical
vector of planar polarized light of plane observation. This result can be achieved
as a special case of a more general calculation (see Eq. (6.39)). For small values
of w, retaining the three first terms of the series in the expansion of the function
In(1 4 w), we get

8 [=2 de\’ 8
m®=§n[%¢ﬂ(f£)JKfzgnMG, (4.11)
where
2 9e\ 2
A= kT <p3—p>T. (4.12)

By combining Egs. (4.10) and (4.12), we obtain

2w’ +2w+1 2(1
h = nAKy [% In(1 + 2w) — (;Zw)] . (4.13)
w w
Passing from w to the more natural variable k& = x, we get
TAKr 1 1 1
h= 2+ —=+—)In 1+4x2—(2+—>]. 4.14
2xt |:( x; 4xg> ( 0) x; (*+14)

It is known that in the absence of absorption the intensity of transmitted light
Iy is connected with h in accordance with the Bouguer—Lambert—Beer law (see,
e.g., [290], p. 232; [291], p. 505) as

1 Iy
h=—-In|— 4.15
kn(m>’ (*+13)

where s is the length of light’s path in the scattering medium. It is Eq. (4.15)
which is commonly applied to get experimental values of extinctions, whose
measurements are widely used [93,292]. These experiments allow us to determine
the critical index of compressibility y, the amplitude &g, and the critical index v of
the correlation radius. These questions are discussed further in Chapter 7.
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4.3
Kinetics of Critical Fluctuations: Light Scattering Spectrum

As the fluctuations, which are responsible for light scattering, do not stay unchanged
with time, the spectral composition of scattered light differs from the incident one.
To describe the temporal behavior of fluctuations one can, in principle, use different
pairs of variables, for example, (T, p) or (S, p). However, as Landau and Placzek first
showed [293], for simple liquids it is entropy and pressure that are independent
variables. Therefore, if we consider the density of liquid, p, as a function of pressure
and entropy, then the fluctuation 8p can be expressed as

ap ap
dp=(—) 38 — | 3S. 4.16
o= (5)r (), 19

The thermal motion of molecules in the liquid, like in crystals, also brings about
the appearance of sound waves (phonons, or adiabatic pressure fluctuations). Light
scattering on these waves leads to the appearance of the Mandelstam—Brillouin
duplicate in the spectrum, symmetrically positioned relative to the frequency of
incident radiation. Isobaric entropy fluctuations, in contrast, scatter slowly due
to thermal conductivity. They are just responsible for the presence of unshifted
Rayleigh component in the scattered light spectrum [292]. As a result of the
scattering on both types of fluctuations there arises a fine structure of the scattered
light spectrum, consisting of three separate lines, the Mandelstam—Brillouin
duplicate and the central unshifted Rayleigh component. The fine structure of the
spectrum was first experimentally discovered by Gross [294] (highly interesting
information on the dramatic history of this discovery is given in the book [295] and
in the articles [296,297]).

The scattering processes on fluctuations of pressure and entropy are nonco-
herent, while the ratio between the intensities of the central and the shifted
components is determined by the ratio between isobaric and isochoric heat capac-
ity, corresponding to the well-known Landau—-Placzek formula [292]. Thirty years
later, Peter Debye® used Landau’s idea to describe concentration fluctuations in
binary mixtures [298]. For nonpropagating critical fluctuations, the power spectrum
I(qw), which is Lorentzian with a half-width at half-height equal to I, following the
Wiener—Khinchin theorem ([290], p. 280), is conjugated, in the sense of a Fourier
transformation, with a time autocorrelation function, which is represented, in this
case, by a decaying exponential function of the type exp(—TI't).

In the hydrodynamic range (g <« 1), the Landau-Placzek [293] and Debye
equations [298] predict that the width of the Rayleigh line, which in one-component
liquids or binary mixtures is, in essence, equal to the rate of decay of the order-
parameter fluctuations, can be expressed (for wave vector of scattering g) in the
following way:

I = Dr¢? for simple liquids, (4.17)

4) P. Debye (1884-1966): Nobel Prize Laureate moments and contributions into the studying
in Chemistry (1936) for investigation of dipole of molecular structures.
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I = D¢ for binary mixtures, (4.18)

where Dr is the thermal diffusivity coefficient and D the diffusion coefficient for
binary mixtures.

Equations (4.17) and (4.18) are a particular case of the more general expres-
sion (4.19) [299,300]

r= <£> 7, (4.19)
X

where L is the Onsager kinetic coefficient, and x is the generalized susceptibility.
Approaching the critical point leads to a more rapid growth of the susceptibility than
a possible increase in the corresponding kinetic coefficient. This result explains
the well-known fact that much more time is needed to establish thermodynamic
equilibrium in the system under these conditions.

Taking into account large-scale correlations of typical length £, and assuming that
the value of £ does not change with transition from static to dynamic experiments,
the Landau-Placzek—Debye theory can also be used in the transition area (at
g& < 1), in the refined version including Fixman—Botch corrections [301]

r=Dg (1+¢€) ™. (4.20)
Further, we shall briefly look at three well-known dynamic theories which attempt
to describe the peculiarities of critical fluctuation dynamics: the uncoupled mode
theory (UMT) [302, 303], the dynamic droplet model [304, 305], and the mode
coupling theory (MCT) [306—309]. All these theories originate from very similar,
but nevertheless different, premises.

Ferrell, in the calculation of the diffusion coefficient using Kubo’s formulas
(see, e.g., [290], p. 539; [310], p. 532), broke up the quadruple correlation function
into product of binary correlators of concentration (equilibrium part) and velocity
(nonequilibrium part) [302]. By doing this, because of oddness, cross value corre-
lators drop out. Ferrell interpreted this fact as the absence of interaction between
diffusion and viscous modes, which is where the name, the theory of uncoupled
modes, comes from. The expression obtained for the rate of decay, within the
scope of this theory [302, 303], differs only slightly from Eq. (4.23) which Kawasaki
obtained within the limits of MCT. Looking ahead, it should be said that, subse-
quently Kawasaki, apparently quite correctly, called UMT a simplified version of
his theory.

Another version of the theory of critical fluctuations is the dynamic droplet
model, put forward in [304, 305]. The authors of these works started from the fact
that the g-dependence of half-width of the Rayleigh profile near the critical point
can be correctly described if critical order-parameter fluctuations represent clusters
(droplets) which diffuse like Brownian particles in a medium with regular viscosity
n%. The expression obtained for I'; within the limits of the dynamic droplet model
looks like

kgT

F =
°7 6myme

7 [1 + (qE)Z]l/zy (4.21)
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where V is a factor close to unity. It is an adjustable parameter, defining the
difference between time decay of critical fluctuations from the exponential law.
Obviously, the authors of this theory started from the fact that, in all the systems
they examined, the experimentally observed shape of the Rayleigh profile had, in
fact, a non-Lorentzian form.

According to [304,305], ¥ > 1 holds, which gives a smaller half-width compared
to Kawasaki’s theory. Generally speaking, this factor should rather be less than
unity, then larger than it, since as it is known if a droplet moves in a liquid with
the same viscosity then 67 in Stokes’ formula is replaced by 57 ([312], p. 100). At
the same time, the droplet model seems to be the simplest and most physical, as,
finally, the results of all other approaches can also be interpreted in the spirit of
diffusion of the droplets with radius, &.

Kawasaki suggested to solve the corresponding hydrodynamic equations within
the framework of the so-called mode coupling approach [306]. Initially expressed by
Fixman [313], this idea was further developed by Kawasaki [306—308] and Kadanoff
and Swift [309]. The fundamental idea of the mode coupling theory lies in the
fact that kinetic modes (thermal flow, viscous flow and pressure waves) not only
interact with each other but interact in a nonlinear way. Sound waves (pressure
waves) can convert into thermal and viscous modes. Viscous modes, in turn, can
also fall into two, three, or four thermal modes. By using a semi-microscopic
calculation, Kadanoff and Swift discovered that intermediate states, which include
one mode each of viscous and thermal flows, give the predominant contribution to
the anomalous behavior of thermal conductivity. In estimating the relaxation rate
of these decay processes they were able, in particular, to show that the thermal
diffusivity (Dr) of pure liquids tends to zero, just like the inverse correlation length,
i.e., with the critical exponent, equal to v,

Dr = LIS v, (4.22)
PCp

where A is the thermal conductivity coefficient and ¢, is the specific heat capacity
under constant pressure. It is known that ¢, behaves just like Kr close to the
critical point, so the critical index of thermal diffusivity, ¥, can be represented as
the difference y — ¢ (y and ¢ are critical indices of isothermal compressibility and
thermal conductivity, respectively). Therefore, it can be concluded that the value of
the critical index of thermal conductivityis ¢ =y — U, or ¢ =y — v.

Later Kawasaki [307], generalizing Kadanoff’s and Swift’s calculations, suggested
an exact integral expression for the decay rate (I';) of fluctuations near the
critical point (i.e., in fact for the half-width of the Rayleigh line). Using the
Ornstein—Zernike correlation function to estimate the integral, Kawasaki obtained
the now well-known formula (4.23):

kgT
c = — Q ) 4.23
ermed 2K (48) (4.23)
where
_v T-T;
E=gT ", 1= (4.24)
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and M* is the “high-frequency” shear viscosity, the effective weighted mean of all
these viscous modes, and Qx (qE) is the Kawasaki function

Qx (x) > |1 +x2 (%1 ! t 4.25
X) = — x — — ) arctgx | . .
K 42 x 5 ( )
For small values of x, the Kawasaki function leads to the following expression:
3, 1,
Qr(x) ~ 1+ -x" — =x", (4.26)
5 7
and for large values of x, it reads
3n 3 3n
Q) ~ x4 — — ——. 4.2
KON gxt e T s (4+.27)

It has to be mentioned that in an earlier experimental paper [314] the dependence
I' ~ ¢*, which differed significantly from the Landau—Placzek—Debye-Fixman
formula, I' ~ ¢?, was first detected.

It is easy to see that in the hydrodynamic regime from Eq. (4.23), taking into
account Eq. (4.26), one obtains a formula of the type of Egs. (4.17) and (4.18). For
intermediate cases, which, following Bergé and colleagues [314-316], we can call
nonlocal hydrodynamic regimes (x < 1), the only difference in Eq. (4.23), taking
into account Eq. (4.26), from the Fixman expression (4.20) is the presence of the
multiplier 3/5 at x? (in Eq. (4.23) n = 0 is assumed (see below for more details)).
For large values of x, i.e., in a nonlocal critical regime, the same formula (4.23) is
fundamentally different,

kT
RRTo

(4.28)

which confirms the result first obtained in [314].

To derive his formula, Kawasaki used a correlation function of Ornstein—Zernike
type, Eq. (4.7), and started from the fact that the viscosity 1 does not have any
anomalies in the critical point. It should also be noted that, in this initial version of
Kawasaki’s formula, the value that was used as a viscosity coefficient did not have a
very clear physical meaning. To develop the theory further, Kawasaki and Lo [317]
took into account the frequency dependence of viscosity, its nonlocal character,
and also found the connection between high-frequency (n*) and the normal (1)
macroscopic shear viscosities (see also [318] and [319], p. 356). As a result, Eq. (4.23)
took on its modern appearance

kgT

r.=R ’Q (x). 4.29
=R 1 (x) (4.29)
Now, Eq. (4.28) can be represented in a more general form as
kgT
.= R—2—g, (4.30)
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where z is the new dynamic critical index [283], R is the universal dynamic
amplitude, and Q(x) is the dynamic scaling function from the scaled variable
x = g&.
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Dynamic Critical Indices and Universal Amplitude

The asymptotic behavior of €2(x) is such [283] that

1 for x K 1

@) = { ~ x¥ for x>»1 7 (431)
where y = 1 + x5, and xy is the critical index of viscosity. Comparing Eqs. (4.30)
and (4.31) we can see that z = 3 + x5. The renormalization group (RG) theory
results in a value of z slightly larger than 3, i.e., z = 3.065 £ 0.003. It is known (see,
e.g., [283,307]) that the shear viscosity W diverges, although weakly, at the critical
point according to the law

— _(EN\NT
n="o (—) =0 ('t Y'T) . (4.32)
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Here xy and yy are the critical indices of viscosity in these two different expressions.
Therefore, it is clear that yy = vx5. When it is said that the viscosity anomaly is
multiplicative, it is meant that the regular part My is not added to the “critical”
one as usual, but multiplies with it. Experimental evidence showing that viscosity
anomalies should not be disregarded when describing the scattering spectrum
was first obtained in [315, 320]. The critical index x5 (therefore, also yy) can have
different values depending on the method of calculation. In particular, within the
framework of MCT and UMT [307, 321], one obtains x; = 8/(1572) = 0.054, but
when the RG approach is used [283,322] x5 = 0.065.

Within the framework of RG, the well-known so-called H and H' models give
a good impression on the critical dynamics of simple liquids and binary mixtures
[283, 322]. With their help, critical indices which characterize the singularity of
transport coefficients, as well as the corresponding scaling functions, could be
calculated quite precisely. The paper [322] was the first to give a correct RG
description of the critical behavior of shear viscosity and to arrive at the value
0.065 for the viscosity index, instead of 0.054 in the case of MCT. Despite this
difference, the result of [322] can, nevertheless, be considered as a RG confirmation
of MCT [272] in the suggestion that y = 2v.

As for the universal dynamic amplitude R, the simplified analysis within the
framework of Kawasaki mode coupling theory gives its value R = 1 [302, 307, 308].
At the same time, in Kawasaki’s and Lo’s paper the value of R was slightly higher
than 1 [317]. Subsequently, the value of R was also calculated [322] to first order in
¢ within the framework of the “H’-model” by means of the RG-approach to critical
dynamics. Two values were obtained in this paper: R = 0.79 and 1.20. The authors
considered the latter value to be more realistic. Although it was already mentioned
on a different occasion, let us note that the value 67, which appears in the famous
Stokes—Einstein formula for the diffusion coefficient, is in fact replaced by 5n
(R/(6m) = 1/(5m)), which corresponds to Stokes’ law for spherical droplets moving
in media with the same viscosity as the liquid of the droplet itself ([312], p. 100).
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The authors of [321], in contrast, consider the values R = 1.20 and x5 = 0.065 to
be incorrectly enlarged and follow a calculation which, allowing than to avoid the
g-expansion, once more leads to the previous (MCT) value for these quantities, 1.04
and 0.054, respectively.

Another attempt to define these numbers more precisely within the framework
of “H-models” using the renormalization group approach, but this time taking
into account viscosity anomalies, was performed by Paladin and Peliti [323]. This
allowed them to propose instead of the Kawasaki function a new universal function

Qp(x) =[] T (2 4+ 1) (4.33)

In the original paper [323] this function was used for = 0. In the form of Eq. (4.33)
it, apparently, first appeared in [324]. As for the values under discussion, when
using Eq. (4.33) within the framework of a single-loop approximation where n = 0
(the RG technique, as detailed and clearly as it is at all possible for such a complex
subject, is set forth in Vasil'iev’s book [51]), they appeared to be equal to 1.075
and 0.07, respectively [323]. However, the comparison with the experiment carried
out in this work shows that the combination 1.16 and 0.065 does not describe the
experimental data worse.

Actually, this result should not be considered as a great surprise. Indeed,
the difference between the suggested modifications is not large and appears
only in significantly nonhydrodynamic regions where (g > 3-5), i.e., in the
direct vicinity of the critical point, where the precision of the experiment, for
obvious reasons, noticeably decreases. Apart from this, and here is the greatest
difficulty, not only the critical but also the regular part has to be included into the
consideration [317,325, 326]. It is these two circumstances which, more often than
not, explain the difference between, on the one hand, theory and experiment, and on
the other hand, differences between different experiments [93,272,273,326-329].

Thus, for example, Beysens discovered [93] that the experimental data for seven
different mixtures show that R = 1.16 £ 0.01, while a lower value is given in [328]:
R =1.01+0.04. It is also noted there that the authors, while working out their
own experimental data on dynamic light scattering, were unable to establish
which of the two values of the critical index of viscosity, 0.054 or 0.065, should
be given preference. And, finally, in his later investigations, where more exact
experimental data were obtained, Beysens and his colleagues concluded that, after
all, R = 1.06 £ 0.06 [324, 330].

From all this, we can only conclude that the strong dependence of the result
on the chosen method of data processing does not allow one to, definitely, assign
definite values to the universal dynamic amplitude R and the critical index of
viscosity, xy. Also, in accordance with the results of the papers [280, 281], one of
which was already mentioned at the beginning of the chapter in connection with
the surprisingly low value of the critical index of viscosity xy for polymer solutions,
the correct model for describing viscosity should take into account the influence
of gravity (pure liquids) and an adequately chosen crossover function. This is,
essentially, what we were talking about above.
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To round off, it should be mentioned that, as for the dynamic scaling function,
apart from Eq. (4.33), other of its forms are used (see, e.g., [281]), which satisfy the
conditions (4.31), in particular that proposed in [326],

Qp(x) = Qx(¥) (1462422, (4.34)

where with respect to the coefficient b = 0.55, although obtained by theoretical
means, it has to be noted that its meaning and value are not completely unambigu-
ous. Function (4.33) proposed by Paladin and Peliti, due to its lack of adjustable
parameters, and also because of the great simplicity and clarity of its derivation,
seems to us to be, physically, more substantiated.

Finally, let us investigate the situation concerning the experimental determi-
nation of one more dynamic index, the index v. This index was first introduced
by Fisher in the above-mentioned article [57], which, according to Stanley ([26],
p- 159), is one of the best overviews of the original work of Ornstein—Zernike [36]
and the discussion connected with it. Since that time this index has remained the
only important theoretical prediction which still has not been precisely confirmed
experimentally. Even Fisher, many years after the “birth” of this exponent, called
it “elusive” [331]. This characteristic is confirmed by the real situation. Let us look
at this in more detail. Experimental results before 1975 were systematized in [332]
and, later, in [333]. The authors of the first work stated that “no experiments to date
allow us to directly and unambiguously establish that the critical index > 0.” A
classical example of works on this theme is the very detailed and thorough investi-
gation [334]. The authors of this work reasonably suggested that to determine the
value of the small index 1 from a combination of large ones [57] via

y=Q2-mv, (4.35)

would not be possible with sufficiently high precision. They attempted to de-
termine it “directly,” comparing the experimental values of the intensity of
scattered light close to the critical demixing point for weakly opalescent mix-
ture 3-methylpentane—nitroethane (An = 0.0129) to the theoretical ones. Such a
small difference in refractive indices allowed them to get close to the critical point
to 10~° with respect to relative temperature.

Multiple scattering corrections were made employing the double scattering
approximation, as in such a critical point vicinity the contribution of double
scattering even in such a weakly opalescing system can reach up to several
percent [335]. While carrying out a statistical analysis of their experimental data
the authors attempted to find among the set of correlation functions the one for
which the description was more reliable. As this paper [334] is widely known and
appeared in all reviews, we will only draw the attention to those details which, up
to now, have not had the spotlight put on them. It turned out that the choice of one
or another correlation function does not affect the precision of the description of
the experimental data. It remains within the limits of 0.4-0.5%, while the value of
the critical index n changes within very wide limits and errors in the determination
reach up to 100%.
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Further analysis of the results of the work [334], carried out in [141], showed
that there is a noticeable correlation between the values of n and the choice, not
of one or other correlation function, as the authors of [334] suggested, but of one
or another value of the direct correlation length, &o. It was discovered that even a
10-15% variation of &¢ leads to “catastrophic” changes in the values of n. As it
is too much to hope for a significant increase in the accuracy of determination of
&0, whose spread of values, by different authors, for one and the same substance
reaches 30—-40%, one can conclude that the experimental determination of Fisher’s
critical index using the suggested methods does not hold much promise. We need
to look for new approaches.

4.5
Scattering of Higher Orders

As we get closer to the critical point, very high multiplicity scattering starts to
contribute more to the anomalous growth of scattering intensity. These processes
can be neglected far from the critical point [336]. Close to the critical point, it is
natural and convenient to divide the structure of the scattered light into single,
double or multiple components. This is due to the fact, that depending on the
system under investigation and its degree of vicinity to the critical state, two extreme
cases can be realized, single and multiple scattering. Double scattering will play
the role of either a severely distorted factor for gently opalescent systems, or of a
transitional process for strongly opalescent ones.

There exist a variety of serious studies [337-348], reviews [349-352], and books
[353-356] dedicated to the general solution of the problem of electromagnetic
wave scattering of arbitrary multiplicity, including states close to the critical point.
However, as it is not always easy to use these general theoretical results, it was
attempted to avoid the problem of taking into account multiple scattering by
decreasing its influence or reducing its role to small corrections. It seemed that
this aim could be achieved either by decreasing the thickness of the investigated
material layer, as it was done, for example, in [357] and [358] where cuvettes
with a thickness of 200 pum and of 13 to 0.5 um were used respectively, or by
choosing components for binary mixtures with close refractive indices [326, 334,
359]. However these measures, which only partly give the desired result, bring
about additional difficulties. For example, in too thin cuvettes, because of the
commensurability of thickness of the layer of material and typical fluctuation size,
there could possibly even be a change in the type of critical behavior [205,360-363]
(see also Chapter 2). In the case of components in mixtures with close refractive
indices, because of the weakness of scattering, the possibility of carrying out
qualitative spectral measurements far from the critical point becomes problematic.
These measurements are necessary for correctly accounting for nonsingular,
background contributions into the spectrum half-width [319, 320, 326]. Moreover,
corrections, connected with at least double scattering [364], have to be included even
in these cases. Therefore, it can be stated that multiple scattering, arising as a result
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of the fast growth of the order-parameter fluctuations close to T, and therefore of
the growth of the extinction, should be attributed, in fact, to unavoidable factors in
the studies of critical phenomena using optical methods.

There are a lot of papers devoted to multiple scattering (see, e.g., the reviews
[289,292,349-352,365]). The term “multiple” scattering often implies scattering
of any multiplicity higher than the first, even if the average multiplicity is not very
high. Without going into excessive detail, as there are so many existing reviews
on this topic, we will mention only those works which, in our opinion, played the
most vital part in the research of scattering of the highest multiplicity. First of
all we would like to note the fundamental work of Shifrin, “Light Scattering in a
Turbid Medium” [353]. Despite the fact that it does not directly examine the effects
of multiple scattering, this book, by right, could and should have become the basic
manual for everybody studying scattering. But, unfortunately, as it was published
in 1951, it has already become a bibliographic rarity.

The theoretical examination of double scattering light’s integral intensity, first
conducted in the works of Chaly [366] and Oxtoby and Gelbart[318,367,368], showed
its nontrivial dependence on the linear sizes of the scattering volume, smooth
dependence on the scattering angle, and sudden growth as it approaches the critical
point. A detailed calculation of the scattering intensities of all polarizations was also
carried out within the limits of spherical geometry, neglecting any light attenuation
due to extinction [318,367,368]. Barabanenkov and colleagues [343—345,349] made
an important contribution to the studies of the problems of multiple scattering
both on the ensemble of particles and on critical fluctuations in the framework
of radiation transport theory. Kuz'min suggested [340] a microscopic theory of
multiple light scattering, based on the idea of diagram representation of the
resultant field in the form of the field’s superposition, resulting in single and
multiple reradiation, which is in essence the theory of perturbations on multiple
scattering. He then found an important estimate of the parameters of the spectrum
of double scattering I' > I'y far from the critical point and I'; « I’y close to it.
These result was partly confirmed in experiments [369]. In Reith and Swinney’s
work [370] in the spirit of the ideas outlined in [318,367,368] a more realistic, in the
experimental sense, cylindrical geometry was analyzed, and the scattering constant
was determined by the relation between integral intensities of single and double
light scattering. In [371,372], the cylindrical geometry analysis was continued taking
into account the frequency dependence of the order-parameter correlation function.

The pioneering work of St. Petersburg University’s physicists [373] should also
be mentioned, where for the first time the original method of separation of multiple
(double) scattering was suggested, which later became generally employed. The
main idea of this method is to exclude the intersection of the volume irradiated
by incident light with the volume from where scattered light comes. In their
subsequent series of papers, these authors managed (as a result of sensitive
measurements of angular dependence of integral intensities of the polarized
and depolarized component of double scattered light in the wide neighborhood
of the critical point of demixing in binary mixtures in real geometry of the
experiment) to correctly account for the contribution of double scattering and
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using its temperature dependence, to determine critical indices of susceptibility
and the correlation radius, and also the value of &¢ [374—376].

In Beysen’s and Zalczer’s works [369, 377], a method of calculating the double
scattering spectrum, taking into account extinction, was proposed, and for the
first time this type of spectrum was experimentally studied close to the critical
point of demixing [369]. The papers [378, 379], where special attention was paid
to clarifying the character of statistics for scattering of different multiplicities,
became, methodologically, very important. They showed experimentally that, as
with scattering close to the critical point [378] so with scattering on latexes [379],
independently from the multiplicity of light scattering, the statistics is Gaussian.
From general considerations, based on the central limit theorem, according to
which the field of N sources has Gaussian statistics, if all sources are independent
and their number is high (N — o0) ([291], p. 425), itis clear thatif in a system under
single scattering conditions statistics are Gaussian, then an increase in the number
of scattering acts can in no way violate this state. Consequently, the information
received as a result of hetero- or homodynation, is equivalent even in the case
of multiple scattering (for more details on this topic, see Chapter 5). A general
analysis of the spectral structure of double scattered light was conducted in [337],
and quantitative calculations taking into account the real geometry in [380]. The
influence of gravity on the spectral and integral intensities of double scattered light
in the neighborhood of the liquid—vapor critical point was examined in [381]. It
should also be noted that in all mentioned works a double scattering was considered
as a result of two consecutive independent acts of scattering.

Summarizing those ideas, which had formed by the beginning of the 1980s,
it might be thought that multiple scattering makes a large contribution to the
intensity of light scattering. However, its influence on the critical opalescence
spectrum is small and only leads to the appearance of “non-Lorentzianess” in the
form of the spectral line [328, 335, 350]. The spectrum half-width of multiple (I',,)
and single (I') scattering decreases as temperature approaches to the critical [369],
and the angular dependence of the spectrum half-width of multiple scattering is
missing [350, 382-385]. As studies [386—392] showed later, these conclusions are
relevant, mainly, for double scattered light, and there is not enough reason to
extrapolate them to high multiplicity scattering.
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Critical Opalescence: Modeling

5.1
Introduction

Critical opalescence is one of the most fundamental features of critical behavior.
The nature of critical opalescence, like the nature of critical phenomena in
general, is determined by anomalous growth of order parameter fluctuations on
approaching the critical point [40,41,47,55]. Investigations into critical opalescence
have always been the subject of great interest [5,7,26,31,100,117, 285, 289, 292].
Light is an ideal instrument for studying critical opalescence, as its influence on
the investigated medium is negligible. As the light wavelength close to the critical
point is comparable to the typical size of fluctuations, by using light scattering one
can obtain information on the behavior of microscopic characteristics of matter,
such as the correlation radius of fluctuations, &, and their decay time, T (T ~ 1/T,
where T' is the half-width of Rayleigh components in the scattering light spectrum).

As the critical point is approached the scattering multiplicity grows, reaching
very high values in the case of developed opalescence. Scattered light, naturally,
also in this case contains unique information about static and dynamic properties
of the scattering media. However to get hold of this information, one must be
able to extract it, which is not a simple matter in the case of multiple scattered
light spectra [141,350,386—389,393,394]. Therefore, experimentalists investigating
critical opalescence usually try different methods to decrease the effect of multiple
scattering, and to confine it to small corrections (see, e.g., [357, 358]). Theoretically,
it is only possible to account for double scattering (see, e.g., [347,375]). It is
quite clear, however, that when investigating developed critical opalescence one
has to deal with scattering on growing critical fluctuations, that is scattering of
really high multiplicity, one cannot get rid of it. So sooner or later its role in
this process will have to be closely examined. A large number of investigations
have been dedicated to this problem [141, 386-395,397,398]. A description and
generalization of their results are the subject of the fifth and sixth chapters of
this book.

Due to the extreme complexity of this task, the first stage of its solution was the
modeling of multiple scattering media using water suspensions of monodisperse
polystyrene latexes of different sizes and concentrations. The use of latexes proved
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to be a simple and rather effective method of achieving a model medium with
regulated extinction as the submicron particles of latex have an almost ideal
spherical form. The ideal spherical form, apart from anything else, also guarantees
the absence of extra contours in the scattered light spectrum connected with
particle rotation [336]. In addition, the particles do not interact with each other and,
practically, do not absorb in the visible part of the spectrum (for more details, see
Section 5.3).

Scattered light correlation spectroscopy [319] occupies a special place among
optical methods. It allows us to register the half-width of the central line in the
quasielastic scattered light spectrum, with a resolution inaccessible for traditional
optical methods. The measured spectrum broadening arises due to light modulation
by internal motions of different nature, Brownian motion of particles, suspended
in the liquid, dissipation processes of thermal fluctuations, etc. Because of this,
correlation spectroscopy gives us a unique opportunity to study the mobility,
viscosity, diffusion coefficient, and the thermal conductivity coefficients of liquids
using gradientless noninvasive methods. This method is also used to investigate the
properties of the medium close to phase transition points (pure liquid, mixtures,
liquid crystals, synthetic and biological polymers, including DNA), typical laminar
and turbulent flow features, kinetics of chemical reactions, etc., [319, 399-403].
As well as this, correlation spectroscopy can solve a whole range of problems
of chemical technology, automation of technological processes, thermal power
and food industry (defining the particle size of a highly dispersed media, flow
speed), etc.

Correlation spectroscopy has, for a long time, been the routine method of
laboratory analysis for single scattering. However, there are many objects, natural
and artificial (microemulsions, water-based paints, milk, liquids close to the critical
point, etc.), where multiple scattering is prevalent, but transition to single scattering
conditions (e.g., by system dilution) for one reason or another is unacceptable.
Therefore, the problem of obtaining information from the spectra of quasielastic
scattering of high multiplicity is extremely relevant. This task is analyzed in this
chapter. It contains the results of investigation of light scattering carried out on
model systems of Brownian particles [386, 388,390, 391,393, 394] and, essentially,
the first world attempts to systematically study the spectra of quasielastic multiple
scattering using photon correlation techniques.

5.2
Techniques and Experimental Methods

Correlation spectroscopy of scattered light (quasielastic or dynamic scattering)
as a spectral analysis method corresponds to scattering with a small frequency
shift due to either the Doppler effect on moving particles, or time evolution
of thermal fluctuations which scatter light. At the heart of these methods lies
the idea expressed by Gorelik [404] and almost simultaneously by Forrester and
colleagues [405] in 1947. However, this method started to be widely used only
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after the development of lasers, although, in theory “prelaser” sources could be
used [406]. A complete and detailed description of the methodical techniques and
different applications of correlation spectroscopy can be found, in particular, in
Refs. [319,399-403]. Therefore, we will only look here at the basic features of the
experimental setups.

5.2.1
Experimental Setup

5.2.1.1 General Characteristics

The experimental setup, whose block scheme is shown in Fig. 5.1, consists of
a laser which illuminates the scattering medium, a goniometer with an optical
system which forms a light beam, scattered at a determined angle, a photoelectron
multiplier (PM), and a multichannel correlator. In addition, this setup includes a
photon counter, a thermostat, a frequency-measuring device, and a computer with
peripheral devices [391,407]. Now, with the development and the prevalence of
computer technology, correlators are usually made as a separate special card which
is placed into a personal computer. As a result, all the equipment becomes compact
and even more “intellectual” (see, e.g., [408]).

Scattered light through a system consisting of two diaphragms, a polarizer
and, lenses falls on the photocathode of the PM which is photon counting mode
operated. Electrical impulses coming out of the PM through an amplifier and
discriminator arrive at the entrance of the multichannel correlator. An analogous
output of the correlator allows us to observe on the screen (either an oscillograph or
a computer monitor) the accumulation of correlation functions which guarantees
the possibility of continuous control of the setup’s work. The validity of the
mathematical treatment can be controlled by the graph showing the deviations

Thermostat

Laser

| Amplifier-discriminator

| Correlator [:] Frequency meter|

Figure 5.1 Experimental setup for the analysis of light scat-
tering employing the method of correlation spectroscopy.
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from the used approximation. By using a frequency meter in the setup, which
measures the mean frequency of photocounts, it is possible to keep track of the
intensity of the scattered light.

5.2.1.2 The Optical System

The optical system forms a narrow laser beam which illuminates the cuvette with
scattering liquid, and also separates a coherent light beam scattered at a certain
angle. Then this scattered light is registered by a photon counter system [319].
The laser beam, vertically polarized, goes through the studied liquid placed into
the cylindrical glass cuvette normal to its axis. The incident beam is focused
by the long focus lens L; on the boundary between scattering medium and the
cuvette wall. This scattering geometry is very convenient in those cases where the
measurements, begun under single scattering conditions, need to be continued on
the same setup and with a sharp increase in the scattering medium’s extinction. As
even the maximum radius of the cuvettes employed (1 cm) is small as compared
to the value of f1, so in the case of single scattering, beam focusing takes place not
only on the boundary but also on the axis of the cuvette. Under multiple scattering
conditions, it can be supposed that the point light source is located closely to the
scattering medium’s boundary.

Some peculiarities of the realization of optical experiments in multiple scattering
mode should be mentioned. In this case, the direct laser beam does not pass
through the scattering medium, whose optical thickness is quite large, but scatters
throughout the whole volume. Scattered light, coming out through the surface,
spreads nonuniformly over it. A significant part of the light is radiated by the part
of the medium’s surface which surrounds the incoming laser beam. Undergoing
total reflection on the border between glass cuvette and air, this light can fall onto
other, less bright, sites of the scattering medium’s surface, significantly changing
the general distribution of scattered light over the surface. This process can lead to
distortions in the measured results. To check whether such distortions take place
or not, and if so how real they are, a part of the measurements should be carried out
by placing the cuvette in a cylindrical glass vessel filled with immersion medium.
As it is usually water suspensions of Brownian particles that are being investigated,
water is used as the immersion medium. In most cases, the measuring results
in the immersion medium and without it fall within the experiment’s margins of
error. In the cases where this does not happen, all the measurements should be
performed in the immersion medium.

To observe scattering at different angles, a radiation detector (PM) is placed on
the rotating base of the goniometer (many common devices only allow one to
perform the measurements for only one, fixed (as a rule, 90°) scattering angle),
and the cuvette with the studied liquid is fixed on the axis. The axes of incident
and scattered light beams, perpendicular to the cylindrical boundary of the cuvette,
form the angle ¢. Unlike single scattering, in the case of multiple scattering, ¢ is
the observation and not scattering angle, 6.

It is well known [319,399-402] that spectral analysis of light using discussed
optical methods requires that the coherence of the beam, incident on the PM, has
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to be guaranteed. For this reason a spatial filter, consisting of a L,-lens and D,
and D,-diaphragms, is used. The lens is placed in the middle between the cuvette
and the PM. The distance between them is equal to a quadruple focal. A circular
D, diaphragm, whose diameter is a fraction of a millimeter, is placed close to
the photocathode which in such cases assigns the required “one coherence area.”
Close to the lens is a variable aperture diaphragm D;, which when fully open allows
one to make a calibration of the setup. For better vibroprotection, the whole optical
part of the setup should be somehow dampened.

A photon counter converts the optical signal into an electrical one which is
suitable to be analyzed by a digital correlator (see, e.g., [409]). A photomultiplier
is used as the photon detector, and, at the same time, the PM operates at the
beginning of the plateau characteristic curve [410] (PM-79, which is the most
commonly used photon multiplier, is well known to be suitable for working
in a photocount regime [410] (see also [408])). Single electron impulses from
the PM’s anode convert themselves into a sequence of impulses standardized
by amplifier—discriminator used for the suppression of noise impulses whose
amplitude is lower than the threshold.

5.2.1.3 Correlator

The digital correlator is the basic element of the experimental setup. If one
cannot purchase an industrial-made correlator, then the way to choose a specific
correlator circuit out of the great variety of circuits, as described in literature, is
basically determined by the relative simplicity of preparation and convenience.
We can recommend the single bit circuit, similar to that described in [319],
which has 60-80 channels. On the one hand, the number of the correlator’s
channels determines the level of detail of the registered correlation function, and
on the other the cost of preparation. As for single, and fortunately, multiple
light scattering on Brownian particles and critical fluctuations, the correlation
function is quite smooth and steadily decreasing; further growth in the number
of channels is fairly pointless (in the carefully carried out analyses [326, 328, 359],
insignificant differences in the form of the contour from the Lorentzian for
scattering on critical fluctuations were discovered). The minimal sample time,
determining the discreteness of the correlation function representation on the time
axis, depends on the used chip speed and usually varies within the bandwidth
50-200 ns.

The correlation function of light intensity scattered on Brownian particles or
fluctuations in liquid contains, together with an exponentially damped part, also a
part independent of time, the so-called pedestal. To separate these contributions,
some of the correlator’s last channels are usually kept apart from all the other
parts of the shift register. This creates a big delay so that the contribution of the
correlation of the delayed signal with the current one in these last channels can
be disregarded. In these channels, the contributions to the correlation function
accumulate, which gives the possibility to calculate the “base line.”

In the next part, we will discuss the method of mathematical analysis of the
correlation functions.
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5.2.1.4 Time Correlation Function for High Scattering Multiplicities

In traditional spectroscopy, radiation is expanded into its spectrum with the help
of a dispergating element or monochromatizing filters and then a photodetector
measures the power of the spectrum’s optical field

ﬂ@:/wmamﬁm, (5.1)
where
g(l) [ = w (5.2)

(1)

Here T is the decay time and g(!)(T) is the normalized time correlation function of
the first order [319,411]. Tt is g (), which carries on the information equivalent to
that contained in the optical spectrum.

The main distinction of correlation spectroscopy lies in the rearrangement of the
spectroanalytic element and the photon detector, so that the beam initially trans-
forms in the photon detector’s signal, which then undergoes spectral analysis (such
a rearrangement of functional elements of the measuring apparatus corresponds
to the rearrangement of words in the name of the measured quantity; it is not
the power of the spectrum that is measured but the spectrum of power). As the
photon detector’s signal is proportional to the intensity of light I (t) = |E ®|?, so
the procedure for measuring the spectrum of the power of this signal is equivalent
to the measurement of

m@:/wmawﬁm, (5.3)

which is the Fourier transform of the time correlation function, not of the first but
of the second order

2= _ LIt —7)
&=y

The digital correlator handles the signal which appears as a temporal sequence of
photocounts. The result of such a signal’s processing is the accumulation of the set
of values of the time signal’s correlation function, which can be represented as

(5.4)

+to/2
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g = () I(t — T)I(t)dt, (5.5)

—to/2

here I(t) is the registered signal and t, the measurement time.
For signals with Gaussian statistics (Gaussian field statistics arises as a result of
the central limit theorem of probability theory if the field can be represented as
an ensemble of statistically independent random variables [411,412]), between the
correlation functions of the first and second order, there exists the so-called Ziegert
relation, Eq. (5.6) [412]
’2

@ =1+|g"@ (5.6)
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which is important due to the fact that it makes it possible to calculate the spectral
characteristics of first order according to correlation functions of second order or
intensity correlation functions (for correlation spectroscopy of optical fields with
non-Gaussian statistics, see e.g., [413-416]). In general, the intensity correlation
function gl (T) can be written as [412]

@ =1+ (ﬂ)z (6”@ -1)+2 <@> g (@) cos(TAw), (5.7)
(n (I
where
'@ = oy, g’@=(rorim (58)

are correlation functions of first and second order, correspondingly, describing the
scattering field. It is assumed that (f2) is normalized to unity.

A nonzero frequency difference, Aw, can arise due to the motion of the scattering
medium as a whole, leading to a Doppler shift, and as a result of a specially created
frequency shift of the reference beam. If the frequency shift is large enough the
power spectrum can be separated into two components, corresponding to the terms
gs(z) (t) and gs(l) () in Eq. (5.7). The first (homodyne) component determined by the
fluctuation intensity spectrum of the studied signal, centered on the zero frequency,
corresponds to the auto-beating signal of scattering and, therefore naturally exists
even in the absence of the reference signal. The second (heterodyne) is centered
on the frequency Aw and is proportional to the spectrum of the intensity of the
scattered field. This component can be separated by either artificially creating a
frequency shift or by increasing the intensity of the reference beam (see, e.g., [417]).
The advantage of heterodyning is that, firstly, this method allows one to obtain
information about the optical spectrum, independently of the studied field statistics,
and secondly it has a higher signal-to-noise ratio and therefore is more effective
in the case of weak signals [246, 247,271,418, 419]. However, when applied there
always exists the danger of appearance, not of complete, but of partial heterodyning.
Detailed investigation of this effect was especially carried out in [420,421]. The
authors of [421] showed that even in this case it is possible to get correct results, but
nevertheless, it is usually preferred to avoid the complications connected with this
method. In any case, unless extremely necessary (e.g., in the case of non-Gaussian
statistics) there is no sense in applying this variety of dynamic light scattering in
view of its significant associated experimental difficulties. A more detailed and
complete illumination of these problems can be found in [391].

Having in mind what was previously said, the homodyning method was used
in all experiments discussed below. Here we took into consideration the fact that
Gaussian statistics of scattered light, which is necessary for its application, also
determines multiple scattering [369, 379] (see below for more details).

5.2.1.5 Cumulants of the Correlation Function

When the scattering multiplicity is increased, the time correlation function (just
like the frequency spectrum) becomes more complicated. Thus, if for single light
scattering on thermal fluctuations or monodispersed Brownian particles it appears
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as a single exponent and as a straight line in the semilogarithmic scale, then the
presence of even partial double scattering leads to a significant deviation of such
a graph from linearity (see, e.g., [350]). This is connected to the fact that with
double scattering, light in the studied beam can fall in different ways, undergoing
scattering at different angles (and not at a strictly defined angle as it takes place
at single scattering). Scattering at different angles leads to a diverse spectrum
broadening, and correspondingly to a differing decay index of the correlation
function, because the wave-scattering vector depends on the angle (see Eq. (4.3)).
Therefore in this case, exponents with different decay indices contribute in different
ways to the correlation function of the analyzed beam. The effect of this on the
correlation function is similar to the effect of the polydispersity of the particle size
distribution and it arises when it has a nonzero second cumulant. The transition
to even larger optical thicknesses and, correspondingly, to even larger scattering
multiplicities should be, as it seems, accompanied by further growth of the second
and following cumulants. Therefore, in going over to optical thicknesses much
larger than unity, one would expect a variety of changes of the type of correlation
function right up to the complete disappearance of its time dependence, which
would mean the absence of the correlation of photons [382-385]. However, the
results of research [386, 388, 390, 391, 393, 394] show that in all cases the time
correlation function of multiple scattered light, represented in a semilogarithmical
scale (see Fig. 5.2), can be approximated by a square parabola within the accuracy
of the experiment, i.e., it allows one to separate, at least, the first and second
cumulants (see below for more details).

The measurable correlation function can, in principle, be represented as com-
posed of numerous elementary exponents exp(—I'T) with values of the parameters
I" distributed from zero to infinity. Then, the first cumulant is equal to this distri-
bution average spectrum half-width; the second to dispersion, and the value of the
third cumulant is the measure of asymmetry of this distribution. As experience
shows, by increasing the accumulation time one can sometimes achieve a third
cumulant significantly distinct from zero and thereby increase the accuracy of the

20 40 60 80

Figure 5.2 Shape of a typical correlation function of multi-
ple light scattering; n is the number of the channel of the
correlator [391].
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data. However, in case of multiple scattering, as it is not possible to give it some
defined physical meaning, there is no point in even trying to achieve an accuracy
sufficient to determine the cumulant.

The ratio of the second cumulant (the parameter C in Eq. (5.9)) to the square of
the first one (I',)? does not usually exceed 0.2. Despite the wide variation in
all the experimental conditions this ratio really does not change within the limits
of the experimental precision of 20—30%. Thus, the experiment demonstrates that
under conditions of unlimited growth of the scattering multiplicity the shape of
the correlation function, ultimately, not only does not change essentially, but,
on the contrary, achieves a certain stability. Thus, it becomes clear that the
first cumulant contains the largest information. Its value can be determined
with a margin of error of a few percent, while for higher-order cumulants the
inaccuracy is significantly higher. Under conditions of high scattering multiplicity
the first cumulant is extremely sensitive to changes in size and concentration
of the scattering particles, and also to the observation angle and the size of the
cuvette [386, 388,390,391, 393, 394].

For the sake of simplicity, instead of the long term “the first cumulant of the
time correlation function” we shall use the term “average spectrum half-width” or,
more often, simply “spectrum half-width.” Taking into account the two cumulants
obtained in the experiment the correlation function can be approximated by the
following expression:

g(Z) (7) = Aexp (_zr‘mf + ZCfZ) + const., (5.9)

here A is a constant, 'y, and C are the required parameters. This expression is
similar to the one which is traditionally used in the cumulant method [422] to
describe single scattering in polydispersed particle ensembles when the correlation
function is represented as the sum of a large number of exponential functions
with different values of the exponents. In the exponents, commonly no more
than two terms are usually introduced, but from time to time also subsequent
terms of the expansion in powers of T are held back. In multiple scattering even in
monodispersed particle ensembles there are also numerous exponents with various
values (see also Eq. (5.41)). In this case, however, it is not due to the difference of
the diffusion coefficients for different sizes, but to the spread in scattering vector
values caused by the nonidentity of its separate acts. Nevertheless, these situations
are mathematically equivalent. Therefore, the cumulant method, which is well
established for analyzing polydispersity (concerning the further development of
the cumulant method see, e.g., [416,423] and references therein), can be used
when analyzing the correlation function of multiple scattering [391, 393, 394] just
as successfully. In accordance with this method, the quantity I'y, is the basic
parameter determined in the approximation process, and it has the meaning of a
mean half-width spectrum of multiple scattering. It is determined by the slope in
the graph In g'¥ (%) vs T for small values of <.

The shape of the correlation function can appear quite complex at multiple
scattering since it depends not only on the scatterer’s properties but also on the
geometry of the scattering medium. As the modern theory of multiple scattering
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does not allow us to determine the exact form of the correlation function, we have
to restrict ourselves to a formula of the type of Eq. (5.9). It is understandable that
for an adequate approximation two members of the expansion in the exponent
values may not be sufficient. In addition there are possible apparatus distortions of
the correlation function with small T due to afterpulses of the PM (see below for
more). Therefore, it is necessary to specially control the adequacy of the description
of the results at each measurement. This control is carried out as a graph of the
deviation of the experimental points from the approximated curve. This graph,
as has already been mentioned, can be observed on the display screen. With an
adequate description there should not be any noticeable systematic deviations
in the random background. If the description is found to be inadequate the
errors can be eliminated, depending on the reason for its appearance, using
the corresponding correction: the introduction of a subsequent term into the
approximation, excluding, some initial channels from consideration, etc. As it
turned out, in the overwhelming majority of cases with multiple scattering it is
more than enough to consider just the linear and quadratic terms of the series. The
statistical deviation of the determination of the value of I';, did not exceed a few
percent and the systematic deviation was even lower [391, 393, 394].

5.2.1.6 Afterpulses

Visual control of the deviation curves makes it possible to detect considerable
distortions of the correlation function which can arise in the correlator’s first
channels when the correlation function argument is several microseconds. Such
distortions have been described in literature (see, e.g., [424]) and are connected
to the presence of PM afterpulses. To illustrate this phenomenon, approximation
results are shown in Fig. 5.3, in the cases where the influence of afterpulses appears
more significant.

Afterpulses arise as a rule due to positive ions which the electronic avalanche,
caused by photons on the photocathode, in some cases dislodges from PM dynodes
surfaces. Moving in the opposite direction to the photocathode they also dislodge
electrons. These electrons, no longer being caused by photons of scattered light,
create false signals on the PM’s output, the secondary impulses. The delay of such
an afterpulse is determined by the time of ion transit, which in turn depends on
the power supply voltage of the PM and its geometric dimensions. Therefore, it is
not possible to substantially change the time delay of the afterpulses (for PM 79
this time is only a few microseconds). As not every PM impulse is accompanied
by an afterpulse (in the overall flow they represent only a fraction of a percent) the
distortion of the correlation function due to afterpulses is only significant under
certain conditions.

With an increase in the scattering multiplicity, the spectrum broadens sub-
stantially and, correspondingly, the correlation time of the intensity of scattered
light (size, inverse spectrum half-width) decreases. When the correlation time
becomes several times less than the average time between photocounts, the
ratio of photocounts correlating with each other decreases sharply. Only a small
part of the photocounts is divided into time intervals less than or almost equal
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Figure 5.3 (a) Deviation of the correlation function from its
approximation according to data from all channels (top). (b)
The correlation function of light scattered on stationary scat-
terers (bottom).

to the correlation time and it contributes to the time-dependent part of the
correlation function. The rest, the main part of the impulses-photocounts con-
tributes to the correlation function “pedestal” which does not depend on time and
so does not contain useful information. Against the background of rare correla-
tions of principle impulses, their correlations, together with afterpulses, become
substantial.

An increase in the intensity of scattered radiation usually leads to a reduction
in the negative influence of afterpulses. This is because the average time between
impulses-photocounts decreases and becomes small again compared to the corre-
lation time. However with multiple scattering, it turned out that on the parts of the
scattering medium surface, where intensity is minimal, the spectrum half-width
reaches the highest value. This is easy to understand as the few photons which
reach these parts undergo the largest number of scattering acts and a higher mean
scattering multiplicity leads to a bigger spectrum half-width.

If we exclude from the approximation the data which were gathered in the
first channels, where the largest distortions can be seen on the deviation curve
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(see Fig. 5.3(a)), then such a corrected correlation function can nevertheless be
used. Unfortunately, the correlation function for small values of its argument,
which had to be discarded due to such a correction procedure, contains greater
valuable information about its first cumulant. However, if there are afterpulses the
loss of this part of information is unavoidable when using a single PM. However,
there exists a method which allows us to exclude the influence of afterpulses on
the registered correlation function, the cross-correlation method, which uses not
one but two PMs simultaneously (see Chapter 6 for more details).

The validity of the described procedure can be proved by comparing the deviation
graph, arrived at through corrections, with the light-intensity correlation function
scattered on a fixed opaque screen. The part of such a correlation function which
depends on time should be subject to only PM afterpulsing as photons scattered
on a fixed screen do not correlate with themselves. Comparing Fig. 5.3(b), which
shows the result of such measurements, with Fig. 5.3(a), confirms the validity of
the described procedure of data correction.

5.3
Physical Modeling

5.3.1
Model Systems

Experimental study of the principles inherent in multiple light scattering is
natural to be performed on the same model systems which are widely used
to study single scattering. In the latter case, systems of water suspensions of
submicroscopic polystyrene spherical particles (latexes) are mostly employed. The
special technology used for producing polystyrene latexes guarantees a high degree
of monodispersity (deviations in the size of the scattering of particles take up only
a few percent). Polystyrene particles have a high degree of sphericity, which is
testified by electron microscopy [425,426]. In addition, the density of polystyrene
differs from the density of water by only 5%, and therefore the rates of changes in
the concentration of the particles, due to its sedimentation, are quite low. Thus,
in many experiments this effect can be simply ignored. The refraction index of
polystyrene relative to water is quite high (equal to 1.2), which guarantees an
extremely high scattering intensity in the latex.

Latex production technology (small amounts of emulsifier are added for stabilisa-
tion) guarantees the conditions which eliminate the process of particle coalescence.
Therefore, even with a concentration of a few volume percent it can be assumed that
the suspended matter consists of separate Brownian particles, whose effective size
does not depend on concentration. Due to these peculiarities polystyrene latexes are
traditionally used as model systems for studying single and double light scattering
(see, e.g., [350,421,425,427,428]). As light absorption in polystyrene is small,
scattering multiplicity in latexes can be very high (>1000). All these properties
allow us to consider latexes as great model systems for studying the patterns of not
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only single and double scattering, but also of high-multiplicity scattering, including
the one close to the critical point.

Asitturned out [383,386], an essential difference between multiple scattering and
single scattering is the dependence of the correlation function on the concentration
of the scatterer. Particle concentration in the model system is determined in two
ways [386,390], both of which give similar results. The first method is to weigh
the latex before and after evaporation, which, as their radius is known, allows us
to determine the volume concentration of the particles. The second method is
connected to the measurement of the extinction coefficient in a thin latex layer
and the subsequent calculation of concentration. To make such a calculation
the scattering efficiency factor has to be determined using the well-known light
scattering tables [429,430]. When the concentration of the latexes changes within
the limits 1073 to 107! of the volume of polystyrene, the relationship of the
cylindrical cuvette’s diameter to the extinction length changed from 10 to 10°.

5.3.2
Dependence of the Spectrum Half-width of Multiple Scattering on the Physical
Characteristics of the System and on the Scattering Multiplicity

5.3.2.1 Dependence on the Viscosity of the Fluid

The mobility and diffusion rate of Brownian particles depends substantially on the
viscosity of the medium in which the particle is moving and, consequently, on
its temperature. The spectrum half-width of single light scattering on Brownian
particles I is, as a consequence of Eq. (4.18), proportional to the coefficient of
particle diffusion and, therefore, by virtue of the Stokes—Einstein formula, also
depends on temperature and medium viscosity as

ksT

I = D¢ q* =T (90°) (1 — cos), (5.10)

- 6Tty

where D and r, are the diffusion coefficient and hydrodynamic radius of the
Brownian particles, respectively. The hydrodynamic radius differs from the particle
radius by so-called coat, captured in the course of the motion, which are made up of
a layer of molecules of a surface active agent, dispersed media, etc. (see, e.g., [425]).
The other symbols have the same meaning as in Egs. (4.2), (4.3), and (4.29).
Equation (5.10) shows that if the radius of the particles carrying out a Brownian
motion in a certain medium is known, then one can get the value of the viscosity
coefficient of this medium from the experimental definition of the spectrum half-
width. Therefore, measurements of the spectrum half-width of single scattering
in especially introduced scatterers are often employed to determine the medium
viscosity in a nondestructive way [418, 419,431, 432]. For the first time, such
researches in conditions of high multiplicity scattering were conducted in [390,391]
(see also [393,394]). In these experiments, polystyrene Brownian spheres with a
radius of 280 nm were placed into a cylindrical cuvette with a diameter of 20
mm and height 40 mm. The concentration of the particles was such that the
extinction length, determined by the measurement of the transmission of light
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Table 5.1 Parameters I',,, and the
ratio (I'yy/ ") in dependence
on temperature.

t(°C) Ty (kHz) (Lw/T)

35 10.9 28.4
45 13.9 29.1
55 17.0 29.1
65 19.7 28.1
75 22.5 27.3
85 27.7 28.8

in a thin layer of latex, was 0.27 mm. This value, which is much smaller than
the cuvette’s diameter, fully guaranteed high multiplicity scattering. At the same
time, the average distance between the particles, estimated according to the value
of the volume concentration of polystyrene (1.6 x 1073), was 15 times larger than
the radius of the particles. This allowed us to consider the latex suspension as
an ensemble of independent Brownian particles. The cuvette with the latex was
placed into a thermostat. The deviation in the temperature from the average was
not larger than 0.05 K. The time correlation functions of multiple light scattering
were measured at different latex temperatures with an observation angle of 90°
using a correlation spectrometer.

The values, obtained for the spectrum half-width, I'y,, are shown in Table 5.1.
In the last column, the value of the ratio (I',,/T') is given in dependence on
temperature. It is evident that this ratio does not depend on temperature as the
observed dispersion of a few percent does not have a systematic character and
fully fits into the errors of measurement of I'y,. This, in turn, means that the
temperature changes of I'y,, when light is scattered on Brownian particles, also,
just as for single scattering, are only determined by temperature changes of fluid
viscosity when there are suspended particles in it [391,393,394]. Thus, it is clear that
the temperature dependence of viscosity on the multiple light scattering spectra
on Brownian particles can be judged exactly in the same way as it was done in
the case of single scattering in [432]. In Fig. 5.4 the temperature dependence of
water viscosity is shown, determined by using the data given in Table 5.1. The
normalisation was carried out using the value of viscosity for 85 °C.

Changes in the temperature of the liquid did not lead to any specific differences
in the behavior of the spectrum half-width between single and multiple scattering
systems. The only difference consists in the fact that the values of Ty, are by
several orders of magnitude higher than the values of the spectrum half-width of
single scattering, because of high scattering multiplicity, other factors being equal.
The results obtained agree with the idea first formulated in [383], according to
which T'y, can be represented as the product of the average scattering multiplicity
by T'(90°). As a result of the investigations carried out in [390, 391, 393, 394] an
important conclusion was made from a theoretical as well as practical point of
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Figure 5.4 Temperature dependence of water viscosity using
data from correlation spectroscopy of multiple scattering (o)
compared to the date given in Table 5.1 (a).

view: the spectrum half-width of multiple scattering on Brownian particles (I'y,), as
in the case of single scattering, is proportional to the particle diffusion coefficient,
ie., 'y, ~ (T/m). However, the proportionality coefficient cannot be calculated as
easily as for single scattering in this case.

In conclusion, the following should be mentioned. Traditional methods of
measuring transport properties are mainly connected with the introduction of
gradients of the respective quantities into the investigated system. However,
the various perturbations which arise in the medium are not easily adequately
accounted for. At the same time, light scattering methods, as applied to the
considered problem, are free of such inadequacies as they do not suppose the
presence of any macroscopic gradients. With respect to this peculiarity and also
due to the increase in the availability of the correlation spectroscopy method,
dynamic scattering methods have recently become more and more widespread. In
relatively recent papers [418, 433] the viscosity of water was also measured using
special scatterers. Unfortunately, the measurements were only performed at room
temperature [418] under conditions of single scattering and they did not coincide
very well with the literature data.

It is worth remembering that between 1966 and 1970, E. Matizen and colleagues
in their pioneering works used microphotography to observe Brownian particles
close to the critical point in binary mixtures [431,434]. Then, Lyons et al. [435]
used correlation spectroscopy to determine the anomalies of viscosity in the
weakly opalescing mixture nitroethane-isooctane close to the critical point using a
teflon sphere placed in the mixture. In 1980, Anisimov et al., in the previously cited
study [432], conducted a very serious and useful methodological investigation on the
influence of various factors such as multiple scattering, non-Gaussian statistics,
and the polydispersity of Brownian particles on the precision of determining
viscosity using the homodyning method. They also discovered the gradual decrease
in the angular dependence of the spectrum half-width when scattering multiplicity
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increases, until it completely disappears when the latex concentration is 6 x 1074,
that is “with complete multiple scattering.” The authors drew this conclusion from
the visual picture. However, as was subsequently shown [386,390,391,393,394], the
angular dependence disappearance actually occurs because such a concentration,
being intermediate, really does not guarantee a sufficient scattering multiplicity
(see, e.g., Figs. 5.7 and 5.8). As for the results of [386,390,391,393,394], which were
obtained via multiple scattering, they allow us to widen the range where dynamic
scattering for measuring viscosity using the nondestructive method can be applied,
including the large class of concentrated systems with high extinction and where
the behavior of the viscosity can also be non-Newtonian.

5.3.2.2 Dependence on the Optical Thickness of the Scattering Medium

In multiple scattering, it is the medium optical thickness that plays a significant
role, as it determines the scattering multiplicity. The optical thickness depends on
geometric dimensions of the disperse medium and the concentration of suspended
particles, as much as on the effectiveness of light scattering on them [429, 430].
This effectiveness, in turn, depends on the ratio of particle size and wavelength and
on the particle-to-medium refraction index difference. Therefore, it is significantly
easier to study experimentally the dependence of the spectrums half-width on the
optical thickness of the disperse medium by varying the particle concentration and
the geometric factor, separately. The following part is devoted to the results of our
study carried out in such a manner [391, 393, 394,436-438].

5.3.2.3 Angular Dependence

One of the simplest well-known properties of the spectrum half-width of single
scattering, I', is its proportionality to the square of the wave vector of scattering
[319]. According to Egs. (4.3) and (5.10), the angular dependence of I' can be
represented as

I ~ sin’ (g) (5.11)

There are a lot of well-known papers (see, e.g., [383,384,432]) where with transition
to multiple scattering, a leveling out of the angular dependence with a tendency
toward its gradual disappearance was observed experimentally (this fact was
established in these studies exclusively visually, see also Section 5.4). Therefore,
the literature at that time confirmed the opinion that with high multiplicity
scattering the angular dependence of the spectrum half-width should disappear
completely (see, e.g., the review [350]).

In general, the absence of an angular dependence at high multiplicity scattering
is rather more surprising than natural. It is true that all experiments indicate
that the spectrum half-width depends on the scattering multiplicity in one way
or another. But the scattering multiplicity in a cylindrical cuvette cannot be the
same for different observation angles, even if for no other reason than the fact
that the effective optical thickness of the medium depends on the angle. Thus, it
seems to be clear that the larger the optical thickness, the higher the scattering
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multiplicity and, consequently, the greater the spectrum broadening. As broadening
already occurs in the first scattering act, it is not clear why the subsequent acts
should not lead to a further increase in the spectrum half-width. Concerning the
irrefutable experimental fact that with a not very high scattering multiplicity the
angular dependence is in fact absent, we can only suggest that with a well-defined
combination of cuvette radius, concentration, and optical characteristics of the
particles, it is clearly very likely that the photon leaves the scattering medium
through any surface point in approximately the same number of “steps.”

The experiments [386, 390, 391, 393, 394, 436—438] confirmed the validity of all
these considerations. Let us consider the angular dependence of the spectrum
half-width in latex with various sizes and concentrations of particles. A cylindrical
glass cuvette (with diameter 20 mm) was filled with latex to a height equal to twice
its diameter and so the focussed laser beam was incident in the middle of the latex.
The diameter of the beam did not exceed 0.5 mm. The analyzed scattered light
beam was selected in the horizontal plane and coming out along the radius of the
cuvette at the same height at different angles (observation angles) in relation to the
incoming beam. The diameter of the part of the surface of the scattering medium
where the light was incident on the photon detector was 0.3 mm, i.e., compared to
linear dimensions of the medium it was small.

The measurement results of the spectrum half-width of multiple scattering (')
in concentrated latex with particles with a radius of 280 nm are shown in Fig. 5.5.
For comparison the full line represents the angular dependence of the spectrum
half-width of single scattering (I'), which was observed in the same, but highly
diluted, latex. The quantity sin®(¢/2) is given on the horizontal axis, as it is usual for
single scattering. It is clear from the graph that I';, monotonically decreases with
an increase in the observation angle while at the same time I' increases. As we can
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Figure 5.5 Experimental values of the spectrum half-width of
multiple scattering (I'sy) in concentrated latex with a particle
radius of 280 nm (e). The full line is the angular depen-
dence of the spectrum half-width of single scattering (I') in
the same latex, however, highly diluted [391,438].
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see, this result did not correspond to the opinion dominating at that time that the
spectrum half-width of multiple scattering should not depend on the observation
angle (see, e.g., [350, 383, 384]).

5.3.2.4 Dependence on the Polarization Mode

As we can see from Fig. 5.5, the spectrum half-width of multiple scattering can
exceed the spectrum half-width of single scattering by an order or more. Moreover,
this assertion relates to the half-width, measured with crossed and also with parallel
positioned polarizers. It is known that in the case of single scattering the spectrum
of polarized scattered light contains information about the translational motion
and the unpolarized spectrum contains the same about rotating motion [336].
The half-width of such spectra can be substantially different. In the case of high
multiplicity scattering, the spectrum half-width did not appear much greater with
crossed polarizers than with parallel ones. With a decrease in the observation
angle, both half-widths grow and the difference between them (with a relative
measurement error of 3-5%) becomes almost invisible.

To illustrate this result, we can use the measurement data shown in Fig. 5.6
for latex with a particle radius of 80 nm and volume concentration 3.18 x 1072 at
different observation angles. It is clear that the growth of the spectrum half-width
when the observation angle is changed is connected to the growth in the scattering
multiplicity, which is accompanied by a decrease in the relative difference between
the spectrum half-width of polarized and depolarized scattered light. Therefore,
we should mention another peculiarity of multiple scattering: when multiplicity is
increased the ratio between the spectrum half-widths of polarized and depolarized
scattered light approaches unity. Most of the measurements in [386-395,397, 398]
were conducted using only cross position of polarizers. This is another way of
excluding partial heterodyning [421], which could arise during the measuring due
to accidental parasitic highlighting of the cuvette’s wall. It should also be noted that
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Figure 5.6 Comparison of the half-width of the polarized
and nonpolarized components of the scattering spectrum
[391].
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Figure 5.7 The angular dependence of the spectrum half-
width of multiple scattering for latex with a particle radius
of 770 nm [386).

it is the depolarized component which is formed by high multiplicity scattering.
It appears that this is where their differences lie under high multiplicity scattering.
Thus, unless otherwise specified, the spectrum half-width of multiple scattering will
be assumed to have a half-width value measured using cross polarizers.

To find out how the results of angular measurements of T'y, (Fig. 5.5) correlate
with the results of [385], in which the absence of an angular dependence of
the depolarized component of the multiple scattering spectrum half-width was
experimentally demonstrated, measurements of the angular dependence of Ty,
at different latex concentrations were carried out [386]. Three latex samples with
a particle radius of 770 nm and concentrations of 3.0 x 1073, 2.3 x 1073, and
0.6 x 1073 were used. The corresponding extinction lengths were 0.21, 0.24, and
1.93 mm. The results of measurement of I'y, are shown in Fig.5.7. It is clear
that when the concentration increases from very small values (single scattering)
the angular dependence of the spectrum half-width disappears at first, but then
reappears, and moreover, the sign of its slope becomes the opposite one. This
makes it clear why the angular dependence of the kind shown in Fig. 5.5 is not
observed during the experiment [385]: the maximum scatterer concentration used
did not exceed 0.5 x 10~ and consequently, the extinction coefficients were small.
It should be noted that the value of the maximum concentration of the latex
coincided in all three studies [382,384,432]. For a 10-mm side square cuvette [385],
the coefficients corresponded just right to such an intermediate case of not very
high scattering multiplicity (about three).

At the same time, the data corresponding to the concentrations 3.0 x 1073
and 2.3 x 1073 in Fig. 5.7 show that the slope of the angular dependence of T,
depends substantially on the concentration of the scatterer. However, the shape
of the dependence does not undergo any significant changes and stays close
to a straight line. We will look at this in more detail in the next part, where
we will discuss the concentration dependence of I'y,. We should also mention
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that in the case of single scattering the only characteristic depending on the
concentration of the scatterer is the intensity of scattered light. The spectral
characteristics of single scattering do not depend on concentration. It should also
be emphasized that we are talking about independent scatterers whose motion
does not depend on concentration. The effects connected with the slowing down
of the Brownian motion, due to their interaction, for large particle concentrations
are not covered here.

For low multiplicity scattering, when it is close to double, a dependence of
the spectrum half-width on the concentration of the scatterer was observed by the
authors of [383,384]. They found that the spectrum half-width is proportional to the
concentration. Without, in effect, conducting experiments with high multiplicity
scattering (although considering them as such) and lacking any valid argument,
they proposed that such proportionality would remain true even with an increase
in the scattering multiplicity. The true situation of multiple scattering will be
discussed in the next section.

5.3.2.5 Dependence on the Concentration of the Scatterer

In the previous section, we discussed the character of the angular dependence of
Iy, upon transition to high multiplicity scattering. The concentration dependence
of I'y, could also, in principle, have undergone changes. To check this, a special
experiment was conducted [437] (see also [394]).

When studying scattered light in concentrated latexes, it should be kept in mind
that for high concentrations the interaction of particles can become noticeable.
Such latexes cannot be regarded as a suspension of independent Brownian particles
and, consequently, cannot be used as a model system. Therefore, when studying
the concentration dependence of I'y, the possibility of varying the concentration
of the scatterer is very restricted. The upper limit suitable for concentration
experiments is determined by changes in the particle diffusion coefficient, whose
size becomes bigger than the measurement error of the spectrum half-width.
Such a concentration can be estimated using the dependence of the coefficient of
diffusion, D, of an ensemble of hard spheres obtained in [439]

D 1173+ 0(c%), (5.12)
Do
where ¢ is the concentration of the particles in volume units. Using Eq. (5.9),
we find that the concentration ¢ = 1.7 x 1072 corresponds to a decrease in the
diffusion coefficient by 3%. Therefore, with a margin of error in the measurement
of Iy, of just a few percent, it was necessary to use latexes with a concentration not
exceeding 1072.

The suitable lower limit for such concentration experiments is determined by
the need to obtain a value for the extinction coefficient which guarantees suf-
ficiently high scattering multiplicities, for which one can observe the angular
dependence of I'y,. As the extinction coefficient depends substantially on the
dimensions of the scatterer and the scattering multiplicity depends on the dimen-
sions and form of the scattering medium it is impossible to uniquely determine
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the lower limit of acceptable concentration. As an example, we can mention that,
according to the data shown in Fig. 5.7, even for latex with a particle radius
of 770 nm with a concentration of 0.6 x 1073 an angular dependence of T'y,
is absent. Consequently, the scattering multiplicity is low despite the fact that
polystyrene particles of this size scatter light in water quite effectively. There-
fore, the range of suitable concentrations was quite narrow and did not exceed
one order of magnitude (from 1072 to 1073). So it was important that the ratio
of the concentration of the latex samples could be determined with great preci-
sion (in the experiment the error did not exceed a tenth of one percent). This
was achieved by controlling the water dilution of the original latex, whose ini-
tial concentration was determined by evaporation (with only a small decrease
in precision).

Measurements of the spectrum half-width of multiple scattering (I'y,) were
conducted on latex samples with a particle radius of 80 nm (I'(90°) = 0.92 kHz),
placed into a 20-mm diameter cylindrical cuvette, as was already mentioned.
The measurements shown in Fig. 5.8 were carried out at different observation
angles for five particle concentrations: ¢; = 4.39 x 1073, ¢, =3.18 x 1073, ¢35 =
2.69 x 1073, cp =217 x 1073, cs = 1.13 x 1073, These concentrations correspond
to the following extinction length values: 0.61, 0.85, 1.0, 1.2, and 2.4 mm. As can
be seen in the figure, the angular dependence of I'y,, typical for high scattering
multiplicity, appeared only in four of the more concentrated samples. These
data were used for further analysis using the special graph shown in Fig. 5.9.
The points on the graph which lie along one vertical correspond to the same
value of observation angle. By showing them in this manner, we get rid of the
explicitly unknown, but always the same in conditions of geometric similarity,
coefficient and draw out the dependence of I'y, on concentration in an explicit
form. It should be mentioned that when the horizontal coordinates increase the
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Figure 5.8 Angular dependence of the half-width, T',, of the
spectrum of multiple scattering for a latex with a radius of
the particles equal to 80 nm [391-394,437].
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Figure 5.9 Same dependence as in Fig. 5.8 but the val-
ues of I'y, for one of the concentrations are chosen as

an argument. Their horizontal coordinates equal the cor-
responding values of I'y, for a concentration ¢, and the
vertical coordinates equal to ', for three other concentra-
tions [391-394,437).

observation angle steadily decreases and in the extreme points the angles are 160°
and 20°, respectively.

The experimental data in Fig. 5.9 form three straight lines, crossing at the same
point, whose coordinates are both identical. This result allows us to conclude that
the angular dependencies of I'y, obtained can be considered as similar provided
that some constant term (Iy = 8) is accounted for, which does not depend on the
scatterer’s concentration. In our case, it equals 'y = 8 kHz.

The values of the slopes of the straight lines in this figure contain information
on the concentration dependence of I'y,. The calculation by least-squares method
results in the following values: 0.45, 0.77, and 1.8, which well coincide within
the experimental error (5-10%) with the squares of the concentration ratios equal
to 0.47, 0.71, and 1.9. To demonstrate this fact, the straight lines in Fig. 5.9 are
traced with a slope precisely equal to the squares of concentration ratios. It is
clear that the experimental points agree with these lines. Thus, the quadratic
dependence of Ty, on the concentration of the scatterer was discovered under
high multiplicity scattering. This result is shown in more detail in Table 5.2,
where b;j (i,j = 1,2, 3, 4) are the values determined from experimental data for the
concentrations ¢; and ¢; and represent the coefficients of similarity transformation
of one angular dependence to another. To calculate these values the results of more
than 50 measurements of '), were used altogether.

The results shown in Table 5.2 convincingly demonstrate the quadratic con-
centration dependence of I'y, (taking into account the contribution of I'g which
depends neither on concentration nor on observation angle). As can be seen,
the greatest deviation between the b;j-values and the squares of concentration
ratios does not exceed ~10% (in most cases it is significantly lower) and can be
completely accounted for by the error in the measurement of I, (*5%), as the
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Table 5.2 Values of the coefficients, b;;, for different
concentrations, ¢; and ¢;.

ij 1,2 1,3 1,4 2,3 2,4 3,4

2
b (cale) 1.90 2.67 4.08 140 215 1.53

o

el

bij(exp.) 1.8 2.4 3.9 1.3 2.2 1.6

errors in determining particle concentrations and observation angles were much
less. This leads us to the inevitable conclusion that the linear concentration depen-
dence of 'y, which was revealed in previous papers [383, 384], accounts for only
slow scattering multiplicity but changes to quadratic one at the transition to high
concentrations and, therefore, to high scattering multiplicity.

These results allow us to make some further conclusions about the angular
dependence of T'y,. In particular, the fact that the experimental points on Fig. 5.9 lay
on straightlines, indicates the presence of a universal type of angular dependence of
'y, in the area of both high particle concentration and high scattering multiplicity.
If the concentration dependence is known, then it is not difficult to place all the
measured values on one curve using the following transformation

o

2
i = _;2 (ij - Fo) + T, (5.13)

<

where I'y; is the spectrum half-width for the concentration ¢;, measured using
some values of the observation angle and I';; is the spectrum half-width measured
using the same observation angle but for the concentration ;.

Figure 5.10 shows the results of such a transformation presented in the manner
typical for the concentration c,. Despite the fact that among the experimental
points, corresponding to the same observation angle, there is some dispersion, one
can nevertheless draw a smooth curve which, for virtually the whole of its length,
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Figure 5.10 Generalized angular dependence for different concentrations.
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does not differ significantly from a straight line. An exception is found, quite
reasonably, in the range of large observation angles, close to the “back” scattering
direction where the line has a noticeable curvature. It is also typical that here such
a dispersion of the data points becomes significantly smaller, which once more
shows that the value of Ty, to which the values of I'y, tend in this range, does not
depend on concentration (for more details see below).

At the beginning of this section it was mentioned that the effect of concen-
tration on I'y, reflects the dependence of this quantity on the optical thickness
of the medium. We can, therefore, assume that the given results allow us to
confirm that I'y, depends on the optical thickness of the medium quadratically.
It should be stressed that the given type of the angular dependence of I, relates
to the situation when the laser beam penetrates into a cylindrical cuvette with
the scattering medium from a side. When the scattering geometry is different,
the type of the angular dependence of I'y, can also be different. However, as
Pavlov [440] showed, we can conclude from analyzing the diffusion equation,
taking into account the conditions of its applicability, that the spectrum half-width
of multiple scattering in geometrically similar conditions is always proportional to
the square of the optical thickness. This result was obtained later while studying
multiple scattering using slab geometry [441]. Therefore, the result obtained for
cylindrical geometry [386,390-394,436—438), i.e., for the most widespread exper-
imental conditions, is quite general. Moreover, in comparison to slab geometry
it is very easy to change the mean scattering multiplicity by changing the obser-
vation angle in the case of cylindrical geometry. It should also be noted that the
important advantage of experiments in slab geometry lies in the fact that it is
comparatively easy to investigate analytically (see below and Appendix A.1 for more
information).

5.3.2.6 Dependence on the Dimensions of the Scattering Media

The proportionality of the spectrum half-width of multiple scattering to the square
of optical thickness was further checked in experiments using cylindrical cuvettes
of different diameters, 20, 15, and 13.3 mm. The measurement results of T, for
latexes with a particle radius of 280 nm, which were published in [390] and [438],
are shown in Figs. 5.11 and 5.12. In Fig. 5.11, the angular dependences of I',, are
shown and in Fig. 5.12 a presentation is given analogous to that discussed above
(Fig. 5.9). The quantity I', is used for the horizontal coordinates, corresponding
to measurements in a 15 mm cuvette. The slopes of the straight lines formed by
experimental points are equal to 1.78 and 0.64, which agree satisfactorily with the
squares of the corresponding diameter ratios (1.78 and 0.79). It is worth mentioning
that the crossing of the straight lines in Fig. 5.12 does not happen at the origin of
the coordinates and makes it possible to distinguish the contribution to I'y, which
is independent of the cuvette’s diameter. This situation is similar to the previously
discussed one with I’y contribution (Fig. 5.9). The major difference in the values
of these contributions (1.3 kHz and 8 kHz) is connected with the fact that these
series of measurements were carried out with particles of different dimensions.
Thus, the experiment specifies the existence of the contribution to I'y,, which
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Figure 5.12 Figure similar to Fig. 5.9 for different diameters.

does not depend on the medium optical thickness but on the dimensions of the
scatterer.

Figure 5.13 shows the dependence of T',, on cos?($/2) for latex whose particle
radius is determined by the multiple scattering spectrum. According to electron
microscopy data this latex had a mean radius of 45 nm, calculated using the
results of optical experiments, the hydrodynamic radius was equal to 48 nm (the
calibration of the used cylindrical cuvette has been carried out in view of Eq. (5.13)
and Fig. 5.10). Due to the “coat” the hydrodynamic radius is always bigger than
the “electronic” one and therefore the result can be accepted.

With these considerations, the description of the physical modeling of critical
opalescence with monodisperse systems with high and regulated extinction, first
conducted in [386,390-392,436-438], is completed and we can move on to looking
at the theoretical aspects of this problem, the formulation of mathematical models
of multiple light scattering on Brownian scatterers. This stage anticipates the
formulation of a critical opalescence theory in the close vicinity of a critical point,
and Chapter 6 is fully dedicated to this topic.
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Figure 5.13 Latex with a particle radius of 48 nm [141].

5.4
Mathematical Modeling

All the experimental results obtained by studying light spectra of multiple scattering
on model systems of Brownian particles can be explained (with the exception of
I'p) within the framework of theoretical concepts developed in [141, 386, 390394,
436-438]. It should be emphasized that even the simplest diffusion model, the
model of a random walk of a photon in a high-extinction monodispersed medium,
used to interpret results in our first study on this subject [386] was found to
be adequate. Further, a more profound approach, the diffusion approximation of
radiation-transport theory was used instead of the simple random walk model
[354-356]. There is no doubt that this approach added some rigour and improved
the quantitative agreement with the experiment. It should be noted, however,
that it has not changed the principal conclusions of our first simple model [386].
Therefore, it can be considered that it was in [386] that the foundation was
first laid for a new scientific area, correlation spectroscopy of multiple light
scattering.

Similar results were obtained a few years later for light scattering in slab
geometry in [441]. This method is still intensively developing and has been given
the name diffusing-wave spectroscopy [442] (see, e.g., [443, 444, 454—463]). The
experimental analyses [441-443] of strongly scattering media were also com-
pleted with the help of photocorrelation techniques. In the theoretical papers
[445, 446], the diffusion approximation of radiation-transport theory in non-
absorbing and weakly absorbing media was also used to study this question.
Below, we shall look at the results obtained in these works in more detail (see
Appendix A.1).

Now, after this short but necessary introduction, let us move directly on to
the essence of the problem and show how the above-discussed results obtained
in experiments on model systems (see Section 5.3) can be explained with the
help of the diffusion approximation of radiation-transport theory [347-349,
354-356].
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5.4.1
The Simplest Diffusion Model Approach

When light passes through a dispersed medium, as a result of quasielastic scattering
on chaotically moving Brownian particles the scattered light spectrum widens. With
single scattering this phenomenon has been intensively studied and the results are
well known (see, e.g., [319,399-402]). With an increase in multiplicity the scattering
picture becomes more complex, and when the medium optical thickness grows
so much that the scattering becomes multiple, the situation is not only no longer
simple and clear but also requires completely different approaches. The intensity
of light passing through randomly distributed nonabsorbing scatterers decreases
in accordance with Bouguer’s law, a redistribution of energy from incidental
primary waves to secondary scattered ones takes place (see, e.g., [355,464]). There
are two approaches to describe this process without violating the law of energy
conservation.

5.4.1.1 The First Approach

The electromagnetic field which propagates in a medium is represented by the
sum of fields of different scattering multiplicity. It is commonly believed that the
electromagnetic field propagates itself in the same way between separate scattering
acts as in vacuum. Although the absence of absorption makes this assumption
quite natural, its application to turbid media is accompanied with great difficulties.
As a matter of fact, the fields of different scattering multiplicities have to interfere
with each other. The extinction can only be explained by the interference of an
incidental wave with scattering ones, single scattering with double scattering,
etc. [464]. It is clear that in the case of multiple scattering, the energy conservation
law can be preserved only by taking into account the interference. Unfortunately,
this is sometimes overlooked in passing from generally accepted single scattering
approximations, where interference is not important, to multiple scattering where
it plays a dominating role. As a result, a certain incorrect concept arose [383, 384]
which states that chaotic distribution of scatterers leads to the disappearance of
the interference between fields of different multiplicity (just as Rayleigh proposed,
the noncoherence of the secondary waves, radiated by gas molecules, was caused
by the independence of their thermal motion (see Section 4.2.1). This error did
not stop Rayleigh obtaining the true result because he was dealing with single
scattering in gases).

Applying the energy conservation law to electromagnetic waves scattering on
an elastic dipole [465], Max Planck, at the turn of the 20th century, came to the
conclusion [466] that in a nonabsorbing medium the refractive index has a small
imaginary part in view of the slowing down by radiation. This is what causes the
decay of the intensity of the oscillator’s vibrations. Introducing the slowing down
by radiation in a real system of examination means, in practice, taking into account
light extinction depending on scattering.

Modern theories of multiple scattering have further developed Planck’s ideas.
For example, Ishimaru arrived at the law of extinction of the coherent intensity
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for particles with an arbitrary scattering indicatrix [355]. In the theory of single
scattering the imaginary part of dynamic polarizability is usually ignored. Then,
simultaneously with it, as it follows from the theoretical results [355, 466], the
interference fields of different scattering multiplicities are not taken into account
and therefore, extinction is completely ignored. This can only be done if the optical
thickness of the sample is much less than unity, i.e., when single scattering is
dominating in the system.

5.4.1.2 The Second Approach
The difficulties mentioned above can be avoided if one takes extinction into
consideration, having included it ab initio into the coherent field propagation law.
Such an approach [341, 342] has significant advantages since all the effects of
interference in a system of uncorrelated scatterers are automatically taken into
account and, as a result, a statistical problem in the spirit of the transport theory
arises. Within the limits of high multiplicity scattering, this statistical problem
can be reduced to the diffusion approximation [347-349, 467]. Thus, the main
factor that determines the statistics of high multiplicity scattering of radiation
is light extinction. This is the qualitative difference between strongly opalescing
systems and those with single scattering [386]. As Ishimaru pointed out [468], it is
convenient to describe multiple scattering be means of correlation functions (see
below for more details).

Now let us go over directly to looking at a simplified diffusion model of multiple
scattering. In the case of independent scatterers, such a model can be based on the
following assertions [386,438|:

 a wave passing through a chain of scatterers leads to the multiplication of
time correlation functions which define separate scattering acts;

e the correlation function under study corresponds to the statistical averaging
along various chains of scatterers;

e between the different scattering acts attenuated waves propagate with an
intensity of I ~ r~2 exp(—hr), where h is the extinction coefficient.

Since such a statistical model corresponds exactly to the transport equation which
Ishimaru [355,468] obtained for the time correlation function, the last statement
can be formulated in a different way:

o the statistics of chains is the same as for random walk of classical particles
without interference. The interference is accounted for by attenuation.

The multiplication of the correlation functions leads to the additivity of the
spectral broadening [383, 384, 386]. As a result, the multiple scattering spectrum
half-width can be represented as

Tw=>Y_Tj (5.14)
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where I'; is the spectral broadening at the ith scattering act (this principle is quite
easy to justify the simplest situations, while the problem of effectively summing
up the fields, running along different chains of the scatterers, is rather difficult to
solve).

In Eq. (5.14), each component of T'; is determined by the size of the scattering
vector in the ith node of the chain. In the extreme case of multiple scattering, when
hL > 1 (where L is the distance between the points where the radiation enters and
leaves the medium) one can use the diffusion approximation of radiation-transport
theory, and in the first approximation, one gets

Iy = NT, (5.15)

where N is the mean scattering multiplicity at the observation point and T is
the value of the spectral broadening in a single scattering event averaged over a
single scattering indicatrix [386] (see also Eq. (5.44)). Of course, the last expression
represents only the main part of the asymptotic expansion for high N, but even
in this simplified form the diffusion model can answer many questions if N is
correctly calculated.

The problem analyzed, within the limits of these assumptions, is identical to
the elementary stochastic problem of random walk, the diffusion problem [469].
This identity gives us a serious foundation for applying the method of the random
walk of photons in an unlimited scattering medium to describe multiple scattering
[386, 390—394]. Keeping in mind that the scattering multiplicity is, in effect,
proportional to time, we can use Einstein’s famous formula ([290], pp. 229-230)

[* = 6D,N. (5.16)

The quantity D, (the mean square of the length of the random step) represents the
product of the diffusion coefficient of the photon on the mean time of a photon’s
free flight. We should mention that D, and D have a different physical meaning: D,
characterizes the diffusion of photons and D the diffusion of suspended particles.
To calculate D,, we make use of the fact that the trajectory of a random walk
has a profound similarity to a freely coupled polymer chain [470—472]. To calculate
the mean scattering multiplicity, we can use the results already utilized to solve
problems of configurational statistics of polymer chains [470,473]. Employing such
analogy, it can be suggested that the length of a photon free path corresponds to the
length of alink in the chain, while the scattering angle 6; corresponds to the coupling
angle between the links of the chain. However, not only the mentioned analogy
should be kept in mind but also the difference between these models. Firstly, the
coupling angle between the links of the polymer chain is either completely random
(free coupling chain) or strongly fixed, while the scattering angle is a random
variable determined according to the scattering indicatrix. Secondly, the length of
the free path of the photon is not fixed but distributed according to the exponential
law. It can be shown that due to the independence of the scattering angles it is
sufficient to replace the term p = cos 6 with its average value jt in the solution to
the polymer chain problem (the averaging is performed over a scattering indicatrix
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in analogy to Eq. (5.44)). In order to account for fluctuations of the length of the
free path, according to [473], we can calculate the quantity

N N o
*=1L= <Z > 1,~1.>, (5.17)
i=1 j:l

where I; is the vector of translation of the photon between two successive scattering
acts. Then in Eq. (5.17), we can perform the following substitution [390]:

S
=11+ A, (5.18)

li

where [ is the mean length of the free path of the photon

I=h, (5.19)
and A, the fluctuating quantity ((A;) = 0). The exponential distribution law for ;
leads to

(A} =1. (5.20)

The products A;A; when averaged give a nonzero contribution only when the
summation indices coincide (i =j), and also double the “diagonal” terms of
the sum. Consequently, a term of the type NI? is added to the result obtained for
the polymer chain [470,473], after which we finally obtain [390]

1+ 1-pN 2
2= N2t B opp ‘iz + NP = NP —— + o(N). (5.21)
1-p 1-W 1—w
Comparing Egs. (5.21) and (5.16) leads us to the expression [390]
D, = F2 5.22
P 61— E’ ( . )

which is also well known from the theory of neutron transport [474]. This is
not surprising as both neutron [474—477] and radiation [347-349, 354—356,478]
transport theories are based, naturally, on the same principles.

Finally, from Eq. (5.21) we obtain a simple formula to calculate the mean
scattering multiplicity

1-% (L\?
N=——1-]) . 5.23
= (7) 523
From Egs. (5.15) and (5.23) we can now get [390]
1-w (L\*=
m=——[(=) T. 5.24
() (524

Equations (5.23) and (5.24) are the principle result of the simplified photon diffusion
model in an infinite scattering medium. Taking into account Egs. (5.10) and (5.24)
yields
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1-m (L)’ 1 /LY’
R (T) rO0°) (1~ = 3 (7> '(90°)(1 — )2 (5.25)
Let us now analyze Eq. (5.25).

e In conditions of cylindrical geometry, where L = d cos(¢/2), we immediately
get T, ~ cos?(¢/2). This was the result obtained for scattering on model
systems (see Figs. 5.7-5.11).

o Furthermore, we can note the proportionality of I';, to the square optical
thickness, i.e., T, ~ (L/I)? (see Section 5.3).

In addition, in accordance with Eqgs. (5.23) and (5.19), the mean scattering
multiplicity in turbid media is proportional to the square of the extinction
coefficient. In media with totally chaotically distributed suspended particles
the scattering cross sections are additive and, in accordance with Eq. (4.10),
we can use the correlation

3

h=po = 22, (5.26)
41’()

where p is the number of suspended particles in a unit of volume and o the

complete scattering cross section. Moreover

o= Qmnrg (5.27)

holds, where Q is the factor of the scattering efficiency [429,430], ro the
radius of the suspended particle where scattering takes place, and

43
c= 57”09 (5.28)
is the volume part of the particles suspended in a dispersed system. Note

that in dispersed systems with a developed structure, for example, in gels,
Eq. (5.26) can be violated.

o Equation (5.26), taking into account Eq. (5.19), allows us to reformulate the
just-arrived conclusion in the following way: in turbid dispersed systems
the mean scattering multiplicity is proportional to the square of the con-
centration of suspended particles. This result confirms, theoretically, the
discovered experimental fact I'y, ~ ¢? (Figs. 5.7-5.10).

e Finally, looking at Eq. (5.25) we can confirm that the developed diffusion
model predicts the same dependence on temperature and viscosity for I'y,
as for I, ie., 'y ~ (T/M) (Section 5.3, Fig. 5.4).

In conclusion, we should note that the numerous attempts to interpret the
multiple scattering spectra using the “successive” approximation method, sin-
gle, double, triple, ..., and finally, multiple scattering, due to insurmountable
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mathematical difficulties turned out to hold little promise (see, e.g., the re-
views [350, 352]). The mathematical difficulties can be significantly reduced, as
was first shown in [386], if we start straight from high multiplicity scattering.
This approach allows one to use the diffusion approximation of the radiation-
transport theory which can be reduced to the model of random walk of photons in
medium [141, 386,390—394,436-438|.

Naturally, this approach must be applied consistently and without contradictions.
For comparison, we can look at [383, 384] where the authors were apparently the
first to reject the “successive” approximation method and suggested to calculate
'y, using Eq. (5.15). However, according to the statistical model, chosen in one of
these works [384], and employed for calculating N, the mean scattering multiplicity
is proportional not to the square but to the first order of the extinction coefficient
and therefore, has the same value for all observation angles. The analysis carried
out in [386,390—394,436—438] showed that this was due to inconsistent calculation
of the extinction of waves of different multiplicities. The authors did not notice
that by applying phenomenological statistics they, in fact, ignored extinction. As
for [383], extinction is not considered at all. It is typical that the experiment,
performed by them and described in these works, confirmed their theoretical
suggestions. In fact, this is not at all surprising. Both the theory and experiment
in these studies were concerned, as it turned out, with low multiplicity scattering.
Apparently the point here was that the external appearance of highly concentrated
water suspensions of latex is always more or less like milk. However, some
concentrations are high enough for multiple scattering to develop, while others
are not (we have already come across a similar situation [432]: the extinction
coefficient of 1% latex is h ~ 0.1 cm~!, while for milk it is ~10 cm~? ([288], p. 287);
if special measures are not undertaken then the difference is indistinguishable to
the naked eye). This is evident in both the cited works, as it is well demonstrated
in Figs. 5.7 and 5.8, where such curves with concentrations (¢ = 0.06 and ¢ =
0.113%, correspondingly) are shown. This is close to what was used in the
discussed studies. It is clear that with such small concentrations the scattering
multiplicity is small and, consequently, extinction does not play any noticeable
role. In general, it is necessary to account for possible extinction at all stages of
the calculations of the multiple scattering spectrum. In transport theory, extinction
is automatically included, and therefore as a statistics the random walk statistics
should be used.

Thus, we can once more conclude that the simplified diffusion model, worked
out in connection with the multiple scattering spectrum [386], turned out to be
perfectly capable of giving a qualitatively true principle pattern peculiar to this rather
difficult phenomenon. It is also clear that, as the spectrum half-width in this case
depends on the optical thickness of the system under study, the approximation of
the infinite scattering medium, which is the basis of this model, is not adequate for
a real situation and should be replaced. In other words, the model has to somehow
take into account the presence of a boundary in the scattering medium. This
circumstance is a distinctive feature peculiar to high multiplicity scattering. We
should not expect some universal solution from general concepts as the problem
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is too complex. However, it is worth trying to find, at least, some approaches to
achieve this task.

With respect to this problem, we shall now develop the foundations of the
radiation-transport theory, its diffusion approximation, and the influence of bound-
aries, following [141, 386, 390—394, 436—438] by necessity briefly but logically
consistent.

5.4.2
Mathematical Model of Multiple Scattering

5.4.2.1 Basic Concepts of Radiation-Transport Theory
For multiple scattering on suspended particles, for every scattering act, the intensity
of the scattered light is determined by the differential scattering cross section

0a(6) = ﬁop(e). (5.29)

The phase function p(6) is normalized by the condition

Pl

1 1 ,
yes /p(e)dQ = E/p(e) sin6do = 1. (5.30)
4m 0

Radiation propagation in a turbid medium is accompanied by an exponential
weakening of its intensity (Bouguer’s law). Taking this effect into account, we
obtain the following expression for the intensity of single scattering of radiation, I

o
L= IOWP(G) exp(—hr), (5.31)

where Ij is the intensity of the external radiation on the boundary of the scattering
medium (in the case of single scattering, Iy corresponds to the radiation intensity
incident on a suspended particle), r is the distance from this particle to the
observation points.

Single scattered radiation, propagated in a disperse medium, scatters on sus-
pended particles, and high multiplicity scattered radiation arises. At the observation
points the intensities of light waves are summed up, running along all possible
chains of the scatterers. The consistently applied formula (5.31) leads to the
following expression for complete intensity of scattered radiation, Iy:

N
In=1TY exp(~hip) [ | [%p(ei) exp(—hli)] , (5.32)
j i=1 '

where [, is the distance from the entrance of the radiation into the scattering
medium to the first scattering act, the index j enumerates the trajectory of the
radiation’s movement (the scatterer’s chain), N; the number of acts for the jth
trajectory, I; the distance between ith and (i + 1)th scatterers. At the same time, the
following vector equality is obviously fulfilled
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Nj

L=ly+ > T, (5.33)

i=1

where the vector L joins the entry point of the external radiation in the scattering
medium with the exit point of the scattered radiation from this medium.

Mathematically, Eq. (5.32) is equivalent to the radiation-transport equation.
The radiation-transport theory is known to be an approximate theory, obtained
when certain simplified suggestions are made (see [347-349, 354—356] for more).
However, this theory’s application is so wide that it encompasses not only all
dispersed systems, which occur in technical applications, but also in cases which
are infinitely far away from them. We can see this by looking at the list of books
which use this equality, in one form or another, [469—477].

The conditions for applicability of the radiation-transport equation can be for-
mulated in terms of the following inequalities [354]:

1>, (5.34)
and

q
P> 2 (5.35)

where [ is the length of the radiation free path in a medium. For the length of the
light wave, we have h < 0.7 wm, and therefore above-mentioned conditions will be
fulfilled even in such a turbid media, where [ ~ 0.1 mm.

5.4.2.2 Multiple Scattering Spectra Determined via the Radiation-Transport Theory
The spectral properties of radiation, leaving the scattering medium, can be described
by two equivalent methods: either by the spectral intensity I(w), or by the time
correlation function of the electrical field, G(7)

yQﬂP=U0+ﬂum—aa+ﬂHw» (5.36)

In our opinion, to describe the spectral properties in terms of correlation func-
tions is a more convenient approach due to the following circumstances. Firstly,
from the point of view of traditional spectroscopy, the spectrum broadening,
caused by scattering on suspended particles, is exceptionally small and to use
traditional equipment (spectrometers) here to measure the spectral intensity, I(®),
is impossible. Therefore, when studying dispersed systems, such technical equip-
ment (correlators) is used which measures directly the function G(7). Secondly,
as we have already seen, it is easier to use the language of correlation functions
to describe multiple scattering, as in this case the outcome is determined by
multiplying correlation functions which characterize separate scattering acts (see,
e.g., [411)).

Earlier, when considering radiation-transport theory, we obtained Eq. (5.32) for
the total intensity of scattered light, I. In terms of correlation functions, this theory
is easily generalized to spectral problems [386]. As we have already seen (see
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Eq. (5.10)), light scattering on separate particles undergoing a Brownian motion
in the case of free unconstrained diffusion in a dispersed medium leads to
broadening of the radiation spectrum by the value I'. For single scattered radiation,
the generalization of Eq. (5.31) is

o
4772

Finally, we get the following generalization of Eq. (5.32)

G1(T) = Go() p(®)exp [— (hr +TT)]. (5.37)

N

— / Oj —
G(r) = Go(®) Y _exp(—hip) [ | b ) e [ (i +T7)] ¢ (5.38)

i i=1 i
Here the conditions (5.33) should be fulfilled. Further, the correlation function
G(7) can be presented as a product of the following multipliers

G) = Go(f)l—log(f), (5.39)

where (I/Iy) is given by Eq. (5.32) and g(T) describes the change in the spectrum
during multiple scattering. It follows from Egs. (5.32), (5.38), and (5.39) that the
normalized correlation function g(7) is connected to the spectrum broadening in
one scattering act, I';, in the following way

N
g@) = <eXP (— > Fﬁ) > : (5.40)
i=1

where the brackets (...) imply averaging along the trajectory. Now we can write
g(7) in the following form [390,422]:

g(T) = exp (—rmf +y° @) : (5.41)
n=2 '

From a practical point of view, the value of the first cumulant in this expres-
sion, which characterizes the half-width spectrum of scattered radiation (see also
Eq. (5.9)), is of main interest. From Egs. (5.40) and (5.41), it follows that

N
r, = <Z Fi>. (5.42)
i=1

Equation (5.42) connects the measured value of the half-width spectrum of multiple
scattering of ', with the fundamental characteristics of the dispersed system (see
also Eq. (5.14)). The averaging along different trajectories, prescribed by the right
partof Eq. (5.42), is fulfilled by the weight coefficient represented by the summation
on the right side of Eq. (5.32). By using Eq. (5.26), we can again confirm that I'y,
depends not only on the mean size of the suspended particles, but also on their
concentration.

We should reemphasize that this result has a principle meaning: so far correlation
spectroscopy methods have been used when single scattering is predominant, i.e.,
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when the measured quantity coincides with Eq. (5.10). From this it follows directly
that a dependence of the measured quantity on the concentration of the suspended
particles is absent. Consequently, in conditions of multiple scattering there appears
a principle possibility to extract, from the obtained value of I'y,, information not
only concerning particle size in dispersed systems, which a single scattering regime
also permits, but also concerning its concentration. The practical implementation
of this principle possibility is set out in [479,480] (for details, see also Appendix A.2).

5.4.2.3 Transition to High Multiplicity Scattering

From a formal point of view, the mathematical model of multiple scattering can
be considered to be completely developed. The obtained expression (5.42), taking
into account Eq. (5.32), unambiguously determines the measured value of I',.
However, such a most general expression for I'y, is practically useless as there
does not exist an analytical method which allows us to calculate the average on
the right side of Eq. (5.42) for arbitrary scattering multiplicities. If such a method
existed, it would mean that one could build a universal analytical solution to the
radiation-transport equation. At this time, such an universal solution does not exist
and, with high probability, will not appear in the foreseeable future.

There are lots of reasons for such a pessimistic outlook. In recent decades the
transport equation has been subjected to intensive study due to the fact that the
calculations for nuclear reactors are based on the transport theory of neutrons.
However, there still has not been even the slightest hint for a possibility of
building a universal analytical solution to this equation. Therefore, for such a
physical phenomenon as multiple scattering to be used technically, simplified
mathematical models must be worked out. Such models should satisfy two basic
demands. Firstly, they should allow one analytical calculations to be made, for at
least those situations which are of practical interest; secondly, the precision of the
solution should satisfy practical requirements. Naturally, such a simplification will
be paid for by narrowing of the areas where these models can be applied.

As we have seen above, significant mathematical simplification can be achieved
if one immediately goes over to high multiplicity scattering. In particular, in [386]
it was suggested to replace Eq. (5.42) by a simpler expression, Eq. (5.15). Here, we
can rewrite Eq. (5.15) in a more precise form as

Iy = (N)T. (5.43)

Here (N) is the result of averaging the scattering multiplicity N;, while averaging
along the trajectory leads to weight coefficients which are represented by the
summation symbol on the right-hand side of Eq. (5.32). T, as usual, is the value of
spectral broadening in a single scattering event averaged over a single scattering
indicatrix. Taking into account Egs. (5.10) and (5.30), we obtain

T 1 2 2 (o] J—
F = [ rpwyin =20 (%) (1—0) = TO0°)(1 — ), (5.44)
47

where [t is the result of a similar averaging of the value p = cos#.
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In general, it is clear that the right side of Eq. (5.43) is the main term of the
asymptotic expansion of the right part of Eq. (5.42) for (N) — oco. However, for
practical applications of correlation spectroscopy of multiple scattering to dispersed
systems we need to understand the possible corrections, the next terms of this
asymptotic expansion. Let us discuss the procedure for simplifying Eq. (5.42) in
more detail taking into account that what follows does not have any relation to
critical opalescence itself.

First of all, by using Eqgs. (5.10) and (5.44), we can write the identity

Nj N 0
o NTLE W — cos 6;
anzwr+rgf7ti_' (5.45)

With the help of Eq. (5.45), we can rewrite Eq. (5.42) in the following way:

Iy = (N)T +CT, (5.46)
where
1 N
C= T = <Z(E — cos Gi)> . (5.47)
—n i=1

In contrast to the approximate expression (5.43), Eq. (5.46) is an exact consequence
of Eq. (5.42). The basic problem that arises here is the estimation of the value of C.

Note that C depends on many factors, including, for example, the mean scattering
multiplicity of (N). Let us introduce the notation

Apin =R — (cosBi)y, (5.48)

where the index N signifies averaging only along those trajectories which are
made up of the given number of links of N. If, as done in [386], we look at the
diffusion of photons in an infinite scattering medium and one end of the trajectory
is fixed, while the second one is free, then in this model all angles 6; will be
independent random quantities with the same distribution function, p(6). It could
then be assumed that Ap;y = 0, and therefore C = 0. In fact, the real situation is
significantly more complex. The second end of the trajectory is also fixed, which
is expressed by the condition (5.33). This, in turn, means that the distribution of
random quantities can differ from the phase function p(6). When N has alarge value
one would expect that for links in the middle of the trajectory the shown difference
will be insignificant, i.e., the corresponding Ay will be almost equal to zero.
Nonzero values can be expected only at the ends of the trajectories. Increasing the
distance from the ends of the trajectory, the values Ay will apparently constantly
tend to zero. Therefore, it can be assumed that only a limited number of “end”
terms will play a substantial role in the sum on the right side of Eq. (5.47). As a
result, we can state that when (N) — oo

c=0q). (5.49)

157



158

5 Critical Opalescence: Modeling

This result, in particular, has the consequence that Eq. (5.43) really describes the
main term of the asymptotic expansion of I'y, for high multiplicity scattering.
In accordance with Eq. (5.49) it can be suggested that in conditions of geometric
similarity when (N) — oo the value of C tends to a finite threshold value, I'y. Thus
for high mean scattering multiplicities, the exact formula (5.46) can be replaced by
a more convenient approximated expression

I~ (N)T + CoT, (5.50)

where the constant Cy, seemingly, depends on the form of the phase function, p(8).
Equation (5.50) is an improvement as compared to the original formula (5.43). It
leads to the following principle conclusion: in turbid media, I', is a linear function
of the mean scattering multiplicity. This was assumed from the very beginning, but
now this result has been obtained as a consequence of the diffusion approximation
in the theory of radiation transport. This result also shows that the nondiffusive
contribution, represented in the tern I'¢, really plays a role.

Only empirical data exist regarding the possible values of the coefficient Cy (see
Section 5.3 and Fig. 5.14). They support the fact that in technical applications the
second term in the right side of Eq. (5.50) cannot be neglected. However, the simple
dependence between I'g and the size of the scatterers (see Fig. 5.14) [393,394] gives
some hope that before a final theoretical solution to the problem is discovered, it
might be solved for practical applications, at least, empirically.

Let us now look at the exact expression (5.46). It is clear that trajectory averaging
depends on the experiment’s geometry and on the mean length of the free
path I, defined using Eq. (5.19) (see also Eq. (5.26)). The value of the diffusion
coefficient of suspended particles D in no way affects this averaging. Therefore
(N) and C do not depend on such typical characteristics of the medium as
temperature, T, and viscosity, 1. Among the quantities on the right-hand side
of Eq. (5.46) only T depends on T and 7. By looking at Egs. (5.44) and (5.10)
together, we can be sure that, in full accordance with experimental results (see
Section 5.3), I'y, is proportional to absolute temperature and inversely proportional

20
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Figure 5.14 Dependence of I’y on the size of the scatterers [393,394].
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to the viscosity of the dispersed medium, like the spectrum half-width of single
scattering.

5.4.2.4 Effect of the Shape of the Sample on the Mean Scattering Multiplicity

The diffusion model, described in Section 5.4, is attractive because occasionally
it leads to a simple expression for mean multiplicity of scattering. The main
shortcoming of this simplified model is that, as we have already shown, the
influence of the boundary of the scattering medium on the statistics of the
random walk of scattered radiation is neglected. In order to determine the medium
scattering multiplicity accurately, with respect to technological applications, one
needs to go over sufficiently to a more complex multiple scattering model which
is based on solving the boundary value problems for the differential equation
describing the diffusion of photons in a scattering medium [390—394, 437, 481].

In the proposed mathematical model here, the well-known equation

ap (7. 1)

ot
is used [482], where D is the diffusion coefficient, p(F, t) the density of the diffusing
particles at the point, 7, at the moment of time, t. It should be mentioned that such
kind of equations is usually denoted as thermal conductivity equations and their
properties are studied in detail in the corresponding literature (see, e.g., [483]). In
particular, the well-known solution to this equation for an impulse source in an
infinite medium leads to Eq. (5.52)

DV?p (F,t) = (5.51)

(| A7[*) = 6Dt (5.52)

which is analogous to Eq. (5.16). In Eq. (5.51), AF is the displacement of the
diffusing particles.

The diffusion equation can also be applied to describe the intensity distribution
of scattered radiation with respect to the scattering multiplicity. Let us suppose that
at the initial moment of time, the pulse input of the external radiation occurs in
the scattering medium. Such nonstationary problems are described by Eq. (5.51).
However, it is clear that in this case, as was mentioned above, the scattering
multiplicity N is directly proportional to time, t. This means that by replacing the
variable t by N, we keep the form of Eq. (5.51) and this only influences the value of
the constant coefficient on the left-hand side. If we compare Egs. (5.52) and (5.16)
we come to the conclusion that the new value for the shown coefficient corresponds
to the value of D). As a result, by using Eq. (5.22), which was obtained earlier, we
get the differential equation [437]

12 dI(F, N)

—— V27, N) =
3(1-7) N

: (5.53)

where I(7, N) is the intensity of N-multiple scattering. It should be noted that I(7, N)
is continuous in N since the function I(F, #) is continuous.

The mathematical model of multiple scattering under consideration is based
on Eq. (5.53). However, for a complete formulation of the mathematical problem
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it is necessary to formulate the initial and boundary conditions. By integrating
both parts of Eq. (5.53) with respect to N, we obtain an equation which should
clearly coincide with the well-known [354, 355] diffusion equation for the complete
intensity of scattered radiation. These requirements are satisfied by the initial
condition

-

I(r,0) =

-,

Io(7), (5.54)

1 -0

where I() has the previous meaning of the intensity of coherent external radiation,
entering the scattering medium through its boundary without experiencing so far a
single scattering act. The boundary conditions for Eq. (5.53) are formulated similarly
to the boundary conditions for the well-known radiation diffusion equation [355].
It is convenient to formulate them as first-order conditions on the “displaced”
boundary

I(F 4 206, N) = 0, (5.55)

where 7 is any of the points on the medium’s boundary where is no external
radiation, ¢ is the external boundary normal at this point, and z,, the so-called
extrapolated length, is determined in the following way (see [467]):

21 0.71

o~ (5.56)
3-m  1-m

The mean scattering multiplicity is as usual determined by

zZy) =

o0

/ NI(F, N)AN

(N) = *——, (5.57)
/ 17, N)AN
0

where the solution of the boundary value problem obtained from Egs. (5.53) to
(5.55) should be substituted. Naturally, the use of Egs. (5.53)—(5.55) is limited by
the applicability of the conditions of the diffusion approximation [354]. Radiation
absorption in turbid media should be negligible and the typical size of the scattering
sample L should satisfy the inequality

L> 2. (5.58)

Now we can have a detailed look at the general properties of the solution of
the boundary value problem given by Egs. (5.53)—(5.55), which arise from the
symmetry of Eq. (5.53) with respect to the similarity transformation. We shall, as
previously, consider L to be the distance between the entry point of the coherent
external radiation in the scattering medium and the exit point of scattered radiation
from this medium. The symmetry of Eq. (5.53) allows us to express the solution of
the original problem using the solution of geometrically similar problems [440]
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. 1 F N
I(Y, N) = pll (E, p) , (559)

where I (F, N) is the solution of the geometrical similar problem for the unit value
of L (to be more precise, as a similarity coefficient we should use the value L + 2z,
however, due to inequality (5.58) in a first approximation this can be ignored). As a
result, by inserting Eq. (5.59) into Eq. (5.57), we can conclude that the quantity (N)
is proportional to the square of (L/I). This result can be expressed via

1-w (L\?
(N)a = 5 (T) F, (5.60)
where the subscript d signifies the “diffusion model,” Egs. (5.53)—(5.55).

In comparison to Eq. (5.53), the result obtained for the previously discussed
simplified diffusion model, this formula contains the extra multiplier, F, depending
on the shape of the scattering sample [437]. In fact, we managed to get rid of the
influence of this multiplier by going over from the representation of the obtained
experimental dependences in form of the graphs shown in Figs. 5.8 and 5.11 to
those shown in Figs. 5.9 and 5.12.

The analytical determination of the mean scattering multiplicity (N)4, which, as
expected, was only possible for certain problems with a high degree of symmetry of
the scattering sample, which unfortunately does not include cylindrical geometry
[440,481]. Solutions are obtained for the following cases:

e The scattering medium fills a sphere, in the center of which is the coherent
radiation source. In this case, for radiation exiting through the spherical
boundary, F = 1 holds.

e The scattering medium fills a half sphere, while the narrow beam of coherent
radiation is directed at the center of its planar boundary. In this case, F = 0.6
holds on the spherical boundary.

e On the planar boundary, the value of F changes from 0.6 close to the external
edge to 3 in its central part.

All these examples examined by Pavlov [440] show that the form of the scattering
sample substantially influences the value of the medium scattering multiplicity.
Consequently, any model which does not take into account the form of the
scattering sample will be unsatisfactory from a practical point of view.

Thus, although for particular examples of geometry with a high degree of
symmetry it is possible to calculate the factor F analytically, it is impossible to find
a solution to this problem, in general, i.e., with an arbitrary shape of the scattering
sample. Therefore, in any concrete case the coefficient F should be determined by
the calibration measurement on the dispersed systems with known values of T, |,
and . In our opinion, an alternative method of determination of F could consist in
the application of the Monte Carlo method (see, e.g., [484]).

In order to complete the construction of the mathematical model, we have to
substitute Eq. (5.60) into Eq. (5.50) which describes the spectrum half-width of
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multiple scattering, I',. Note that the value of (N)4 is an approximation of the
mean scattering multiplicity of (N). It can be assumed that with high scattering
multiplicity the difference in these values approaches the constant value Ny. As a
result, Eq. (5.50) leads to the expression

1 L\’ = -
Ty = z(1—m1:<7> T+ (Co + No)T. (5.61)
This formula allows us to verify again the basic conclusion derived in [141, 386,
390-394, 436—438, 440, 481] by theoretical and experimental research: in turbid
media with geometrically similar conditions the measured spectrum broadening
of I'y, is a linear function of the square of the optical thickness of the scattering
sample.

5.5
On the Nature of the Constant I

5.5.1
The Relation of I to the Size of the Scatterers

The question concerning the relation of 'y with the scatterer’s size is extremely
interesting, not only for the theory and practice of spectral research in optically
dense dispersed systems but it becomes especially important when studying critical
phenomena. As shown above, all the different mathematical models, which were
based on the diffusion approximation theory of radiation transport (see Egs. (5.46),
(5.50), and (5.61)), predicted its existence. Although the physical nature of 'y is
unclear, experimental data concerning multiple scattering in latexes of different
sizes, which have already been presented (see Figs. 5.7-5.9, 5.11-5.13), allow us
to suggest an empirical dependence of I'y on the size of the scatterer. The results
for four latex particle sizes are shown in Fig. 5.14 [393,394]. The data presented
make it clear that the correction I'y depends neither on the size of the cuvette nor
on the concentration of the dispersed system. Further, it turned out [392] that we
can observe a dependence of 'y on the polarization of the registered radiation. All
these facts allowed us to make the suggestion about the nondiffusion character of
this contribution [392].

While this problem is extremely important and interesting for multiple light
scattering on Brownian particles, as can be seen in Fig. 5.14, it does not at all
touch on critical opalescence. In fact critical opalescence is a sharp strengthening
of light scattering, mostly forward, and arises close to the critical point. It begins
when the correlation radius, £, and the wave length of probe radiation, A, become
comparable, i.e. (A/£)> = (A/r)? < 1. As the increase of & does not stop (see
Eq. (4.24)) when approaching the critical point, it is clear that under conditions of
developed critical opalescence the value of I'y is close to zero (see Fig. 5.14) and
consequently, the role of this contribution in the spectrum half-width of multiple
scattering on critical fluctuations is insignificant in comparison to scattering on
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Brownian particles. This resultis a principle conclusion for critical opalescence (see
Chapter 6). It seems that further theoretical and experimental efforts are necessary
to explain the nature of this term.

5.5.2
The Relation of I to the Depth of the Diffusion Source

Recently efforts have been undertaken to establish the connection between I'g and
the depth of the diffusion source. In [485,486] the distribution of the intensity of
diffused radiation on the surface of the spherical cuvette, filled with a multiple
scattering medium, was investigated. The result was quite unexpected: in the
case of developed multiple scattering the equivalent source is located considerably
deeper than that as suggested by Eq. (5.56).

Thus, one cannot exclude the possibility that the correction to I'y could appear
even within the framework of the diffusion approximation. This is because the
solution of the diffusion equation with variable distance between the effective
source and the medium’s boundary leads to significant changes in the values of the
registered spectrum half-width [485,486]. For deeper understanding of the nature
of I'y and also of other peculiarities of multiple scattering, investigations into this
field have to be continued.
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Critical Opalescence: Theory and Experiment

6.1
Introduction

As was shown in the previous chapter, the results of investigation of the key
features of the multiple scattering spectra in model systems (concentrated latexes)
were successfully explained on the basis of the diffusion approximation of the
radiation-transport theory [141, 386, 390—394,436—438, 440, 481].

In [387-389], the dependences obtained in model systems, were extended to
critical fluctuations. In model systems the extinction coefficient is also temperature
independent due to the stability of the dispersed phase particles with respect
to temperature changes. Therefore, the temperature dependence of the multiple
scattering spectrum half-width, I',, as was shown in Section 5.3, will be the same
as for single scattering.

A qualitatively different situation arises for light scattering on density (con-
centration) fluctuations close to the critical point. Here, on the contrary, when
T — T, along the critical isochore the rapid growth in the fluctuation intensity is
accompanied by an increase in extinction (decrease in the photon mean free path)
and a completely different temperature dependence of ', should be expected.

In order to determine the kind of dependence it is, the results obtained for
dispersed systems with the help of the simplified diffusion model (Eq. (5.24))
can be used as a basis. It should be mentioned that the more general formula,
which refines this model, includes the factor F, taking into account the experiment’s
geometry, and also an additional term (I"y), which depends neither on the scattering
medium’s geometry nor on the scatterer’s concentration (see Eq. (5.61)). As the
geometric factor, F, does not depend on temperature, in the case of critical
opalescence it can be simply omitted.

As for the extra contribution (I'y) in the half-width spectrum its nature, as shown
in Section 5.5, is such that when the size of the scatterers grows its value decreases
but when the scatterers reach sizes equal to X, I’y almost completely disappears (see
Fig. 5.14) [393, 394]. Therefore, as the critical point is approached the contribution
of Iy in the half-width spectrum should decrease, as discussed Chapter 5, and the
half-width spectrum temperature dependence will be mainly determined by the
diffusion component (5.24).
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Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40658-6
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6.2
Theory of Critical Opalescence Spectra

6.2.1
Analysis of the Behavior of I';,, Close to the Critical Point

According to Eq. (5.24), for high scattering multiplicity the temperature dependence
of 'y, is determined by the behavior of three quantities: I, T, and 1 — it. When
T — T, all these quantities monotonously decrease. In fact, fluctuation growth
leads to an increase in extinction and a decrease in [ (bl = 1). At the same time, the
correlation radius & grows and consequently the scattering indicatrix extends in the
forward direction and T and 1 — T decrease. According to the same formula (5.24) a
decrease in [ creates a precondition for the growth of I';,. However, a simultaneous
decrease in T and 1 — | can lead to a directly contradictory result. Therefore,
for further analysis, it is necessary to clarify which of these tendencies will be
predominantly close to the critical point.

In order to discuss critical opalescence it is more convenient to rewrite the basic
formula, Eq. (5.24), as follows:

rp=i2il (6.1)

L e ’
where the temperature dependence is included into two factors, (1/l;) and (T'/)),
and I is given by
: 6.2

“_Tfﬁ' (6-2)
The transport mean free path, l;, is the distance the particle covers in the
direction of the initial movement in the scattering medium. In transport theory,
generalizes the notion of the mean free path in media with noticeable scattering
anisotropy ([291], p. 681).

Averaging the quantities in Eq. (6.1) over scattering angles has to be performed
with a weighting function proportional to dh, which is the differential extinction
coefficient (see Egs. (4.10), (4.11), (4.15), and (5.19)) Since according to the definition

%: / dh (6.3)

holds, then 1 — it and T can be obtained from Egs. (6.4) and (6.5), respectively,

= / (1—p)dh, (6.4)

gl

|

= / Tdh. (6.5)

Thus, to find the temperature dependence of ', it is sufficient to study the behavior
of the latter two integrals [387,389].
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Let us start with the qualitative analysis of the temperature dependence of the
integral given by Eq. (6.4). The differential extinction coefficient, dh, characterizes
scattering in the solid angle d2. For T — T, the quantity (dh/d<2) should grow
continuously for any scattering angle. Limiting (maximum) values of (dh/d<2) are
reached when T = T.. It is known that at the critical point (dh/d<2) diverges when
scattering is in the forward direction (6 = 0) and has a finite value for any other
scattering angle (see, e.g. [140]). The limiting values of the integrand in Eq. (6.4) are
finite for all scattering angles, as the singularity at 6 = 0 disappears when (dh/dQ) is
multiplied by (1 — cos 6). As a result it becomes clear that when T — T, the integral
grows continuously approaching a finite limiting value. It should be mentioned that
the authors of [345] arrived at qualitatively similar conclusions in their investigation
in the extinction coefficient behavior for multiple light scattering close to the critical
point on the basis of the Dyson and Bethe—Salpeter exact equations [487].

When T — T, the integral equation (6.5) behaves in a similar way. The increase
of (dh/dS2) outweighs the decrease in I'. Continuously increasing integrand tends
toward a finite limit: the singularity at 8 = 0 disappears due to multiplication by

I o @™ o (1 — cos §)B /2 (6.6)

(see Egs. (4.3), (4.30), and (4.31)). Thus, we can formulate the main conclusion: as
the system approaches the critical point the multiple scattering spectrum half-width
grows monotonically, reaching its maximum value, I'py, directly in the critical
point. For comparison, it can be noted that the half-width of the single scattering
spectrum I’ when T — T, on the contrary, decreases [26,306—308,319]. Moreover,
T, ~ L2 holds [386, 390, 392], while T is completely independent of the scattering
system dimensions.

In order to clarify how exactly the multiple scattering spectrum half-width grows
and what its maximum value is, it is necessary not only to analyze the character
of qualitative changes of the I'j,-temperature dependence, but also to find out
what analytical form it takes. Taking into account Egs. (4.1), (4.9), and (4.10), the
differential extinction coefficient close to the critical point can be written as

_ 83

dh = —
3t

an?\* -
(’”%) ksTxCi (1+q%7) " 10, v de2. (6.7)
Here, m is a variable that defines the order parameter, i.e., density p for pure liquids
and concentration ¢ for binary mixtures, x is the susceptibility, which as always is
given by

X = Xot '. (6.8)

As for the constant Cj, it is known that for all possible versions of scaling
representation of the correlation function, connected to the structural factor, its
value lies within the limits C; = 0.9 — 1.0 [57,334, 371, 488|.

The indicatrix of dipole scattering, (6, ) in Eq. (6.7), equals

3 3
1(0,V) = o sin? @ = o (1 —sin®6cos® ), (6.9)
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where 1 is the angle between the direction of the vector E in the incident wave
and the projection of the scattering vector on the plane, perpendicular to the
propagation direction. In Eq. (6.9) it is taken into account that for the chosen
angles cos @ = sin 6 cos ¢ holds. The indicatrix is normalized in such a way that
the integral from Eq. (6.9) over the full solid angle is equal to unity [284,288].

To calculate the integrals (6.4) and (6.5), the indicatrix I(6, {) is multiplied by
functions which are independent of the azimuthal angle . Therefore, it can be
immediately averaged over { and Eq. (6.10)

1(0) = % (14 cos?0) (6.10)

henceforward can be used in place of Eq. (6.9) in all formulae. For further analysis,
Eq. (6.7) accounting for Egs. (4.3), (4.24), and (6.8) can be transformed into the
more convenient form

3 1 20
dh = ho—— +cos 4, (6.11)
167 -2 1-(n/2)
[(ﬁkz) +1—cos 6}
where
3 2\ 2 k T
o= (WY ¢ CED.CR— (6.12)
ot U am > 1-m/2)
[(ﬁkio) }

Here hy is the extinction coefficient in a simple system composed of chaotically
positioned dipole scatterers, provided that the single scattering constant at 90° is
the same as in the critical point.

In addition, the well-known relation (4.35), which exists between the critical
indices vy, v, and 1, is accounted for in Eq. (6.12). Thanks to this the explicit
dependence on t in Eq. (6.7) disappears in Eq. (6.12). When Egs. (6.10) and (6.11)
are inserted into Eqgs. (6.3)—(6.5), we get integrals of the type

J(cu) = % (14 cos? 6)(2u + 1 — cos H)*1dg, (6.13)
where (u)~! =2 (ﬁks)z.

With the help of the substitution

2y =2u+1—cosh, (6.14)

the result of integration of Eq. (6.13) for ¢ > 0 can be written in a simple, although
rather awkward, form as

3 (14 u)® —uf
1Y 2 _
Jieu) =22 [(1+2u+2u) %
(1+u)1+l_u1+§ (1+u)2+§_u2+l:|
- (142 6.15
(1+2uw) 14¢ 24¢ (6.15)

The latter relation makes it possible to analyze the behavior of all the quantities of
interest close to the critical point.
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6.2.1.1 Calculation of the Limiting Values of Key Quantities [141,389]
Directly in the critical point, where g§ = x — oo, u = 0, Eq. (6.15) gets the simple
form

Jow=Jg=22(= - 1 4 1), (6.16)
27\t 11 T 24¢

It is clear that
J1)=J2)=1 and Vce (1;2):]k) ~ 1. (6.17)
It should be noted that J(1) =1 is a direct consequence of normalizing
equations (6.9) and (6.10). In the range of small ¢, Eq. (6.16) goes over to
3
= — 6.18
Jo= (6.18)

which satisfies the well-known logarithmic singularity of the extinction coefficient
of single scattering in the Ornstein—Zernike approximation (n = ¢ = 0).

Equations (6.11), (6.13), and (6.16) give the limiting integral values of Eqgs. (6.3)
and (6.4)

i d-w(2)- 1), o
Tli_r)r%clflr:h()](qu;)E%](l—kg), (6.20)

where [y is understood as a certain characteristic length
o= —. (6.21)

We have already extensively discussed (see Section 4.4) the value of the Fisher
critical index n (see Eq. (4.8)) and the problems of determining it, while here only
the fact that for all calculation methods applied to three-dimensional models it has
got values within the range 0.031 < 1 < 0.041 [40] is important. For such values
of n the results of calculating the integrals J(¢) in Egs. (6.19) and (6.20), carried
out according to Egs. (6.18) and Eq. (6.17), respectively, differ from the calculation
using the exact formula (6.16) by only a few tenths of a percent. We shall, therefore,
from now on be guided by these simplified estimates.

To calculate the limiting integral value of Eq. (6.5) we shall use the results
obtained in Chapter 4. So the single scattering spectrum half-width is determined
by Eq. (4.29) which can be rewritten as follows, taking into account Egs. (4.31)
and (4.32)

_ (45)°
r= FlR(kE)HXWQ(qE), (6.22)
where
r, = kT (kgg)> 7. (6.23)

6“ﬁ0§(3)
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When the function suggested by Paladin and Peliti (Eq. (4.33)) is inserted in
Eq. (6.22) instead of Q(g&), and also taking into account Egs. (4.27) and (4.3), we
obtain

3 A
lim T = Tpay = JTfz" /2 ( 2 ) RI' (1 — cos 0) T/ (6.24)

T—Te
3T[ﬁ
4

~

RI'y (1 — cos 0)BT/2,

Keeping this latter result in mind and taking into account Eqgs. (6.11) and (6.21),
the limiting integral value of Eq. (6.5) can be represented as

E'v 311«/— F1J<3-I—xﬁ+n>
[ — )

im

| 2
T, (6-23)

4 2
which, for all possible critical index values in Eq. (6.25), leads to a very simple
expression

=~ gR-L. (6.26)

Finally, let us write the formula for the limiting value of ', in the critical point.
Considering Egs. (6.20) and (6.26) and the estimates (6.17) and (6.18), for Eq. (6.1)
we get

| 113% T %TERL % (6.27)
This formula makes it clear that the limiting value of the multiple scattering spec-
trum half-width at the critical point is completely determined by the combination
Tly 2or Iy h(z) for the given dimensions of the scattering media and the experi-
ment’s geometry (L?). This makes it possible to analyze the dependence of T'yux
from the properties of the studied system, probe radiation and dynamic critical
indices. Taking into account Egs. (6.12) and (6.23) we get [387]

o The dependence of Tmax 0n & in the form

—4+2n+xn
Fmax 08 E

(6.28)
This result provides a unique possibility to determine a very important
characteristic of critical phenomena, the amplitude of the correlation length.
We should note that the limiting value of the multiple scattering spectrum
half-width is extremely sensitive to the choice of the value &¢: a 10% change
in the value of £ leads to a spectacular change of I'nax of nearly one and a
half times (!). This result is extremely interesting considering that & is one
of the toughest values (without counting, of course, the index 1) to measure.
This dependence’s main feature is that it is almost unconnected with the
choice of the values of the dynamic critical indices (2n + x5 <« 1). This
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means that it does not lose its strength even if, for one reason or another
(see Chapters 1 and 2), the system’s critical behavior becomes “classical” in
the immediate vicinity of the critical point (n = x5 = 0).

o The dependence I'yax on ) in the form
Tnay 0 K772, (6.29)

Here we can observe quite nontrivial dependence of I'jy,x on the probe
radiation wavelength. Unfortunately, it is impossible to obtain the values of
the dynamic critical indices from this relation, however this relation is itself
still quite remarkable.

o The dependence of ',y on k& in the form
Tinax ¢ (ko) 120+, (6.30)

This formula shows that even by looking at k&, there is, unfortunately,
no chance of determining the dynamic critical indices. However, this
dependence gives the unprecedented opportunity to select one or another
universal scaling function.

Let us perform this comparison for the Kawasaki, Eq.(4.25), and
Paladin—Peliti, Eq. (4.33), relations via Eq. (6.31),

r r Ixhd
( ""K) = lim %K = 0K = (g ) —@n), (6.31)
Fm,P max T—T. Fm’p FlPhOP

It is easy to see that (I'y, k)max €xceeds (Fy, p)max by 1.5-2.5 times depending
on the various combinations of possible parameter values inserted into
Eq. (6.31). This fact shows the principle way of obtaining information on
the critical indices n and x5 from experiment in the region of developed
multiple scattering.

As Qp in Eq. (4.34) and Qp in Eq. (4.33), unlike Qg, have the same
asymptotic form, the result (6.31) remains the same even when Qp changes
to Qg in this formula.

For more convenience we shall close this part by bringing together all the obtained
regularities

—442 _ -
Tiax % Eg T Topax 0 N77217% T o (k) 215w, (6.32)

6.2.1.2 Calculation of the Temperature Dependence [141,389]
For the sake of simplicity we shall further discuss the temperature behavior of
dimensionless quantities which satisfy the relations

h ! lix r — T

W=—, I'==, lI=— I''=— T =—. 6.33
tr lO Fl Fl ( )
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We immediately obtain from Eq. (6.22) the dimensionless single scattering spec-
trum half-width as

2
r“=R (4¢) Q(gt) (6.34)

3 -
(kE) +Xq
When analyzing the temperature dependence of the multiple scattering spectrum
it is convenient to use a dimensionless variable which does not contain the
geometric distance L. Let us introduce it as

Ty 12
ry =22, 6.35
=2 (6:35)
then the expression (6.1) can be rewritten as
. 1T
m= E T (6.36)

To get the temperature dependence of the dimensionless free path lengths (ordinary
and transport) Eq. (6.11) should be substituted in the integrals, Eqgs. (6.3) and (6.4).
After a simple transformation, and taking into account Eq. (6.15), we get, by analogy
with Eqgs. (6.19) and (6.20),

1 . 1

oo E’W | o

L fa—war =147 e

= fomma =g 1eg 2 (Vake)’ (ﬁks)zj 2 (vake)'
(6.38)

Before analyzing the obtained expressions, let us look at one of the most important
special cases, the Ornstein—Zernike approximation (n = 0 — ¢ = 0). As the basic
relation (6.15) diverges under these conditions it is necessary to use the direct
integration of Eq. (6.13). As a result, instead of Eq. (6.15), we get a different,
simpler expression

3 1
JOu =7 [(1 +2u+2u*)In (ﬂ> —(1+ 2u)] : (6.39)
u
If we wish to be sure that the substitution of Eq. (6.39) into Eq. (6.3) leads to the
well-known relation (4.9), from [195], for extinction close to the critical point, then it

is enough to use the variable w in Eq. (6.39) (remember that w = (2u)~! = (ﬁk%)z
and consider that now y = 2v (see Eq. (4.35)).

According to the normalization condition in Eq. (6.10), J(1,u4) =1 holds as
before. Moreover as J(g, u) weakly depends on ¢ when ¢~ 1, then taking into
account Eq. (6.37) we obtain

1 1
S Py (6.40)



6.2 Theory of Critical Opalescence Spectra

where the precise equality corresponds to the Ornstein—Zernike approximation
(n = 0), and the approximate one accounts for the fact that the Fisher index has to
obey the inequality n > 0. As for the values of the quantity

F*

= / r*dh*, (6.41)
itis not possible to obtain a simple analytical expression, and therefore this integral
has to be calculated numerically.

When k& « 1 for Egs. (6.3) and (6.4), considering Egs. (6.11), (6.12), and (6.33),

and also due to the accepted normalization of Eq. (6.9), the approximate rela-
tion (6.42) holds

5= lé = 2/ g2, (6.42)
t

T

and for Eq. (6.5), considering Egs. (6.34), (6.11), (6.12), (4.3), and (4.26), due to the
accepted normalization of Eq. (6.9), one can use Eq. (6.43)

r_ R2270/2) (g L=, (6.43)

o

6.2.1.3  Analysis of the Obtained Results [389]

The behavior of the nine quantities I*, I*, T*, T, (1 — ), (1/1%), (1/I%), (T /1),
and I'}, is shown on Figs. 6.1-6.4. In semilogarithmic graphs, the dependence of
all these quantities on gt and the dimensionless parameter kg in the variation
range of the latter from 0.2 to 100 is presented. Recalculation is carried out using

Eq. (6.44)
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Figure 6.1 Dependence of the transport (I;y) and normal
() lengths of the free path of the photons on the de-
gree of approach to the critical point of the binary mixture
aniline—cyclohexane [389].
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Figure 6.2 Dependences of I'*, T and (1 — cosf) on the
degree of proximity to the critical point of the binary mixture
aniline—cyclohexane [389].
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Figure 6.3 Dependences h* = "' and h*(1 — cos0) = [}
on the degree of approach to the critical point of the binary
mixture aniline—cyclohexane [389].

Ig (k&) = 1g (k&o) — vigt (6.44)

taking into account Eq. (4.24).

In the computations, we used the parameters of aniline—cyclohexane mixtures
g0 = 0.245nm, n = 1.48, provided that v =0.630 [77,102,103], and » = 632.8
nm. Because of the small variation in the values of &y and n for visible light
scattering in different binary mixtures the range of variation of Ig (k&o) is not large:
—2.8 <lg (k&) < —2.2[93]; aniline—cyclohexane having Ig (k&) = —2.44 virtually
occupies the “central” position in it. To reduce Eq. (6.33) to a dimensionless form
the characteristic length Iy was used (see Egs. (6.12) and (6.21)). By inserting
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Figure 6.4 Dependence of (I'*/I*), T, and I' on the degree

of approach to the critical point of the binary mixture
aniline—cyclohexane [389].

the experimental data from [93] into Eq. (6.12) we obtain [y = 0.71cm. In all the
figures, the solid line corresponds to the results of calculation with n = 0.031
and xy = 0.0635. The dotted line gives the dependences corresponding to the
Ornstein—Zernike approximation and therefore, to the universal scaling Kawasaki
function (4.25), where 1 = x5 = 0. The dotted line completely vanishes when for
zero critical index values the result changes by less than 0.02.

Figure 6.1 demonstrates the difference of the transport free path length [, from
the mean free path length I* (see Egs. (6.2) and (6.33)). When k& « 1 the scattering
indicatrix is practically symmetrical relative to the plane, perpendicular to the
incident beam. As a result cos§ = [t close to zero and [, & I*. It is clear from the
figure that an increase in k& leads to a continuous decrease in I*. The transport
length I¥. decreases significantly slowly and for large k&, starting from t ~ 1074,
its value stabilizes close to unity. While I* continues to decrease the ratio [, /I*
increases, reaching values for k& = 2 and k& = 100 equal to 2 and 7, respectively.
Equation (6.2) shows that the reason for this can be found in the behavior of cos 6.

Figure 6.2 illustrates the above assertion. On approaching the critical point
(with a growth in k£) the scattering indicatrix is stretched extending forward and
therefore T and 1 — & decrease continuously. Let us emphasize the difference in
the behavior of two spectral characteristics of single scattering, T and I'*. The first,
which is averaged with respect to the scattering indicatrix, continuously decreases
when kg increases. The second, corresponding to scattering under a fixed angle
6, stays practically constant for large k&. The growth in the scattering indicatrix’s
asymmetry, as it approaches the critical point, can be estimated using the angle
value 6. = arccos(cos 6). Let us look at the results for some values of k&: kg = 1, 10
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and 100 = 0. = 72°, 43°, 32°, respectively. When k& — oo the minimal limiting
value is e = 12° (n = 0.031).

Figure 6.3 deserves special attention as it demonstrates the qualitative difference
in the behavior of two quantities, corresponding to the integrals (6.3) and (6.4).
Formally, when n > 0 and k& — oo both the integrals get close to finite maximum
values, they are “saturated.” In fact for the dimensionless extinction coefficient
h* = I*~1 it is impossible to observe this effect. In order to reach even half
the maximum of h*, it is necessary that k& = 10°. By contrast the quantity
W*(1 — cos 6) = I#"! already reaches half of its maximum value when k& = 0.8, and
when k& = 6 its value is only 4% less than the maximum.

The main results, which correspond to Egs. (6.36) and (6.41), are shown in
Fig. 6.4. It is clear that T ()" becomes saturated before (I*)~!: half of its
maximum value corresponds to k& = 0.4 — 0.5, and when k& = 4 it is only 3%
less than the maximum value. It should be noted that the difference between two
versions of critical phenomena theories (solid and dashed lines, respectively) can
be explained with the help of Eq. (6.43). When k& > 10 the value of I'}}; is stabilized.
It is worth noting that the mean scattering multiplicity N continues to grow and
when kg changes from 10 to 100 N doubles its value. However, the simultaneous
decrease in T (see Fig. 6.2) compensates exactly for this growth.

Figure 6.4 also shows that the limiting value I'}, coincides for both versions of
the theory and in accordance with Egs. (6.27) and (6.35) we have ', ~ nR (in
this graph it was assumed that R = 1). This means that by using the value I’} it
is possible to estimate the difference of the universal amplitude R from unity. It
should, however, be kept in mind that only the dimensionless values (I'"}}) behave in
this way. The behavior of their dimensional analogues has already been discussed
(see Eq. (6.31)). It should be remembered that for usual critical index values and
typical values of k&g, 'y, x is practically twice as large as 'y, p.

The dependence of '}, on k& (Fig. 6.4) describes the behavior of the scattered
light spectrum provided that N 3> 1. In the experiment, we should be able to see a
smooth change in scattering mode: far from the critical point, when [ >> L, single
scattering is predominant and I'* = (I'/ I'1), while in the immediate vicinity of the
critical point where | « L, I'}, = 2(I3/L%)(T'/ T'1). It is clear that the left sides of
these two formulae behave in opposite directions: I'* decreases when kE increases
(Fig. 6.2) while I'},, on the contrary, increases (Fig. 6.4). Such behavior was first
obtained in [387,389]. Till that time it has been assumed that when T = T, the
half-width scattered light spectrum can only decrease.

In reality, a monotonic decrease in the spectral width can only be obtained
when looking at scattering with a fixed multiplicity (single, double, etc.). Nu-
merous papers on this topic are discussed in the review [350]. When the mean
scattering multiplicity continuously increases the character of the changes in the
spectrum half-width becomes fundamentally different. At first, when single scat-
tering is dominant the behavior of the spectrum half-width corresponds to the
well-known Kawasaki dependence. Then a smooth change in the scattering mode
can be observed and I', which is now I',, continues to grow and reaches its
maximum value, as shown in Fig. 6.5 [387,389]. This result appeared to completely
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contradict all the then existing conclusions of the theories of multiple scattering
spectra close to the critical point. The next section is dedicated to investigate it
experimentally.

6.3
Experiments Close to the Mixing Critical Point

Critical opalescence has been actively studied for many years (see, e.g. [26, 40,
117,285,287,289,292,337-346,364—382]), by methods of correlation spectroscopy
including [93,246,247,271,275,282,319, 358, 359, 399-403, 489, 490]. However, as
there was no theory for the spectral manifestation of developed critical opalescence,
researchers always had to stay within the limits of low scattering multiplicity. After
the development of a mathematical model of spectra of the diffusion mode of
multiple scattering both on Brownian particles [386,392] and on critical fluctu-
ations [387-389] it became possible to go beyond these limitations and conduct
experiments not only “far” from but also in the nearest vicinity of the critical point,
in the range of continuously growing scattering multiplicity.

6.3.1
Experimental Setup

The setup used to study dynamic light scattering on model systems (see Section 5.3)
was not designed to conduct experiments close to the critical point. That is the
reason why many of its elements did not satisfy the necessary requirements for
such investigations. First of all this is concerned with the accuracy of temperature
measurement and maintenance. Moreover, the problem of PM afterpulses, which
we have already discussed, required more fundamental modifications to solve it.
As a result, the optoelectronic part of the setup was significantly changed. Let us
briefly describe the essence of these changes [141].

In particular, a three-circuit thermostat with an electronic temperature control
[493,508] was created. A platinum resistance thermometer was placed inside the
internal shell of the thermostat. In order to reduce thermal resistance, the free
space cavity, where the thermometer was placed, was filled with oil. The thermostat
system guaranteed a smooth temperature change of the sample within the range
of 25-160 degrees, with an error not exceeding 0.3 mK. This made it possible to
get closer to the critical point (t ~ 107°) and carry out measurements (see Fig. 6.5)
in the nonhydrodynamic domain (right up to g& ~ 5).

We should not forget that the role of PM afterpulses sharply increases when
weak signals are registered (see Section 5.2). In conditions of developed multiple
scattering, independent of the reason for its appearance, the direct laser beam does
not go through the medium but scatters completely in the whole volume. It should
be emphasized again that this makes it possible to distinguish multiple scattering
from scattering with a not very high multiplicity. Under these conditions, a
significant part of the light is radiated on this part of the medium’s surface,
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Figure 6.5 Comparison of the theoretical curves for the
spectrum half-width of single (Kawasaki theory [307,317] is
the dashed line) and multiple (theory [387,389] is the solid
line) scattering.

surrounding an entering laser beam. From observation angles close to 60° (see
below for more on the choice of observation angle) the scattered light intensity
decreases sharply. This circumstance really complicates research as it aggravates
even more the negative influence of PM afterpulses on the shape of the correlation
function.

The usual method to cope with the effects of afterpulses, when performing
the investigations close to the critical point, by significantly increasing the laser’s
power is, unfortunately, not acceptable. This is because in this area the system
becomes exclusively “sensitive” to external actions. This last circumstance makes
it necessary to take into account the possible heating of the medium by the
laser beam [93, 326, 395, 494]. Such heating (for more see [395] and Section 6.4)
is estimated, in various papers, to have the value of the order 1mK/mW [93].
To eliminate this effect, the power of the laser beam in conditions of developed
multiple scattering is usually decreased to a value of less than 1 mW.

To reduce the negative effect of afterpulses when investigating model systems,
the data accumulated in the first few correlator channels were excluded from the
correlation function approximation. However, this kind of data processing method
can only be applied for to correlations times, larger than the time scales, typical for
afterpulses (in our case 10 ps, see Fig. 5.3). When investigating critical opalescence
the time correlation of scattered light reaches values significantly lower than 10 ws.
Therefore, this method of accounting afterpulses is not acceptable for processing
the correlation function.

Hence a special experimental method was used, namely cross correlation [495],
which allows, in principle, to eliminate completely the contribution of afterpulses
in the correlation function [418,419,496—498]. As can be seen in Fig. 6.6, when
using cross correlation, the light scattered by the sample through an angle falls
on the ray splitter (D, Fig. 6.6), thereby distributing the radiation between two
photodetectors. As afterpulses arise in the two photodetectors independently no
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Figure 6.6 Diagramatic of experimental setup functioning
with the cross-correlation method (the thermostat is not
shown).
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Figure 6.7 The correlation function of light, scattered on
fixed scatterers using cross correlation [141].

correlation is seen between them and consequently, the correlation function is
free from their influence. The correlation function from the fixed opaque screen
in Fig. 6.7 demonstrates the efficiency of this method. It is clear that the cross-
correlation method is really very effective in removing distortions caused by
afterpulses (compared to Fig. 5.3).

In order to get a more effective accumulation of the correlation function, the
intensity of scattered light falling on the photodetectors in two light beams should
coincide. To create such conditions in practice is actually quite difficult. However,
as shown in [498] this requirement is practically not critical. Nevertheless, in
an attempt to create optimal measurement conditions the angle between the
photodetectors was chosen close to 120°. It turned out that by so doing we
managed to separate the scattered radiation intensity between both the PMs almost
equally.
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6.3.2
Choice of the Object of Research

By virtue of their general mechanism (anomalous fluctuation growth) critical
phenomena are universal, and it would therefore appear that the choice of the
object of research, within the limits of the same universality class, does not play any
principal role. So, as pure liquids and mixtures belong to the same universality class
(d =3,n=1) as the three-dimensional Ising model (see, e.g. [40]) it is possible
to study critical opalescence either on pure liquids or on mixtures. However,
this is not completely true. When the critical point is approached the system’s
susceptibility to external influences (gravitation, external fields, impurities, etc.)
increases sharply. If we take into account the fact that they are less compressed,
mixtures are less affected by the influence of gravitation than pure liquids, and also
by selecting components with little density difference (see, e.g. [40]) this influence
can be further decreased. Therefore, in this case, it would be better to use binary
mixtures rather than pure liquids.

There are many different binary mixtures available which make them ideal
subjects for studying critical opalescence. This makes it easy to choose the most
suitable one for any kind of research. We needed a strongly opalescent system; so
the main selection criteria were: (i) significant differences in the refraction indices
An of the mixture components (scattering intensity ~ (An)?) with (ii) similar values
for density Ap (weak appearance of the gravitational effect), and (iii) the mixture
should have been well-studied previously.

The density of the components of the binary mixture aniline—cyclohexane
(389, 391] is moderately different (Ap = 0.24 g/cm?) while there is a significant
difference in the refractive indices (An = 0.16), so this mixture fully satisfies the
formulated criteria. We can point out for comparison, that for weakly opalescent
systems the analogous value of An is almost of an order of magnitude less. For
example for the critical mixture 3-methylpentane—nitroethane An = 0.0129 and
for nitroethane-n-hexane An = 0.017.

As for aniline—cyclohexane, it has probably been studied more than any other
mixture. The analyses carried out on this system can be used to study the history of
critical phenomena. Intensive research into this and other mixtures started in the
mid-1950s (see, e.g. [117,289] and references therein; [499] contains a good review
of early work on critical opalescence). Since then binary mixtures have become
frequently analyzed subjects to study the specifics of critical behavior similar to
pure liquids.

6.3.3
Binary Mixture Aniline—Cyclohexane

One of the first experiments using the, at the time, newly created laser homodyne
spectrometer was carried out by Cummins et al. [500] on the critical mix-
ture aniline—cyclohexane, placed in a 3mm diameter cylindrical cuvette. Alpert
et al. [489] were one of the first to apply correlation spectroscopy, and the first
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to measure the width of the Rayleigh line close to the critical point in an ani-
line—cyclohexane mixture. This experiment confirmed the ¢?-dependence of the
half-width line close to the critical point (see Eq. (4.19)). However, extrapolation of
the temperature dependence to T led the half-width line tend not to zero, but to
a value equal to 25 Hz. In the discussion following this lecture!) Alpert (working
at Columbia Radiation Laboratory, Columbia University, New York), the author
0f [490], answering Marshall’s (working at Atomic Energy Research Establishment,
Theoretical Physics Division, Harwell, England) question concerning the reasons
for this deviation replied that it would be eventually possible that they were not
exactly at the critical point. To which Marshall remarked, “However, suppose that
the scattering power of each molecule is slightly dependent on its neighboring
molecules. Then the scattering power would depend on short-range order. You
may then get a term which is in fact not divergent” ([5], p. 161). In our opinion this
remark can be considered the first indication of the necessity of accounting for the
background part for kinetic coefficients, and the data leading to this remark can be
considered to represent its first experimental discovery. The first detailed theoretical
and experimental papers on this topic appeared much later 318,321, 325,501, 502].

The dependence of the viscosity of this mixture on temperature close to the
critical point was measured in [503] by using a capillary viscometer. It was known
before this that a viscosity singularity exists [S04]. However, it were the experimental
data obtained in this paper that made it possible to make a quantitative assessment
of the logarithmic character of this anomaly. It was a few years later that theoretical
works [303, 307, 322] were performed where the viscosity singularity was explained
and the corresponding critical index (x5) was calculated.

MclIntyre and Wims, in their extremely thorough research [505] on static light
scattering near the critical point of aniline—cyclohexane, and trying to get rid
of multiple scattering, increased the sample’s thickness up to 0.5mm. When
using a cuvette with thickness ~ 0.1 mm they found that the critical temperature
changed by 0.5°C. It seemed that this change was caused by the influence of
boundaries, and/or by the action of surface forces. This example, to our mind,
convincingly illustrates the pointlessness of trying to eliminate the influence of
multiple scattering in this manner. On the other hand, the use of large cuvettes
near the critical point has its own complications. Chu demonstrated that in
cylindrical cuvettes with diameter of 10 mm or more, multiple scattering brings
about significant distortions. However, the use of smaller diameters ~ 2 — 3 leads
to significant complications due to light refraction and reflection [117].

An essential contribution to critical phenomena research, in general, and on
the aniline—cyclohexane system, in particular, was made by Calmettes (see, e.g.
[271-273,314,315]) and Beysens (see, e.g. [93,95-97]). The dependence T" o ¢°

1) As was already mentioned (see Chapter 1), This part of the publication [5] was not less in-
the first large conference on critical behavior teresting than the lectures themselves. Unfor-
took place in 1965. Not only were the lectures tunately, this way of publishing conferences
published [5] but also transcripts of the nu- works did not become the norm.

merous discussions between the participants.
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(see Eq. (4.28)) was first found in [314]. It was after this that Kawasaki proposed his
famous formula, Eq. (4.25). Investigation of the behavior of critical mixtures under
shear flow was first carried out in [95] (see, also [96, 97]).

We can see that the mixture aniline—cyclohexane was really studied extremely
thoroughly, using mainly optical methods. In studying this and other binary
mixtures, researchers tried to eliminate multiple scattering in every possible
way either by reducing the cuvette size or by completing the experiment far
from the critical point, either choosing a weakly opalescent system or, finally,
using the whole set of “security measures.” In any case, according to existing
information, the laser beam in the cuvette was always visible in all available
experiments. This is a typical sign of insufficiently high scattering multiplicity.
In the research discussed below [397,398], opposite methods were undertaken:
the increased cuvette dimensions, a strongly opalescent mixture, and significantly
closer approach to the critical point.

It is well known that aniline is hygroscopic, oxidizes and acquires a yellow
color in light, and over time turns completely black. Therefore, before putting
together the critical composition, aniline is dried and repeatedly distilled in
vacuum. If the cuvette with aniline is sealed off, no later than two hours after
this procedure, it becomes completely transparent and colourless [271]. Only in
this way the reproducibility of results can be guaranteed. As for cyclohexane,
when spectral-grade, no extra cleaning is necessary. The prepared mixture has
a concentration close to critical (43% aniline and 53% cyclohexane, by weight)
and was dedusted by vacuum distillation in a glass cylindrical cuvette which was
immediately sealed off. The cuvette’s inner diameter was 50 mm, which guaranteed
a noticeable increase in the scattering multiplicity even when the temperature was
relatively far from critical. On the other hand, the cuvette’s large optical thickness
made it possible to carry out qualitative measurements under single scattering
conditions very far from the critical point. This, as already mentioned above, is of
primary importance for adequately accounting for the “background” part of critical
scattering.

When constructing and preparing the thermostat, all possible measures were
undertaken to reduce the temperature gradients to a minimum. A special test
showed no temperature gradients along the cuvette’s length in a stationary state
within the limits of thermostatting accuracy. However, upon changing temperature
they might appear. Temperature gradients, whatever their reason is, are always
be accompanied by concentration gradients which grow as the critical point is
approached. To eliminate their distortive influence from the experimental results,
each measurement of I',, was carried out only after the system had been held at
a given temperature for several hours. This measure made it possible to reach
thermodynamic equilibrium in the system.

Another experimental difficulty when studying the critical point is the need to
account forlocal heating of the laser beam in such a system. We managed to estimate
the influence of laser radiation on parameters of the system close to the critical
point, having analytically solved the medium heating problem under conditions of
radiation power distribution due to multiple scattering (see Section 6.4). Moreover,
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upon transition to multiple scattering close to the critical point the light intensity,
scattered under a certain angle, falls. This leads to an undesirable decrease in the
signal/noise ratio and, therefore, to an increase in the signal accumulation time
in the correlator. The accumulation time also increases as the power of the laser
is decreased in order to minimize heating of the medium. As a result, when the
power of the output beam does not exceed 1 mW, the measurement time of T, at
each temperature was about several hours. This made it necessary to ensure not
only a high thermostatting accuracy but also the beam’s stability over time. These
conditions were satisfied in this experiment [397, 398].

6.3.4
Experimental Results

In Fig. 6.8 the full circles represent the measurement of ', depending on lg t with
a fixed observation angle 6 = 60° [397,398]. The observation angle 6 was chosen as
60° for convenience of comparing the measurement results in single and multiple
scattering modes. In fact, to describe the half-width spectrum for single scattering
a wave vector of scattered radiation is used, while for multiple scattering incident
(radiation) wave vector is employed. These vectors coincide with respect to their
values at 60°. The dashed line in the diagram represents the spectrum half-width
of single scattered T at the same scattering angle 60°. The calculation was made
using the Kawasaki formula (4.23) [307].

Comparing the measurement results of ', and the theoretical dependence of I'
allows us to single out two areas from the behavior of the half-width of scattered
light. In the temperature range, corresponding to values of Ig t in the range from

SH aniline —cyclohexane

I, kHz

Figure 6.8 Temperature dependences of the half-width spec-
trum of multiple and single scattering modes: Full circles
(o) show experimental data [397, 398], the dashed line the
Kawasaki theory and the solid line is traced along the exper-
imental points (see also Fig. 6.5 and the comment in the
text to it).
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—3 to —3.8, the half-width spectrum decreases monotonically, right up to the
value Ig t = —3.2; the dependence fully corresponds to the theoretical curve for the
single scattering mode. As the system approaches the critical point the scattering
multiplicity grows. An increase in the scattering multiplicity leads to a monotonic
growth in I'y,, as demanded by the theory developed in [387,389] and discussed in
the previous section. Moreover, the quantitative comparison of the experimental
and theoretical values of the “growth rate” of ', on the virtually linear part of its
sharp increase also gives a quite satisfactory agreement, in view of always high
experimental error near to the critical point:

AT AT
( m) =6 x 10°Hz, ( m) =5 x 10°Hz. (6.45)
exp theory

Algt Algt

The above described experiment was the first to be carried out in the area
of critical opalescence in the nearest vicinity to the critical point of a binary
mixture [397,398]. It showed that, in general, the behavior of the multiple scattering
half-width spectrum corresponds quite well to that mathematical model which has
been worked out on the basis of generalization of experimental information and
theoretical ideas on multiple scattering on Brownian particles [141, 386,390—394,
436-438,440,481] especially for this case [387,389]. This experiment confirmed the
basic conclusions of the theories [387, 389] that the multiple scattering spectrum
half-width in this case, unlike single scattering or any other scattering with a
fixed multiplicity, when approaching the critical point does not decrease but
increase. At the same time “far” from the critical point, for single scattering, the
experimental results [397, 398] agree very well with Kawasaki’s well known and
tested theory.

6.4
Heating of the “Critical” Medium by Probe Radiation

The problem posed in the title of this section is of great significance and interest
when studying critical opalescence. This is because scaling equations like Eq. (1.4),
by means of which the behavior of any physical properties of a system close to
the critical point is described, demand exact knowledge of the distance from it
with respect to temperature. Speaking about critical opalescence, we mean any
research by optical methods as, even though the latest methods, owing to extremely
weak interactions of light with matter, also related to invasive control methods, but
when the properties of a substance strongly depend on temperature, the success of
research, nevertheless, is impossible without properly taking into account medium
heating by probe radiation. Estimates of the influence of such a heating of various
systems near their critical points show that even for weakly opalescent binary
mixtures (e.g., nitroethane—isooctane) the temperature increase may be as much
as ~ 1mK/mW [93,324].

In [494] the problem of heating the liquid crystal isotropic phase BMOAB
(ButylMetOxyAzoxyBenzene) by probe radiation in the neighborhood of the ne-
matic transition point was solved. Temperature distribution in the medium with
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absorption was obtained in the single scattering approximation. It is impossible,
however, to draw any conclusions from these papers about the changes which can
be expected when going over from single to developed multiple scattering. The
problem of heating of weakly absorbing but strongly opalescent scattering media
(e.g., binary mixture aniline—cyclohexane close to the demixing critical point) by
laser radiation in such conditions was solved in [395].

Let a narrow laser beam fall onto a cuvette filled with a scattering medium.
Penetrating into a cuvette, light dissipates in it, being partly absorbed which creates
the volume distributed heat sources. When the scattering multiplicity tends to
infinity, the passing light can be neglected and one has to take into account only
the scattered light. It is necessary to find the temperature distribution in a cuvette
provided that the boundary of the cuvette is kept at a constant temperature, Ty. The
radiation diffusion equation, employed for the analysis of this problem, is

Pod (F — 7o) , (6.46)

where I is, as usual, the light scattering intensity, 7y is the equivalent source
location, and Py is the laser power. Following the sense and the determination
of ¢y, a direct laser light penetrates only to a depth of the order of magnitude
of ¢y. After that the knowledge concerning the initial direction of propagation
is lost. Therefore, it is reasonable to choose the equivalent source position (7o)
at a distance ¢y, counted off the boundary point down the beam direction. The
boundary condition for Eq. (6.46) is

1) epsseqm = 0 (6.47)

where 0S + {4 is the surface, located at a distance €4 from the sample boundary
in the direction of the outward surface normal.

If o is a radiation absorption coefficient then aldw is a power of the heat sources
in the unit volume, produced by photons with velocity directions distributed in the
solid angle dw. Then 47l is the full volume density of an energy source. In order
to find the temperature distribution in the cuvette volume it is necessary to solve
the thermal conductivity equation with a 4ol energy source

47
AB® =

= al, (6.48)
Cp DT

where O is the temperature difference between the cuvette (T) and the thermostat
(To). ¢p is the heat capacity of the unit volume. The boundary condition for
Eq. (6.48) is
Olyeps = 0. (6.49)
Applying the A-operator to both parts of Eq. (6.48) and taking into account Eq. (6.46)
we get
30LPO

A’O = SF—TF)=AS(F—To), 6.50
GDrtg ! =4 (F=R) (69
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where

3aP,
A= 220 (6.51)
CpDTEt'r

The boundary conditions (6.47) and (6.49) must be mutually consistent. In order to
solve Egs. (6.46) and (6.48) with the boundary conditions (6.47) and (6.49), which
would be the upper estimate for them, it is necessary to employ the boundary
condition, Eq. (6.52), instead of Eq. (6.49)

Olre(astegg) = O- (6.52)
Let us consider the Green function for the Helmholtz equation
AI(F, 7o) — K I(7, 7o) = 8(F — To), (6.53)

and write down the formal expression for I as

I(7, 7o) = ﬁs(? —To) = ATIS(F — To) + K AT28(F — To) + O(kY). (6.54)
Now, it becomes evident that the multiplier at k? is an expression, which coincides
up to a constant factor A with the solution of Eq. (6.50). In other words, to solve
Eq. (6.50) it is sufficient to obtain the Green function for the Helmholtz equation
with a precision up to k?-order terms.

For a sphere with zeroth-boundary conditions on its surface this problem can be
solved analytically for an arbitrary position of the radiation source. This solution is
given in [395]. Here we will consider and analyze only the final result [141, 396]

AR 1/2 1/2
O(r, ¢) = 8—111 [(1 + 2ppo cos 6 + pzp%) 2 (p2 + 2ppo cos O + pé) / ]
1/2
(L= 0%)(1 = p}) /Wo) Y & (6.55)
03/203"2 0 1+2y*cos®+y* '
where
r 1o

P=R—1, Po=R—1, Ri = R+ Lair- (6.56)

Here ry and r are the distances from the center of the sphere to the source and to
the observation point, respectively, 6, as usual, is the scattering angle.
Let us derive an upper estimate for the expression (6.55)

AR
O(r, ¢) < 8—751 [(1 + 2ppo cos 6 + pzpé)l/2 — (p* + 2ppo cos O + p(z))l/z] . (6.57)
Let us denote the expression in square brackets in Eq. (6.57) as H, then

oH (1= p*)(1 — p)

- (6.58)
00 F(p, po, 0)
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where

F(p, po,8) = (1 -+ 2ppo cos b + p*p3)"/*(p* + 2ppo cos 6 + p)'/2

x [(1+ 2ppo cos 6+ p”pg)"/* + (p* + 2ppo cos 6 + ) /2] = 0. (6.59)

Thus, the derivative of H with respect to 6 tends to zero when 6 = 0 and 6 = = for
any p, po, and also when p =1 or py = 1 for any 6. In the latter case H = 0 also
holds, which makes it uninteresting. So, we have

1—p)(1— fi =
S or 9=0 (6.60)
[1—pop| — |1 —po| for 6=m.
It is clear that H(p, po,0) reaches its maximum at po = p when 6 = m, i.e. at the
source. Then the following estimate will be true:

H < (1= p5)],, -0 =201~ po), (6.61)
@( e) < AR12 1 AR1 1 o A R
1) < o1 —po) =2 (1- 2 ) = 2Ry =
g LT P =0 R, ) = a0
A 3aPy 5 5©*
= — (Cu + Lair) = T=-—, 6.62
am ) = D3 T 2w (6.62)

where ©* = (aPy/c, D7) is a quantity with the dimensionality of temperature. For
reasonable values of the parameters characterizing medium and source

a=01m™', Py=2mW, ¢,=18J/(m’K), Dr=15x10""m’/s,

(6.63)
we obtain ®* = 7 x 10~* K. Note that ®* does not depend on €. This feature

can be qualitatively explained by the fact that the smaller is ¢, the longer are
the photon’s trajectories and consequently the absorption increases. On the other
hand, the smaller is I, the smaller is the depth of the equivalent source position.
These two tendencies compensate each other and as a result ®* does not depend
on Y.

Near the point of the falling beam, in the domain with a radius of the order
of £y, it should be noted that the diffusion theory for the radiation intensity will
fail. Therefore, this domain demands special consideration [395]. Let a photon
fall on the surface of a cuvette and then go to the boundary with a radius of ¢y
measured from the input point. Then the heat power which evolves in this volume
is approximately equal to ol Py. If we replace the distributed source by the point
one which should be offset by l; from the boundary of the sphere, we get the
following set of equations

AO = —O*y3(F — To),

(6.64)
Olf=r =0,
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where R — ry = {y. The solution to Egs. (6.64) is

O* Ly 1 R
O(r) = : _
ro—R

4 [(2+2rRcosO +r2)/2 (1212 4 2rroR% cos O + R%)1/2
* 2(p2 _ 2
= ?_ﬂ (r*+ ZK;r}glzos é)r—|—)R2)3/2 ' (6.65)
The upper estimate of Eq. (6.65) will be
o) o £2(R? —12) _ e 2(R—7) (6.6

- 47 (2 + 2rRcosO + R2)32 = 2: |7 — RP

where R = (0,0,—R).
If we denote =  — 6 and use the obvious inequality R — rcosp > R — r we get

om < O* (3 (R—rcosP) O L3 (F — R).
2

F—R3 21 [F—Rp
O B @ o
=—— = Rr—R=——t —R). 6.67
rx o ORI -R == QLG R) (6.67)
It should be noted that
- 3 1 > 2
fz(f— R)= ——=—=cosR,7 —R) (6.68)
[F — R|?

can be considered as the z-component of a certain Coulomb force which acts on a
unit charge at the point with the coordinates (0, 0, —R) from the side of the volume
element of a charged sphere with unit charge density. It is well known that in this
case the full force acting from the side of a sphere does not change if this sphere
is replaced by a point charge with magnitude (47/3)R? located in the center of the
sphere. After volume averaging, Eq. (6.67) can be finally written as [395, 396]

_ 1 ) 1 o ,. . -
[Fl<R [FI=R
* 2
_ 9 (ﬁ) . (6.69)
2w \ R

In the case of multiple scattering the quantity (¢i;/R) is much less than unity.
Then comparing Egs. (6.69) and (6.62) one can see that the volume averaged
contribution from this domain in the heating of scattering medium is negligible
in comparison to the contribution of diffusively scattered light. So, we can make
the theoretically very interesting and in practice extremely important conclusion:
heating of matter, which is caused by multiple light scattering, when the free path
transport length is small in comparison to the usual dimensions of the scattering
volume (¢;/R) <« 1, does not depend on the scattering multiplicity.
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This feature allows us to investigate the substance’s properties using multiple
scattering in the immediate vicinity of the critical point without continuously
correcting the output power of the laser beam as it approaches the critical point.
Furthermore, the calculation made here confirmed the estimates made by other
authors [93, 324] in which the heating of weakly absorbing probe radiation systems
near the critical point does not exceed ~ 1 mK per mW of the output power of
the laser beam falling into the investigated medium. It thereby becomes almost
possible to correct the excess temperature differences which arise between the
thermostat and the investigated medium close to the critical point due to heating
caused by probe radiation, dependent on the single parameter, inserted in the
medium power from the radiation source, without any particular consideration of
the degree of approach to the critical point [395, 396].
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Thermal Conductivity in the Vicinity of the Critical Point

7.1
Introduction

Among the transport coefficients of dense gases, thermal conductivity possesses
one of the most clearly expressed anomalies near to the critical point. The viscosity
anomaly is weaker and no experimental proof of the existence of the diffusion
coefficient (self-diffusion) anomaly has yet been found [506]. As for the behavior of
the mutual diffusion coefficient near the critical point, it was widely investigated
by Matizen and colleagues using different methods (see, e.g., [507-509]). This
analysis allowed them to propose an adequate description of diffusion processes in
nonideal solutions.

The anomaly in the behavior of thermal conductivity was, it seems, first found
experimentally in Guildner’s 1958 paper [510] on CO; (quoted in [511]). It appeared
that a significant increase in the thermal conductivity coefficient began just a
few degrees apart from the critical point. At the distance to the critical point
equal to ((T — T¢) ~ 1K), reached in this work, a 6—7-fold increase in the thermal
conductivity coefficient (this effect is now called “critical enhancement”) against
a background of its smooth isothermal change on both sides far from the critical
isochore was observed (a good impression on how such dependences look like can
be gained from Fig. 7.1). A few years later, similar results were achieved, also on
CO3y, in [512] and then on ammonia [513,514]. Ammonia is famous in its own way.
It was the first gas to be liquefied by simple cooling already in the second half of
the 18th century [13].

As for the theoretical description of the behavior of thermal conductivity and
diffusivity near to the critical point [515], it became clear, following the dramatic
history concerning the high critical index values for thermal conductivity obtained
by Benedek on SF (see, e.g., [26,246,247,319]) that to compare experimental data
with theory it was necessary to take into account the background component of
thermal conductivity as well as the critical ones [282, 320,490, 501]. This point has
already been discussed in Chapters 4 and 6. The papers [320,501] show that the
higher experimental critical index values for thermal conductivity compared to
those predicted by theory (¢ = 0.74 for CO, and Xe, and, in particular, for SFe, for
which ¢ = 1.26 instead of gpeor & 0.6), are caused by the ignored influence of the
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Copyright © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 7.1 The parameters of temperature dependence of
thermal conductivity of some substances.

regular part of the thermal conductivity coefficient. This situation can be corrected
if a nondivergent background term is added to the thermal conductivity expression.

In [502], a method was worked out for estimating the background contribution
to thermal conductivity and shear viscosity using experimental data obtained far
from the critical point. As a result, the value of ¢ for CO, and Xe became close
to the theoretical one, while for SF¢ further tests were required. After these new
experiments, which included those of Benedek himself, it became clear ([319],
pp. 346—350) that his previous data had not been fully precise, and actually the
behavior of the thermal conductivity of SF¢ is not different from that of any other
of the studied substances. So, from that moment, any remaining doubt concerning
the necessity and effectiveness of separation of the thermal conductivity expression
into two components (hp-background, regular, and Ak.-critical, divergent) was
removed. We have to write, consequently,

Mo, T) = M, T) + Ahe(p, T). (7.1)

Interestingly enough, the reverse effect also exists. With a sufficiently precise
and sensitive experiment the nonmonotonic change of thermal conductivity in
the vicinity of the critical isochore is found quite far from the critical point (see,
e.g., [516-518]). For example, in [516], ~2% critical enhancement was found near
the critical isochore of argon (T, = 150.7 K) even at room (!) temperature. Analysis
of existing experimental data surprisingly shows that such behavior for “strong”
singularities, like for ¢, and Kr, is the rule rather than the exception (see also
Section 2.2.9). It is well known that maximum values of ¢, are experimentally
found right up to a temperature twice the critical (see, e.g., [506,519]). These
features make the procedure of the background part separation quite a difficult
task [517,518].

The following arguments can be put forward to justify Eq. (7.1). Kadanoft and
Martin [520] showed that kinetic coefficients can be represented as time integrals



7.1 Introduction

over the correlation function of the system (the so-called Kubo formulas [290],
p- 539, [310], p. 532). Such expressions were first obtained by Green and Mori (see
Section 3 of chapter 7 in [56]). The correlation function of the entropy density
flux, by which the thermal conductivity coefficient near the critical point can be
expressed, contains contributions from two fluctuating flows: one is the “classical”
term, which arises due to fast fluctuations caused by molecular collisions, and
the other is slow, which is related to the coupling of different modes, such as,
interaction of entropy density flux with a transversal hydrodynamic velocity. As
there is a very large difference in the timescale of both contributions, they can
be considered as essentially independent. This feature is a physical basis of their
separation and finally leads to Eq. (7.1).

The background part, Ap, can, in principle, also be found theoretically. The
thermal conductivity outside the critical area ()j) can be represented by the sum
of two components hy = M + Ay, the first of which corresponds to a dilute gas,
while the second is dominant when density is greater than the critical one (see, e.g.,
Section 3.10 in [521]). The first component (i) can be calculated using previously
mentioned kinetic theories [268,269,511], while theoretical methods developed for
calculating the potential component (1) are based on different models. In the case
of a gas with a density greater than critical and in liquid state, the hard-sphere
model (and its various modifications) can be taken as the most successful and
general molecular theory for predicting transport coefficients of dense liquids. This
model frequently gives a quite realistic description of molecular interactions (see,
e.g., [521-524)).

Attempts are also being made to describe dynamic critical behavior by applying
the modern renormalization group (RG) approach [26,525-528]. A review of the
results obtained using the RG-theory for critical dynamics in mixtures is presented,
in particular, in [527]. This work also examines the specifics of temperature
dependence of thermal conductivity and diffusion coefficients behavior, caused by
temperature and concentration gradients, in the presence of long-range forces.

Kawasaki’s mode-coupling (MC) theory [307] was further developed by Sengers
et al. [529-531]. So in [529,530], a solution of the MC-theory equations applied to
critical fluctuation dynamics was proposed. This solution includes a crossover from
singular behavior of the transport properties in the immediate vicinity of the critical
point to the regular behavior far from this point. A modernized MC-theory which
suggests the possibility of nonasymptotic critical behavior for transport properties
is put forward in [531].

However, in such a complex area as the physics of nonequilibrium processes,
experiment is always more complete than theory. And so for the treatment of the
results of precise experiments, empirical and semiempirical methods [522,532] are
widely used, as well. In particular, in the theory and practice of dynamic critical
phenomena for the dependence of background component of thermal conductivity
(M) on temperature and density it has long been supposed that one of its parts,
related to ideal gas, can be represented by a function which depends only on
temperature, and the other part relating to dense liquid is a function dependent
only on density [501,502,533]
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My(0, T) = ho(T) + A(p)- (7.2)

The next task is to investigate the peculiarities of the behavior of the kinetic
coefficients of pure polar liquids in the neighborhood of the critical point based on
the analysis of precise experimental data of thermal conductivity and scattered light
for ammonia. According to its dipole moment (1.5D, 1D = 1 debye = 3.33564 x
1072 Cm), ammonia is only slightly inferior to water (1.8 D) [511].

7.2
Thermal Conductivity of NH; Near to the Critical Point

Before we begin to employ Eqs. (7.1) and (7.2) in order to analyze the experimental
results of [518], some general peculiarities in the methods of measuring thermal
conductivity should be mentioned. Traditional methods of measuring transport
properties are fundamentally connected with gradients of the corresponding quan-
tities [534], which are introduced into the investigated system. Itis, as a rule, difficult
to adequately account for the various kinds of disturbances which thereby appear.
The application of scattered light methods, on the contrary, generally gets rid of
such inadequacies as there is no need to introduce any kind of macroscopic gradi-
ents. The spectrum of light, scattered on concentration and entropy fluctuations in
the liquid, contains information concerning such transport coefficients as diffusion
coefficients and thermal diffusivity, respectively (see, e.g., [319,399-403,535-538]).
It thus becomes possible to divide naturally the area of research according to the
applied methods. Near to the critical point, where the scattering intensity is large,
the most effective methods for these goals are dynamic light scattering methods.
Their use is based on the relation between spectrum broadening and the thermal
diffusivity coefficient (see Section 4.3; it should be kept in mind, however, that in
the immediate vicinity of the critical point the spectrum half-width has a compli-
cated temperature dependence (see Chapter 6, Figs. 6.5 and 6.8). The application
of traditional thermal conductivity measurement methods in this range, due to the
above-mentioned reasons, is connected with the necessity to overcome significant
experimental difficulties. Far from the critical point, on the contrary, light-scattering
methods are not that effective, due to weak scattering. Therefore, by reasonably
combining the two methods it is possible to study thermal conductivity behavior in
a very wide neighborhood of the critical point. This possibility was demonstrated
in the experiment on ammonia [518].

We have already mentioned thatammonia was the first gas which was successfully
liquefied. In 1845, Faraday has already studied ammonia’s vapor pressure and the
liquid—vapor and liquid—solid equilibrium conditions [539]. The critical parameters
were first defined (and quite precisely) in 1884 by Dewar [540]. The history of
research on ammonia and data on its different thermophysical properties can be
found in [541, 542]. All these investigations as well as the need to deepen and
broaden knowledge of ammonia have taken on extra interest due to the Kyoto
Protocol (1997), which stated, in particular, that all freons (perfluorocarbons) used
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generally as a refrigerants contribute to the “Greenhouse Effect” strengthening.
Considering that a lot of freons were banned long ago, because of their destructive
effect on the atmosphere’s ozone layer by the Montreal Protocol (1986), it is quite
possible that soon ammonia will be one of the few remaining refrigerants which
can be used.

As for the study of the thermal conductivity of ammonia [518], initially in-
formation concerning a wide region of temperature and pressure change, the
neighborhood of the critical point included, was quite small. In our opinion, the
basic results can be found in [513,514]. In these studies the measurements were
carried out within the following parameter ranges, from —65 °C to 400 °C [513] and
from 20°C to 177 °C [514] for temperature and up to 39.5 MPa and 48 MPa with
respect to pressure, respectively. In the area where critical effects could be already
observed, the data from these papers differed significantly. In this connection, and
considering an opportunity of special critical behavior of polar substances, as well
(this question was discussed in detail in Chapter 2; see also [176—178]), a complex
research of ammonia’s dynamic properties in wide temperature (409-580 K) and
pressure (1-80 MPa) ranges, the neighborhood of the critical point included, was
performed in [518]. For this purpose, direct measurements of thermal conductivity
and static light scattering were used. Measurements of the extinction coefficient
with the help of light scattering, conducted near the critical point along the critical
isochore, made it possible to obtain information about the critical amplitudes and
indices Far , Y, €0 and v, required for describing the critical behavior of ammonia’s
thermal conductivity (the purity of NH; (Air Liquid) was no less than 99.96%). As
a result of using the data from light scattering together with that from direct mea-
surements of the thermal conductivity it was possible to follow its changes along the
critical isochore in the range 2 x 102K < (T — T,) < 120K (3 x 107> < 1 < 0.18).

7.2.1
Experimental Setup for Determining Thermal Conductivity

There are several well-known classical methods of measuring thermal conductivity
[534]. The most popular ones are considered to be the slab, hot wire, and coaxial
cylinders methods. Each of them has their own merits and disadvantages, but it
is here not our task to critically analyze them. We shall only mention the fact that
fairly qualitative results have been obtained in the most difficult area, the critical
region, in different laboratories around the world by each of these three methods
(see, e.g., [276,516—-518,543-5406]).

The Laboratory of Molecular Interaction and High Pressure (LIMHP)!) of
University “Paris-13,” where our research was conducted [518], traditionally used
the coaxial cylinder method and, it seems to us, could have almost made it perfect.
Cylindrical geometry is particularly well suited for measuring at high and even

1) Theresearch in this chapter is based upon was
carried out by the author during his year-long
stay at LIMHP in 1978/79.
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at extreme pressures. Works on determining the thermal conductivity of different
gases [547-554] right up to 1 GPa [555], carried out at LIMHP, are unique (see,
e.g., [556]). Also, the thermal conductivity data, obtained in this laboratory in the
range of normal pressure, agree well with the results from analogous researches
carried out at other laboratories using different methods [556]. It is also believed
that the results obtained on the LIMHP setup, near the critical point, belong to
the few reliable ones for pure liquids in this experimentally difficult area [556]. As
details of this experimental setup can be found in [547,550], we can concentrate
here only on its essential features.

The cell for measuring thermal conductivity consists of two vertical coaxial silver
cylinders, without a guard ring and with a heater placed along the axis of the internal
cylinder. The gap between the cylinders is 0.26 mm. A stationary method is used.
To avoid contact between the extremely electroconductive NH; and the electrical
wires a two-gas system is used. The cell is hermetically sealed and connected to a
bellow which is kept at room temperature.

The compressing gas (N3) is introduced simultaneously outside the cell and
the bellow so that the cell is kept free of high pressure effects. Nevertheless,
to determine the possible corrections of the effect of pressure, the setup was
calibrated by measuring the thermal conductivity of three noble gases, Ar (1 MPa),
Ne (1 MPa), and He (10 MPa). Calibration was performed at a pressure higher than
the atmospheric pressure to avoid correction due to accommodation effects. The
heat losses by electrical leads and centering pings were determined by comparing
the apparent and the most reliable values of the thermal conductivity of these fluids.
The correction curve was assumed to be a function only of the thermal conductivity
of the fluid under investigation. Corrections due to natural convection in thin
fluid layers, the main source of errors when measuring thermal conductivity
(see, e.g., [510,557]), are generally minimized by performing experiments with
small AT-values between the cylinders and reducing the vertical temperature
gradient to a minimum. It is known that the heats, which are transferred due to
thermal conductivity (Qy) and convection (Q;), are proportional to powers of the
temperature gradient in the first and second order, respectively. Thus, by varying
the power supplied to the inner cylinder it is possible to confirm the absence of
any noticeable convection. However, near the critical point such a method is not
suitable because of significant changes of the average temperature which inevitably
take place in the layer of the substance investigated. In this region the ratio of the
respective heats was computed as

% = CRa2mr, (7.3)

C
where C is the setup’s constant, Ra the Rayleigh number, and r the mean radius of
the fluid layer (r ~ 1 cm). The Rayleigh number is the product of the Grashof (Gr)
and the Prandtl (Pr) numbers, i.e.,

Ra = GrPr. (7.4)

The Grashof number determines the convective heat transfer in the case of free
convection when the motion is caused by density difference due to temperature
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nonuniformity near the heated matter. It can thereby be considered as a thermal
modification of the Archimedes (Ar) criterion which takes into account the relation
between buoyancy and viscous forces when there is initially a significant density
difference
3 3
Gr = gLZBTAT, Ar = %ﬂ
v v op

where g is gravitational acceleration, I the typical system dimension, B the volume
expansion coefficient, AT the temperature difference between the substances’
surface and environment, v the kinematic viscosity, and p the density.

The Prandtl criterion, in turn, describes the ratio between the intensities of

: (7.5)

molecular transport of momentum and the heat transfer due to thermal conductivity

v

Pr=-. (7.6)
The reason for introducing the Rayleigh number along with the Grashof criteria
for consideration of the free-convective heat transfer

3.2
Ra = 80°GPT o (7.7)
ni

is related to the fact that, as numerical solutions to viscous heat-conducting medium
equations show and experiment confirms, the dimensionless thermal conductivity
coefficient (the well-known Nusselt criterion, Nu) is determined specifically by the
product of the Grashof and Prandtl numbers, i.e., the Rayleigh criterion [558,559].
In [518], maximum convection corrections, calculated according to Egs. (7.3)—(7.6)
and accounting for the properties of ammonia and the measuring cell, were found
at the peak of thermal conductivity on the isotherm closest to the critical point
(T — T; = 3.6 K) and did not exceed 2.5%.

Pressure was measured by two manometers calibrated for two ranges of pressure,
1-15MPa and 0.1-150 MPa. The temperature difference between the cylinders,
which for all temperature ranges was ~1K, decreased to 0.15 K near to the critical
point. In the described setup direct measurement of critical parameters was not
provided for. However, it was possible to determine the values p, and T, by
carrying out optical measurements (see below for more detail). The obtained values
corresponded within the limits of error to those used in [542], i.e., T, = 405.4K,
pe = 11.33MPa, and p; = 235.0kgm 3. This is the reason why these values were
used for analyzing experimental data. It should also be noted, that data scattering
of the NHj critical parameters in literature (see, e.g., the reviews [541, 542]) is
generally not too large and in fact does not differ from those used in [518]. In our
opinion, the main reason is that ammonia has not been so widely studied near the
critical point as compared to other substances. Density was calculated using the
equation of state for ammonia suggested in [542].

The accuracy of determination of temperature (pressure) was estimated with the
help of two additional tests. Firstly, A Tex, was compared with ATqyc:

oT oT
AT = <5> (p —pe); for NH;s, (%) =481 x10"°Pa"'K, (7.8)
Pe Pe
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where p is the pressure, measured at the peak of ammonia’s thermal conductivity
on two quasiisotherms closest to T;. Secondly, the liquid—vapor phase transition
curve was investigated. The fact that the system falls into a two phase region
creates sharp changes to AT between the cylinders (see the curves corresponding
to T < T, in Figs. 7.1 and 7.4), which made it possible to register the transition
temperature very precisely. As a result the inaccuracy of the chosen value of T,
(equal to 405.4 K) was estimated as not exceeding +0.15K.

7.2.2
Experimental Results: Background Thermal Conductivity

The measured thermal conductivity data are shown in Fig. 7.1. In order to use them
further it is necessary to adequately account for the background part of thermal
conductivity, which, as has already been mentioned, consists of two components
(see Eq. (7.2)). Thermal conductivity of rarefied gases, which is dependent only on
temperature, can be represented in the following manner:

M(T) = a+bT +cT? +dT> +eT*. (7.9)

where the coefficients having the values

a=0.3589 %1071, b=—0.1750x 1073, ¢=0.4551x 107¢, (7.10)
d=0.1685x 1077, ¢=—0.4828 x 10712, (7.11)

and the corresponding dimensionalities, were calculated on the basis of exper-
imental data specially obtained in the temperature range 300-580K [518]. This
dependence in comparison to reference data is illustrated in Fig. 7.2.

The second background component of ammonia’s thermal conductivity, which
is dependent only on density, is also represented in a polynomial form as
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Figure 7.2 Thermal conductivity dependence of dilute NH3

on temperature: o refer to data from [518], a are reference
data, and the solid curve refers to Eq. (7.9).
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N(p) = Mo+ hap? + h3p® + hap, (7.12)

where the coefficients

o= 0.1621 x 1073, %y = 0.1204 x 1072, (7.13)
n3 = 02314 x 1078, %y =0.3275 x 1071, (7.14)

having the corresponding dimensionalities, were obtained by least-squares fit from
all thermal conductivity data on the isotherm corresponding to the temperature
577 K.

Although it was discovered [518] that in the case of ammonia, unlike Xe and
CO,, but like water, % depends not only on density but also on temperature,
it was nevertheless possible, when the temperature T > 1.3T, to consider X as
quasi-independent from temperature and to use Eq. (7.12). Therefore, as well as
the data from the isotherm 577K, the values of thermal conductivity on other
isotherms were considered, on condition that T > 1.3T,, and the density of ammo-
nia exceeded the critical one at least twice. Figure 7.3 shows the dependence of the
critical enhancement of the ammonia thermal conductivity on density at different
temperatures after excluding the regular contribution determined by the described
procedure. To compare the results with theory it is necessary to represent them as
a dependence of the critical enhancement on the degree of approach to the critical
point with respect to temperature along the critical isochore. In Figs. 7.4(a) and (b),
the appropriate data are presented in ordinary and in log—log scale, respectively.

Here A\ (p;) = A is reduced to a dimensionless form in the following manner:

Ak¢

* __
AN = —F

o W0 =006 To) = Mo(Te) + M(pe) = 0.126 Wm ™ KL, (7.15)

In Fig. 7.4(b), the presence of significant changes in the central part of the slope
of the curve has provoked our attention. From the comparison of the data for
ammonia [518] with the results of the detailed research carried out for argon and
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Figure 7.3 Critical enhancement of the thermal conductivity
of ammonia as a function of density [518].
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Figure 7.4 Critical enhancement of the thermal conductivity
of ammonia along the critical isochore [518].

xenon, which was conducted almost simultaneously in the van der Waals laboratory
(Amsterdam, Holland) [517] it was found [141] that a complete similarity in the
behavior of all the three substances (Ar, Xe, and NH3) near their critical points took
place: the presence of a “‘kink” [517] in the curve (see Figs. 7.4(b) and 7.5). In [517],
there is no graph like that shown in Fig. 7.5 for Xe but the authors confirmed that
the behavior of Xe is analogous to that of Ar, although due to the greater data spread
the kink in the curve is not expressed as clearly. Each of the separate “branches” in
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Figure 7.5 The critical enhancement of argon thermal con-
ductivity along the critical isochore (using the data of [517]).
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Table 7.1

Substance o [ A7 A3 Tkink
Xe 0.62 +0.02 - 0.080 + 0.007 - -
Ar 0.64+0.03 0.90+0.07 0.059 &+ 0.009 - 0.069
CO, 0.63 +£0.03 - 0.064 + 0.007 - -
NH; 0.62+0.03 1.124+0.03 0.070+=0.006  0.015 0.053

the curve, given in Fig. 7.4(b) before (index “1”” in Table 7.1) and after (index ““2”)
the kink, were worked out mathematically [141] in accordance with the scaling law

AN = AFTY, (7.16)

In Table 7.1, the obtained results are shown together with Trappeniers’ data
for Xe and Ar and also with the Sengers’ data (1972) for CO, (quoted in [517]).
The critical index ¢ for NHj3 is obtained by averaging of values of the first six
experimental points (see Fig. 7.4). In asymptotical vicinity to the critical point, this
parameter decreases, as will be shown below, down to a value ¢; = 0.57.

7.2.3
Extended Mode-Coupling (EMC) Theory

In his attempt to explain theoretically the appearance of a kink in the dependence
of the thermal conductivity coefficient on the degree of vicinity to the critical
point in temperature (Fig. 7.5), Trappeniers [517] employed the so-called extended
mode-coupling theory (EMC). It is assumed in this approach [517] that “besides the
contribution of the classical flux, there will appear in the critical region the effect
of coupling between the streaming modes of the entropy-, the velocity- and the
pressure-fluctuations, giving rise to anomalous contributions to the coefficient of
heat conductivity.” In general, the thermal conductivity coefficient can be presented
as [517]

N=2Ap+ AN+ ANjr + ANy (7.17)

In this formula, A\ describes the effect of coupling of the entropy flux and the
hydrodynamic velocity modes. Only the transversal velocity modes contribute to
the singularity of the thermal conductivity. The longitudinal modes lead only to a
nondivergent, minor effect which can be ignored ([51], pp. 616—621). The third term
in Eq. (7.17), A\p, is connected with the pressure—entropy correlation function.
By virtue of the independence of the fluctuations of these quantities [27], this term
is always equal to zero. The last term, Ay, takes into account of the mode-
coupling contributions of pressure and velocity fluctuations. This contribution is
not only small but, in addition, vanishes at approaching the critical point. Thus,
the anomalous behavior of the thermal conductivity coefficient near to the critical
point is determined totally by the coupling of entropy and transversal velocity
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fluctuations. In the nearest vicinity of the critical point, the critical slowing down
in the damping of thermal fluctuations is so large that the entropy correlation
function may be taken assumed to be independent of time. Calculation of AX;
under these conditions leads to the well-known result of Kawasaki’s mode-coupling
theory (MCT) [307] which has been discussed in Chapter 4 (see Eq. (4.23)).

As for the EMC-theory, its principal feature is the removal of the restriction that
the entropy correlation function is time independent. By ignoring this restriction
from the very beginning it was possible to obtain (B. W. Tiesinga, Thesis, University
of Amsterdam, 1980; quoted according to [517]) a factor for Ax; in the form of a
correction function

o0
Flab) = = / doo — (7.18)
TJo (1+w?[l4+a(l+w?)+b(1+w?)’]
where
A
M, A, (7.19)
cpN A

When t is small (t < 0.001), this function is approximately equal to unity, i.e., the
general expression goes over into the normal Kawasaki formula.

In [517], a numerical integration was carried out and tabulated values of F(a, b)
were given for argon at different temperatures, as well. It has been shown that,
with the help of the new formula, corresponding to the EMC-theory, in contrast
to the MC-theory, one can adequately describe the experimental data of argon in
the whole measurement range of the thermal conductivity. Nevertheless, it should
be noted that the smoothness of this correcting function (see Figs. 7.6(a) and (b))
cannot, in our opinion, solve the task for which this attempt was undertaken, that
is to adequately account for the presence of a kink [517] in the dependence of the
critical enhancement of the thermal conductivity on temperature. The very idea of
extending the possibilities of the mode-coupling theory to describe experimental
data on thermal conductivity over a large range of state parameters is, undoubtedly,
promising (see also [529-531]).

As our main task in studying ammonia was to analyze the peculiarities of its
critical behavior in the immediate vicinity of the critical point, an elementary
correction function was chosen (see below for more). In the course of the new
analysis [141] of ammonia data obtained in LIMHP [518], it became clear that the
peculiarities found in [517] are, apparently, of universal character. It is possible
that the author of [517] also assumed that this feature was universal since he tried
to explain it from general positions. We can confirm this point of view by having
a look at Figs. 7.7(a) and (b), which show in a log—log scale the dependence of
the thermal conductivity critical enhancement on t for different substances. The
curves are plotted in [141] using tabular data presented in [554] (the study of thermal
conductivity in the wide neighborhood of the critical point was started at LIMHP
with ammonia [518] and then other substances were investigated [554]). It is clear
that for all substances shown in Fig. 7.7 one can observe a similar behavior of the
thermal conductivity critical enhancement on temperature. What is more, further
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Figure 7.6 The correction function for argon in the form
F(a,b) = ¢(1 — ) in normal (a) and in log—log (b) scale
[141]. The tabular data from [517] are employed.

analysis of this data showed [141] that they also all have two regions of scaling
behavior with exponents ¢; and ¢, and values of the amplitude A} very close to
those shown in Table 7.1. However, the observed kink points do not show any clear
dependence of their position with respect to the critical point temperature.

In [554], which was mainly dedicated to engineering approaches in describing
the wide neighborhood of the critical point, these facts, for clear reasons, are not
discussed. The analysis carried out in [141], apart from what has already been
mentioned, shows that the kink on the dependence of thermal conductivity on
temperature, independent on how explicitly it is expressed, is always present and
for all studied substances ¢; = 0.55 + 0.07 and ¢, = 0.9 = 0.1.

What preliminary conclusions can be drawn from the conducted comparison
of all the results on the critical behavior of thermal conductivity? First, it should
be stressed that not only critical indices but also the amplitudes of such different
substances, within the limits of error, coincide. This fact confirms, at least for
thermal conductivity, the universality of critical phenomena dynamics which, as is
known [51,52], are not so predetermined and obvious.
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Figure 7.7 Coefficient of the critical enhancement of thermal
conductivity of some substances along the critical isochore
[141]. The plots are made using data from [554].

Another important conclusion is that there exist two different ranges of scaling
behavior of the thermal conductivity coefficient near the critical point simulta-
neously and independently experimentally discovered for Ar and Xe [517] and
NH; [518]. Moreover, after the analysis of the thermal conductivity behavior of a
large number of different substances [141], presented in the extensive study [554],
this experimental fact can now, seemingly, be considered as reliably confirmed. As
a theoretical explanation of this behavior it could have probably been possible to use
the EMC-theory [517] suggesting that the kink point corresponds to the moment
when the condition of independence of the entropy correlation function from time
is significantly violated. However, in any respects, this interesting and rather com-
plex problem demands further theoretical research for it to be conclusively solved.
As has already been mentioned, a detailed description of the thermal conductivity
coefficient beyond the critical area is out of the scope of this book.

73
Static Light Scattering: The Extinction Coefficient

In the previous section, we outlined the procedure for direct ,determination and
preliminary treatment of experimental data on the thermal conductivity of ammonia
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in the neighborhood of the critical point. To analyze these results in greater depth
it was necessary to get additional information on some of its properties. This
information was obtained through an optical experiment on static light scattering
with the following determination of the extinction coefficient (h) [518].

The experimental determination of the extinction coefficient, fortunately, did
not create any insurmountable technical difficulties and also made it possible to
get sufficiently multifaceted information, especially near the critical point. Below
we will show which specific information can be extracted from such an optical
experiment and also discuss the results of new, more detailed analysis [141] of data,
obtained in [518,560]. These results shall be then used to discuss the behavior of
ammonia’s thermal conductivity in the neighborhood of the critical point.

The extinction coefficient represents itself the full scattering cross section and is
determined according to Eq. (4.10), put forward in [195], to describe the data for SFg
(itis commonly assumed that this equation first appeared in [195]). However, it was
introduced there without any deduction; more general dependences (see Egs. (6.15)
and (6.39)) of which Eq. (4.10) is a special case, were, also first, developed in [389].
The basic formula used to determine it is Eq. (4.15). Therefore, it is necessary to
know only the ratio of two light intensities, the incident on the studied system
and that passing through it. The intensity ratios, unlike their absolute values, are
fairly simple to measure with high precision, which is the reason for the relative
simplicity of this method, as well as its hardware implementation.

7.3
The Experimental Setup for Light Scattering

The experiment with ammonia was carried out in a cylindrical steel cuvette. A thin
laser beam (A = 632.8 nm), less than 2 mm in diameter, was transmitted along its
axis. Its power was held at the lowest level possible for the experiment, about 1 mW,
so as not to allow uncontrolled heating of the studied substance due to the radiation
passing through it (see Chapter 6 for more). Both ends of the cuvette had windows,
sealed with Teflon, which guaranteed its hermeticity right up to a pressure of
15 MPa. The distance between the windows (3 cm) was chosen as a compromise
between the demands of accurately determining the isothermal compressibility and
the obtainable extent of measuring the temperature range without the appearance
of multiple scattering. With this choice the measurements were restricted to the
interval (T — T;) < 1K. The intensities of transmitted and incident light were
measured by photodiodes, whose linearity was especially checked. Measures were
also undertaken to avoid the negative effect of possible fluctuations of the laser’s
power on the results. The cell’s volume (internal diameter 8 mm) was measured
after being first filled with krypton at 25 °C and pressure 10 MPa and second with
liquid ammonia at 18°C and the same pressure. At these states of the phase
diagram, the densities for both substances were calculated by their equation of
state. Critical density was not measured and was taken equal to the literature value
235kg/m? [542]. The temperature (405.4 K) at which the meniscus disappeared in
the middle of the cuvette’s height was taken as critical.
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The cuvette was placed into a thermostat, a massive copper block. The ther-
mostatting system guaranteed that the temperature was held with a precision no
worse than 2 x 107* K. The measurement of the temperature deviation from the
critical one was carried out using a quartz thermometer whose resolution and
stability of 0.1 mK could only be realized with thermostabilization of the quartz
generator itself.

7.3.2
Results and Analysis of the Optical Experiment

In Fig. 7.8, the experimental curve of the extinction coefficient (h) as t dependence
is shown in a log—log scale with the analytic continuation of its initial linear
section (h(0)). The experiment was conducted on the critical isochore. As shown
in Chapter 4, at the limit of small k&-values, far from the critical point, Eq. (4.10)
goes over into Eq. (4.11), which makes it possible to determine the critical index
of compressibility y as the slope of the linear section of the presented dependence
according to Eq. (7.20)
8 8 _

WO = 3 WAKr = SmAKyrT Y, (7.20)
The first ten experimental data, located far from the critical point on the linear
section of this dependence, lead to the value

y = 1.176 = 0.025. (7.21)

Although this value is significantly lower than the theoretical value for the three-
dimensional Ising model, y = 1.24, the ideas put forward in this book’s first
two chapters show that it is more than reasonable for the measurement range
107° <t <2x1072

Equation (7.20) clearly shows that this dependence makes it possible, in principle,
to determine, not only the critical index vy, but also the dimensionless amplitude
Iy = Korp.. This parameter is just as important as y. It is required for making

h(O)

100

10k

1. M R R | " Lo vl
107 107

Figure 7.8 The extinction coefficient of ammonia depending
on the vicinity to the critical point [141]. The curve is plotted
using data from [560].
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further calculations of the thermal conductivity coefficient as well as for analyzing
the universal relation between amplitudes (see below).

7.33
Density Derivative of the Dielectric Constant

To compute the value of I'J (Kor) using Eq. (7.20) it is first necessary, in accordance

with Eq. (4.12), to calculate the value (pg—Z)ZT, which is connected with local field
effects. Theoretically, the dielectric constant and its density derivatives can be
presented in a rather complex diagrammatic series [352] or expressed by many-
particle correlation functions [341]. Unfortunately, it is impossible in both cases to
obtain an analytical solution. Therefore, as a practical alternative, various model
systems are usually employed for an interpretation. This is the way how different
authors like Einstein (1910), Rocard (1928), Yvon (1937), and Vuks (1968) (see, for
example, [93,285,288,561]) accounted theoretically for the effect of the environment
on the local dielectric constant. They all have based their own formulas on the

N2
connection of (pg—Z)T with the refractive index. The mentioned derivative can be

presented in a general way as

ae
(pa—p)T = Su(n* — 1), (7.22)

where S, is the correction function for the refractive index, reflecting the connection
between the scattered electric field and density fluctuations.

Einstein, using the Lorentz—Lorenz formula in its traditional form, obtained the
result SE = ((n? + 2)/3) [287]. Rocard pointing out that the local field, in his opinion,
is defined not only by the dielectric constant value in a small volume, but also by
the dipole field of the entire volume of the liquid, treated the denominator (n? + 1)
in the Lorentz—Lorenz formula as constant [562,563]. Rocard’s result was SR = 1.
According to Vuks, the meaning of Rocard’s criticism of Einstein’s approach
consists in the necessity to distinguish between the fluctuational and macroscopic
values of the desired derivative [561]. By closely looking at this problem from the
point of view of the theory of dielectrics, Vuks came to the following expression
SV = (3n?/(2n? + 1)). By using the method of static correlation functions of the
scattered field Yvon derived a formula [564], which, as a first approximation, did
not differ from those Vuks later obtained from other considerations [561].

The practice of application of all these formulas shows that there is no un-
ambigous opinion on this subject. Thus, Calmettes in analyzing his data on the
dependence (dn/dT) = f(t) for aniline—cyclohexane preferred to use Rocard’s for-
mula [271-273], while Giglio and Vendramini found that their results for the
extinction coefficient for the same mixture were described better by Vuks’s than
Rocard’s expressions [565]. Beysens especially analyzed this problem studying light
scattering in ten molecular liquids. As a result he came to the conclusion that
all above theories correspond well to experiment except Einstein’s [566] result.
However, in a later paper Beysens and colleagues refined this result. This time they
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stated that Yvon’s and Vuks dependences were more suitable for mixtures [567].
So, as we can see, every time we have to make a rather difficult selection.

However, close to the critical point this choice, strangely enough, becomes
simpler. If we consider the van der Waals equation to be correct then the molecular
refraction theory leads to the conclusion that the refractive index of any substance
at the critical point should have a universal value, n, = 1.126. Existing experimental
data confirm this conclusion, pointing only to a small deviation from the theoretical
value (see, for example, [288], p. 73). In particular, n, = 1.117 is found for ammonia
[560], which is actually not too far from the “classical” value. The difference is
less than one percent. The difference between various S,-values for ammonia with
the use of this refractive index value is rather small, (S™/Smi")2 = 1.147. The
authors of [560] comparing the description of their results by Rocard’s, Vuks’s,
and Lorentz’s formulas came to the conclusion that the first of them gave a more
realistic correction for ammonia. It should be mentioned that as the local field
effect seems to substantially depend on the molecular structure of the liquid, then
in different cases various methods of its account may be required. The existence
of so many formulas for the solution of just one problem confirms that this is not
such a simple and unambiguous task.

It turned out that for ammonia the difference in the determination of 'y, when
using all the above formulas, is reduced to changes in the magnitude of the order
of about +£7%. In fact, the effect of choosing one or another value of S, in the
first approximation can be neglected in comparison to the role of errors in the
estimation of other necessary parameters. In particular, as is shown in [141] (see
also Section 2.3.3 in this book), critical indices and amplitudes are very strongly
correlated. Reference to Egs. (2.16) and (2.20) shows that an increase of y by only
0.01 (~1%) results in a decrease in the value of T'{ by ~7%. The real error in
the determination of the index vy is, at best, a few percent, which leads to tens of
percent error in the values of ' (Kor). Therefore, in preliminary calculations, as
a correction to the local field effect in [141] the value determined by the Rocard
formula was not used, but the average of the values given by all the formulas, and
its refinement was put off until the establishment of the final results.

7.4
Determination of v and £, Using Light Scattering

One of the first experimental determinations of the correlation length with the help
of light scattering was carried out by Skripov and Kolpakov near the critical point of
SF¢ already in the “pre-laser” era in 1965 [82]. It was followed then by a variety of
similar studies.

An important stage in the analysis was and is to adjust the function (see
Egs. (4.10) and (4.13))

(7.23)

8 h 2w 42w +1 2(1+ w)
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which fortunately does not depend on Kyr, to experimental data. It can be
seen from this formula that, although the function F(w) uniquely depends on
only one parameter w = Z(kE)Z, it is, in fact, in accordance with Eq. (4.24), a
function of two other quantities, £p and v. This makes it clear that the experiment
designed to determine the extinction coefficient, despite widespread statements
of the contrary (see, for example [93]), does not make it possible to determine
the value of these two quantities separately without additional assumptions. It
mabkes it possible only to establish a certain their combination. Indeed, the value
F(w;) can be constructed by a wide spectrum of correlated pairs of values &o;
and v; (an analogous assertion relates to the combination I'j and y). Figure 7.9
demonstrates the correlation between the values &y and v found empirically
[141].

It is considered to be useful to illustrate the discovered regularity between the
amplitude and the critical index of the correlation radius using ammonia as an
example [141]. Therefore, Figs. 7.10 show how does the quality of the approximation
change if the correlated pairs of &; and v; are chosen, i.e., satisfying the found
dependence between them (Fig.7.9), and if random pairs are chosen for the
description of this kind of optical experiment.

It is easy to see that a good reproduction quality can be achieved when
gy changes considerably, if, however, each time the corresponding value v
(Figs. 7.10(b), (d)—(f)) is chosen. However, the quality of the approximation
sharply worsens if the latter value is changed by a few percent (Figs.7.10(a)
and (d)). Figure 7.10(f) shows the deviation of the calculated values of ammo-
nia’s extinction coefficient found using the Levenberg—Marquardt approximation
method program from those found experimentally. This unequivocally shows
that the results of the computer computation should be treated with caution
and, most importantly, with a large degree of healthy scepticism. Comparison
of Figs.7.10(e) and (f) once more demonstrates the fact that totally unrealistic
values of the direct correlation length, &y (3 and 0.843 A), correlated with the
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Figure 7.9 Correlation between the values &p and v for am-
monia [141]. Curves are plotted according to data from
[518,560].
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Figure 7.10 Comparison of calculated and experimental data
for the extinction coefficient of ammonia with different com-
binations of values for &y and v [141]. Curves are plotted
using data from [518,560].

corresponding values of the critical index, v (0.531 and 0.655, respectively) give
a wonderful coincidence of experimental and calculated data for the extinction
coefficient.

The next two figures, Figs. 7.11 and 7.12, show the main results of investigation of
the ammonia extinction coefficient, based on the experimental data from [518,560].
It is quite natural then to ask why, out of the whole spectrum of possible pairs of
values &g and v, the pair

o= (1.424+0.01)A, v =0.606 % 0.002 (7.24)

was chosen. As we have already mentioned, a light scattering experiment itself
does not make it possible to determine both of these quantities separately with-
out using additional experimental or theoretical information about one of them.
Therefore, if only static light scattering experiments were carried out, it would
be extremely difficult, if not impossible, to justify this choice. However, the
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Figure 7.11 Experimental (hey) and calculated (hcaic) curves
for the extinction coefficient of ammonia [141]. Plots are per-
formed using data from [518,560].
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Figure 7.12 Deviation graph of calculated and experimen-
tal data for the extinction coefficient of ammonia with an
optimal combination of values for £y and v [141]. Plots are
drawn using data from [518,560].

results of a comprehensive analysis of ammonia’s thermal conductivity, along
with the analysis of universal relations between critical amplitudes and indices,
which will be discussed later (see also Chapter 2), makes this choice still dif-
ficult but not hopeless. As with all possible choices, this one was clearly the
result of a certain compromise. It will be discussed further when Eq. (7.27) is
analyzed.

Another obvious but more simple question could be formulated as “what is an
error of a hundredth or even a thousandth of a fraction if it would be possible
to choose other values which are just as good but significantly different from the
suggested ones?” The answer is that in this case the shown error, in fact, only
determines the boundaries for the values of &y and v, outside of which the quality
of the approximation is noticeably worse.

21



212

7 Thermal Conductivity in the Vicinity of the Critical Point

7.5
Critical Dynamics: Comparison of Theory and Experiment

The dynamics of critical phenomena, whose fundamentals were set outin Chapter 4
(see Egs. (4.17)—4.29)) makes it possible to express the coefficient of thermal
conductivity in the neighborhood of the critical point as

Adg = DrpcS = R()’Z‘—ﬁi pcs, (7.25)
where the universal dynamic amplitude R has different values depending on the
calculation method. In the MC-theory R = 1 holds, and the RG-theory suggests
that R = 1.2. This question was also discussed in Chapter 4 (see Section 4.4).

To compare Eq. (7.25) with experiment, the critical part of the isobaric heat
capacity c, is usually replaced by (c, — cv). There are several reasons for this (see,
e.g., [40]). Firstly, the value in Eq. (7.25) on the left side represents the difference
of the total thermal conductivity coefficient (\) and its regular part (i), and the
latter, as known [40, 501], is proportional to pcy. Secondly, unlike for c,, for ¢, — cy
there exists a precise thermodynamic expression in terms of the experimentally
measurable quantities. Finally, in the critical region, ¢, is tens of times greater than
Cy, 80 in any case ¢, ~ (¢, — cv).

When describing thermal conductivity data far from the critical point it is c,, the
value of which can be calculated directly according to the suitable equation of state,
and which should be used. By applying standard thermodynamic methods it can
be easily s that

T (dp 2
ey =Ecp—cy=— (—) Kr. (7.26)
! P aT Pe

So when using dimensionless units and neglecting the viscosity anomaly, Eq. (7.25)
can be rewritten as

1 kpT2(1 + 1)2 8p>2
AN = R— - — ) Kort ¥ (1+ay,t), 7.27
¢ Ay 67T E0T Y (14 agT2) <8T o ot ( ) (7.27)
where
ap _ 5 -1
1) = [2.18 — 0.12exp(—17.87)] x 10° Pa K (7.28)
Pec
according to the equation of state for ammonia [542];
A=05 2£-07, a =1 (7.29)
%

[50]; the regular part of viscosity is represented by
M, = (2.60 +1.67) x 10> Nsm™2 (7.30)

[518]. The critical index of compressibility is y = 1.176 4 0.025 (Eq. (7.21)). The
critical temperature was initially treated as a free parameter but further analysis
showed that the optimal result can be obtained using the value T, = 405.4K,
determined experimentally. The choice of the other quantities was performed in
the following way.
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7.5.1
Universal Dynamic Amplitude R

Based on the parameter “A” (see Eq. (4.12)) obtained from the experiment for deter-
2
mining the extinction coefficient and on the value chosen for (p 3—2) - the calculated

amplitude value Kyr turned out to be equal to Ko = 6.389 x 10~° Pa~! [141]. This
value was further considered as only a first approximation. It is impossible to
judge the degree of “correctness” of this amplitude value as it is different for
all substances. The dimensionless amplitude of isothermal compressibility I'y is
correlated with the critical index y. By using the found value of Kyr and critical
pressure p. = 11.33 MPa we get FO+ = 0.072 for ammonia. This result appears
quite reasonable when y = 1.176 and it agrees well with similar amplitude — index
combinations for other polar and nonpolar substances (see Fig. 2.28). The universal
dynamic amplitude R was initially taken as equal to unity. Then this value has
been adjusted by means of the amplitude—index correlation (2.16). It is evident
from Fig. 2.28, corresponding to this dependence, that, keeping in mind a preset
value of critical index y = 1.176, the compressibility critical amplitude should
not leave a range 'l = 0.073 £0.002. Then corresponding calculation shows
that the corrected universal dynamic amplitude appears equal R = 0.99 & 0.03.
It should once more be mentioned that errors in the values of &,v, KoT, and
R only define the corridor outside of which the quality of the approximation is
clearly affected. In particular, for example, it was not confirmed that the uni-
versal dynamic amplitude was established and really equal to R =0.99 +0.03
(this would have been an extremely important result). All we are saying is that
it might be equal to this only in combination with the noted values of other
quantities and then even a one percent change clearly affects the quality of the
approximation.

The only thing that what has just been said does not relate to is the index y (see
(7.15)), whose error is calculated according to all the rules and should therefore be
taken in a general sense. To illustrate this Figs. 7.13(a), (b), and 7.14 are used to
compare the approximation results when the index y changes by as little as 0.004
with an overall error of 0.025, and demonstrating the sensitivity of this procedure to
even the smallest parameter variation.

7.5.2
Thermal Conductivity Critical Index, ¢

This critical index was determined from a direct measurement of the thermal
conductivity coefficient via the slope of the tangent plotted along several points,
closest to the critical, to the line of its temperature dependence (Fig. 7.13(a)). As
this method is not very accurate due to the small number of points calculated, the
obtained value ¢ = 0.60 can also be considered as only a first approximation.

As a result of performing a new estimate of experimental data for the criti-
cal enhancement of thermal conductivity involving universal relations between
amplitudes, it turned out that v = 0.606 & 0.002 is the optimal value for the
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Figure 7.13 Coefficient of critical enhancement of the ther-
mal conductivity in the wide neighborhood of the ammonia
critical point.

critical index of the correlation radius. Afterward, optimal values for other
desired properties were practically uniquely determined as &y = 1.42 & 0.01 A
and ¢ =y — v = 0.570 & 0.002 instead of ¢ = 0.60, which was determined as the
first approximation.

It then became clear that from all the possible values of the product RKyt the best
is the greatest of them, that corresponds, like in [518], to Rocard’s representation

e\ 2
for (pﬁ)f

7.53
Checking the Feasibility of the Universal Relations Between the Critical Amplitudes
for Ammonia

By substituting the necessary parameters into Eq. (2.14) we obtain Rf = 0.719 for
ammonia, which agrees well with theoretical value: R} = 0.668. As to the universal
combination R}, for calculation of its value for ammonia using Eq. (2.13), let us
at first define possible amplitude Dy-value, starting from correlation dependence
Dy — 8 (Eq. (2.17)). It is evident from Fig. 2.29, corresponding to this dependence,
that, keeping in mind a preset value of critical index 8 = 4.30, the critical amplitude
Dy should not leave a range Dy = 1.70 & 0.01. Corresponding calculation shows
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Figure 7.14 Deviation graph of calculated and experimental
data for the thermal conductivity coefficient when an optimal
combination of values for y and ¢ is chosen [141].

that then R turned out to be equal to R} = 1.53 £ 0.09. This result agrees well
within the limits of error with the value R} = 1.44 obtained from the analysis
of the big array of experimental data (see Section 2.3.3), and with its RG-value
R; = 1.60 [76]. On the other hand, if we take both theoretical values

1.60 RG-method
RF = (7.31)
1.75 HTS-method

we get, with the help of Eq. (2.13), D = 1.77 and D = 1.62 for the amplitude of the
critical isotherm, respectively.

7.5.4
Thermal Conductivity of Ammonia in the Wide Neighborhood of the Critical Point

The theoretical description of the excess critical thermal conductivity, which is
based on the ideas of the mode-coupling theory, the RG approach, or other model
representations, is justified only in the asymptotic proximity to the critical point.
in order to widen the range of applicability of these theories, attempts have
been made to modify them. For example, an attempt was made to develop the
EMC-theory [517], using the experimental data for thermal conductivity of argon.
More often, however, various empirical or semiempirical correcting functions were
introduced [568]. As the correcting function, obtained with the EMC-theory, turned
out to be nonuniversal and as our task does not include, in principle, research into
the wide neighborhood of the critical point, a second way was chosen. Thus, like
in [518] a correcting function was used of the form

Feorr = exp(—fT%), (7.32)

*

¢ exp €an be represented as

where f is an adjustable parameter. Then A

AN o= ANy Foorr. (7.33)

.exp c.theor
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From Eq. (7.33) it is clear that the correcting function, chosen in this way, does
not affect the process of comparing experimental data on thermal conductivity
with theories near to the critical point. It also makes it possible to broaden the
experiment’s description, with the help of the theories, to the region far from the
critical point (a better approximation for ammonia was achieved when f* = 21 [141],
instead of f = 36 [518]).

7.6
Conclusion

The complex research carried out on ammonia [141,518,560] in the wide neigh-
borhood of the critical point made it possible to compare the obtained results with
existing theoretical concepts and to obtain a fuller picture of the critical behavior of
the kinetic coefficients of polar liquids. It turned out that for ammonia

« In the asymptotic region close to the critical point the critical index of
thermal conductivity ¢ = 0.570 + 0.002 agrees well with modern theoretical
results.

The value of the critical index of isothermal compressibility for polar am-
monia y = 1.176 £ 0.025, found using optical methods in the temperature
range 5-107* < 1 < 2 x 1073, being significantly lower than the theoretical
value, agrees completely with data on nonpolar SF¢ (see Eq. (2.12)). This fact
is totally in agreement with the ideas which were put forward in the first
two chapters of this book about the possible change of this critical index on
approaching the critical point due to the effect of various disturbing factors.
In the case of ammonia these factors could be both gravitation and Coulomb
forces caused by the high value of its dipole moment.

The value of the correlation radius critical index, v, obtained as a result
of trying to satisfy most of the relations where this index enters, at high
quality of approximation of experimental data on heat conductivity led to
the value v = 0.606 £ 0.002. This value is also lower than the theoretical
one, in our opinion, for the same reasons as for the index y. The values of
both of these indices correlate well with each other and thereby, give the
rare possibility to calculate the Fisher critical index (see Eq. (4.35)) via the
relation n = 2 — (y/v) = 0.059.

It is well known that there is an uncertainty in experimentally defining
this index [332,333] (for more see Chapter 4) so the obtained value should,
probably, be considered as quite corresponding to theory. It should be
remembered that in three dimensions, using all calculation methods, its
value is located between 0.031 < n < 0.041 (see, e.g., [40]).

o In the process of analyzing the results of the optical experiment in determin-
ing the extinction coefficient, a correlation between &, and v was established.
For ammonia the found empirical connection between them (see Fig. 7.9)
can be expressed as a power law dependence [141]
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gpv020E006 — 734 5 1073, (7.34)
where
kT, 1/3
£ = o Lo ( b ) =0.79nm (7.35)
a Pc

It should be mentioned, that it was the dependence 7.34 that marked the
beginning of our research on correlations between various critical indices
and amplitudes (for more see Section 2.3.3 and [226,237])

e Kor and T'§ turned out to be equal for ammonia (6.39 & 0.18) x 1072 Pa~!
and 0.072, respectively. The latter value agrees well with the analogous value
for SF, as well as with the general features which connect I'j and y (see
Section 2.3.3).

o Within the limits of accuracy of the conducted research on the dynamic
critical behavior for pure liquids using ammonia as an example, it was
also established that a better agreement with light scattering experimental

N2
data was achieved if for (pg—f)) Rocard’s formula was used. However, it

seems that for mixtures the Yvon—Vuks approximation is more precise [566].

e As for the universal dynamic amplitude its value was equal to R=
0.99 £ 0.03, which agrees better with the Kawasaki—Ferell-Paladin—Peliti
representation and the experimental value that Beysens and colleagues
finally arrived at, i.e., R = 1.06 £ 0.06 [324, 330], than with the RG calcula-
tion within the scope of the so-called H-model, where R = 1.2 [322] (see also
Chapter 4).

o The result that we obtained for the index y, y = 1.176, taken together
with the critical index 8 = 4.3 from [542], in accordance with Eq. (2.4) leads
to the value of the coexistence curve critical index p = 0.356 for ammonia.
Latter result agrees well with this index’s experimental value obtained
for ammonia in nearly the same temperature range (T — T;) < 0.5K):
B = 0.35[569], as well as with the value of § for SFe, obtained in the (pVT)-
experiment [87,89,91,141] (see Eq. (2.11)). In this case, the amplitude of the
coexistence curve, using data from the same source [569], By = 2.15, despite
an overestimation of the value, nevertheless still agrees quite well with the
data for SF; (see Eqs. (2.12) and [141]) and with the correlation dependence
which connects § and By (see Section 2.3.3).

Overall, the results of the analysis allow us, with a large degree of certainty, to
suggest that the dynamic critical behavior of polar and nonpolar pure liquids in
states with a significant influence of various disturbing factors has some general
common features. In particular, all the universal relations, which exist between
critical indices and amplitudes, are satisfied, despite the presence of individual
peculiarities in the deviations of experimentally determined critical indices from
their theoretical values.
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Appendix A

Some Applications of the Photon Correlation Technique

Al
Diffusing-Wave Spectroscopy

Animportant stage in the development of dynamic multiple scattering in the photon
correlation technique is diffusing-wave spectroscopy. Its first real occurrence was
in 1987 in [441], where backscattering from a substance with high optical density
in conditions of flat slab geometry was studied. In their research, Maret and Wolf
looked at the Brownian motion of the scatterers and applied a diffusion approach
just as had been done earlier [386]. But if the paper [386] passed almost unnoticed
the appearance of the paper [441] led to an “avalanche” of papers which is still
continuing (see, e.g., [441-463]).

One of these papers [442] also has given the name of this modification of the
dynamic scattering method, i.e., diffusing-wave spectroscopy. This technique makes
it possible to successfully study such media as dense colloidal suspensions and
foams, emulsions and granulated media, biological, medical and food products,
etc., guaranteeing in each case a sufficient time and spatial resolution [452,
460]. The geometry of diffusing-wave spectroscopy presumes illuminating the
flat layer with a light wave (Figs. A.1 and A.2). The advantage of organizing an
optical experiment in this way is that the diffusion equation for photons can, in
this case, unlike for cylindrical geometry, be solved precisely [446,448,452,463].
Moreover, in this case the whole autocorrelation function, and not just its initial
slope (the first cumulant), is registered. One of its shortcomings is the need to
apply quite a powerful laser because of the wide light beams (this makes this
technique almost useless for studying critical phenomena) and also the difficulty
of changing the mean scattering multiplicity due to the constant thickness of the
sample.

Unlike slab geometry, cylindrical geometry does not require a powerful laser. It
is easy to change the scattering multiplicity by simply changing the observation
angle. Although the analytical solutions of the theory obtained using cylindrical
geometry cannot be expressed via elementary functions, there is always, in principle,
the possibility to carry out the experiment in geometrically similar conditions
to exclude unknown factors, as shown in Chapter 5. The merits of slab and
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Figure A.1 The experimental setup for study A,. The diaphragms A; and A4 isolate one

of scattering in transmitted light [452]. The = “coherence area” (see also Section 5.2) for
laser beam is broadened by the lens Ly, further detection using a PMT. The PMT
passes through the aperture diaphragm A, exit signal falls on the correlator. In most
and is collected by the lens L;. Sample S cases the lens L; and the diaphragm A; can
is illuminated by constant intensity light be omitted without any great decrease in

due to separating the central part from the  quality.
broadening beam by the aperture diaphragm

Figure A.2 The experimental setup for study of scattering in
reflected light [452]. The allocation and designation of the
scheme’s elements is the same as for Fig. A.1.

cylindrical geometry could be combined using spherical optically dense samples
485, 486].

It was approximately at that time that the dynamic light scattering method
using point sources and optical fiber detectors for backscattering arose and be-
gan to actively develop [570,571]. Papers appeared, dedicated to one of the most
complex areas of scattering multiplicity to interpret, intermediate scattering (see,
e.g., [572-574] and references therein). There is no decrease in the intensity of
research on non-Gaussian statistics of registered signals, especially for very low
particle concentrations [415,416,423,575]. A special, optical fiber, version of the
homodyne photon correlation technique is applied in [415]. It should be added that,
as the diffusion approximation supposes a vanishingly small light absorption by
medium, it becomes unsuitable if this condition is not fulfilled. This problem can
be partly solved by using the so-called telegraph equation instead of the diffusion
equation [576,577].

The description of the diffusing-wave spectroscopy fundamentals performed
here is fairly brief for two reasons. Firstly, the description of multiple light
scattering, independent of the experiment’s geometry, is based on the principles
of the diffusion approximation of the radiation-transport theory [347, 348, 354, 355]
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discussed in details previously (see Chapter 5). Secondly, vital details of the theory
and of its various applications can be found in numerous articles published on
this topic [441-463]. Let us now look at some specific applications of the photon
correlation technique.

A2
Method of Determination of the Mean Dimension and Concentration of Suspended
Particles

It is not necessary to prove that the problem of determining particle dimensions
is extremely relevant in practice. The existence of a comprehensive special liter-
ature dedicated to this problem shows this to be true [401-403,578-581]. Also,
all the literature cited in the previous paragraph, dedicated to diffusing-wave
spectroscopy, is to a certain degree related to determining particle dimen-
sions. Among the different methods used for this purpose in the micron-
and nanosized range, the various optical methods cannot be beaten. But even
among these, correlation spectroscopy is distinguished by its simplicity, preci-
sion, and convenience [319, 399-403, 582, 583]. It has now become a routine
laboratory method for determining particle dimensions and the dynamics of
the changes of the sizes in physics, chemistry, biology, industry, etc. Moreover,
it is an absolute method which does not require any preliminary calibration
[319,399-403,451,538,578-582].

However, all this only relates to infinitely diluted systems in which single
scattering takes place and where Eq. (5.10) may be applied. To determine the
particle dimensions directly in suspensions and highly turbid emulsions, such
as milk, latexes, water emulsion paints, etc., this method is unsuitable due to
the impossibility of guaranteeing single scattering. Taking this system with high
extinction to low turbidity by dilution is not always possible or even justified,
because of the physico-chemical features of dispersed systems, including particle
dimensions, which can significantly change during such dilution. Moreover, the
process of diluting such systems requires sampling, which makes it difficult to
organize the operational and nondestructive control of their properties under
working conditions.

Using the experimental and theoretical research on multiple light scatter-
ing in disperse systems with high extinction [141, 386, 390-394, 436—438], a
method was developed [479, 480] which excluded these limitations and made
it possible to include suspensions and highly turbid emulsions in the research
using dynamic light scattering of materials. As a result, the efficiency of our
mathematical model of multiple scattering (see Chapter 5) was confirmed and
also the real possibility arose to carry out operational and nondestructive con-
trol of such materials in situ directly in working conditions. Thereby, it was
possible to add correlation spectroscopy of multiple scattering to those instru-
ments, which are not as simple as traditional ones but just as effective, used
by engineers, technologists, and researchers. Let us have a look at the essence
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of this method which relates to scattering media optics and can be used to
determine the mean particle dimension and concentration in suspensions and
emulsions, applied in chemical technology, paint and varnish industry, food
industry, etc.

The method suggested in [479,480] was based, with this in mind, on scattering
of monochromatic light on suspended particles, on separation of the scattered light
beam and measurement of the half-width spectrum of scattered light in a separated
beam. The regime used for light scattering in a dispersed system is the diffusion
regime of multiple scattering. Moreover, the half-width spectrum is measured
from, at least, two scattered light beams exiting the dispersed system through
different parts of its border. The particle mean radius (r) and the concentration
c are calculated using the already measured values of the half-width spectrum of
scattered light. The essence of this method is based on the fact that, in the diffusion
mode of multiple scattering, the half-width spectrum I', (see Egs. (5.10) and (5.61))
can be represented via Eq. (A.1)

2 2
-2 [,HB(@) } A
6mn (r) \ : 4(r)
or, accounting for Eq. (5.26) via Eq. (A.2)
kgT (2mn))?
= an%m <¥) (A+ Bh?), (A.2)

where (r) is the mean radius of the suspended particles, dependent on the
dimension and form of the scattering sample, and also on the relative position of
the falling light beam, the sample and the optical system which separates light
scattering beam (see Eq. (5.61)). The other symbols are the same as in Egs. (5.10)
and (5.26).

Furthermore, the measurement results of Iy, and I'y, in two separated beams
will satisfy equations like Eq. (A.2)

. kBT 2mn 2 2
e <T> b+ Bk, (43)
kgT 27n\ 2 )
Mo = e (T) (Ay + Byh?). (A.4)

The values of the parameters A;, By and A,, B, which characterize the geometry
of the used setup, can be calculated using the results of calibration measurements
via Egs. (A.5) and (A.6),

A kg, — Tk, _ I'n—-Tp AS
1= 1= ey (A.5)
Yo (ko 02) Yo (Ko 02)
[yph2, — Ty h? Iy —T
Ay = M’ B, — M’ (A.6)

) =
VO(h(Zn - h(z)z) VO(h(2)1 - h(z)z)
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where
kB T() 27 no 2
Yo = — . (A7)
671N, N

Here I'11, T'12, y1, and 'y, are values of the half-width spectra of scattered light
obtained by calibration measurements. For T';; the first index corresponds to the
separated light beam and the second to concentration. The zero index of all values
in the formulas indicates that they have the characteristics of a standard dispersed
system. Latter equations, Egs. (A.5) and (A.6), are a consequence of Egs. (A.3) and
(A.4). The mentioned measurements should be carried out on a standard dispersed
system with two well-known concentrations of suspended particles.

One of the peculiarities of the multiple scattering diffusion mode is the fact that
the light beam exiting the dispersed system through the same part of its border
has the same spectral half-width Iy, for any angle value describing the direction
of the diffused beam. Consequently, these equations, Egs. (A.3) and (A.4), can be
solved only if defined beams exit the dispersed system through different parts of
its border. In this case the formulas for determining particle mean radius ({r)) and
volume concentration (c) will be

. kBT (27‘[11)2 BlAz — BzAl

(n=— ,
GTEY] N Blrz — B2F1

(A.8)

= 2 Al = Alo (A.9)
30 \ BiT; — BTy
where I'; and I'; are the half-width spectra of multiple scattering in selected beams
of scattered light.

An example of the implementation of this method is described in detail in
[141,480]. To determine the mean particle radius and concentration, polystyrene
latex was used. The completely suspension-filled cuvette (diameter 20 mm, height
40 mm) was placed on the axis of the goniometer with an optical system for
separating light beams, scattered by a dispersed system. The measurements were
done in diffusion mode of multiple scattering. To do this it was necessary that the
investigated dispersed system was quite turbid. It turned out that it was possible
and necessary to control the level of turbidity by using the laser beam. Turbidity can
be considered as sufficient to guarantee the diffusion mode of multiple scattering
if the direct light beam does not exit the cuvette and fully scatters in it. All other
methods of visually defining the necessary degree of turbidity are, as it seems, not
effective enough.

The measurements were carried out in the following way. In two light beams,
exiting the investigated system at angles of 90° and 120° referred to the incident
beam the half-widths I'; and I') were measured. Then, using Eq. (A.8) the mean
radius of the particle (r) was calculated which allowed us, by using the tables
[429,430], to find the scattering efficiency factor of light scattered by suspended
particles. Next, the volume concentration (c) was calculated using Eq. (A.9). The
constants A;, By and A;, By, as already mentioned, were determined by calibration
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measurements, fully identical to the basic ones, carried out using two standard
dispersed systems, water suspensions with two different particle concentrations of
the same monodisperse polystyrene latex. The particle size and dimensions in each
system were known beforehand.

The values for particle radius and concentration in the investigated sys-
tem, obtained by using Egs. (A.8) and (A.9), were checked by independent
measurements. Concentration was checked by evaporation and the radius by
direct measurement with an electron microscope. The results agreed well, which
confirms the efficiency of this method [480] and makes it possible to measure in the
same apparatus particle dimension and concentration in highly turbid dispersed
systems such as milk, latex water-emulsion paints, etc., without any prior dilu-
tion [479,480]. In single scattering mode this is not at all possible as the spectral
half-width I' does not depend at all on the concentration of suspended particles.

A3
Monitoring of Particle Motion in Drying Films

Using photon correlation technique it is possible to investigate the behavior of
the particle diffusion coefficient, the viscosity of the dispersed medium and, on
this basis, film forming kinetics. The simultaneous measuring of, apart from the
correlation function, some other optical features of such colloidal systems creates
additional possibilities. Below we shall demonstrate the results of one such complex
investigation [584, 585].

In this research the chosen system was a concentrated water suspension of
polystyrene particles of monodisperse latex with a radius of 100 nm. The sample’s
thickness (2 mm) was such that it could guarantee high scattering multiplicity.
The sample, in the form of a drop, was placed on a object plate, fixed on the
analytical balance beam and illuminated from below by a focussed laser beam.
This construction made it possible to simultaneously measure the drop’s mass and
also its optical features, such as the multiple scattering spectrum half-width and
the intensity of scattering light reflected back and going through the sample. The
open top surface of the drop guaranteed free and continuous evaporation into the
atmosphere. Changing of the drop’s mass (see Fig. A.3, curve 4) made it possible
to control the changes in the scatterer’s concentration, determined as the mass of
dry residue to mass of the drop ratio.

The experimental results are shown in Fig. A.3. Itis clear that during the process
of drying the drop on the background of monotonic concentration growth its
optical features suffer sharp, like at a phase transition, changes. For the analysis
it is convenient to split the experiments concentration range into three parts,
40-70%, 70—-80%, and above 80%. In the first range, the sample’s turbidity and
all other optical features remain practically unchanged. On the border between
the first and second parts, when the concentration is ~70%, there are dramatic
changes in all controlled features. The decrease of ', to zero shows that Brownian
particle motion has stopped completely. This feature indicates the completion of
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Figure A.3 Experimental results of the kinetic process of
latex film drying. (1) is the half-width spectrum of mul-
tiple scattering, (2) intensity of backward scattered light,
(3) intensity of transmitted light, (4) concentration of the
scatterers.

an “order—disorder” structural phase transition, which results in the changes of
the system into a quasiordered state with the densest packing. This is suggested
by the value of the threshold concentration and the observed sample blooming
on this part (curve 3), and also the results obtained using indirect methods in
analogous systems [586]. When concentration is higher than 80% the system once
more becomes turbid and oscillation intensity of backward scattering (curve 2) is
determined by the film breaking due to the internal stresses.

So, this experiment shows once more that correlation spectroscopy of multiple
scattering is a powerful instrument for the analysis of physico-chemical character-
istics of highly turbid colloidal systems with the possibility of a quick control of
technological processes.

A4
Dynamics of Particle Formation and Growth

In this part we shall briefly look at the application of correlation spectroscopy in
single scattering mode to investigate particle formation and growth in extremely
unusual conditions: super-critical fluids, opaque systems, and sol—gel processes.

A4
Supercritical Fluids

In recent years, supercritical fluids (SCF), which have high (like liquids) den-
sity, low (like gas) viscosity and intermediate (between liquid and gas) diffusion
coefficient values, have become one of the most popular and promising media
for implementing extraction and separation in polymer and chemical science and
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technology and also for creating new materials with specified properties (see,
e.g., [506,519,538,587,589,590)).

In [591-593], processes of particle formation and the dynamics of their
growth have been observed in demixing processes of a solution of monodisperse
polystyrene in n-butane at small variations of pressure which could change up to 30
MPa. Using light scattering the mean particle dimension was measured, as well.

A4.2
Opaque Systems

Systems which have an absorption coefficient much higher than the scattering
coefficient can be considered as opaque systems. The theoretical description of
static and dynamic light scattering in such media (for example, oil) is not only a
very important but also an extremely difficult task. The complex character of the
refractive index and the unusual angular dependence of scattered light intensity
in such systems creates further complications. The papers [594, 595] proposed
a method to solve this problem, which consists in an analysis of light reflected
from the substance’s thin boundary layer (Fig. A.4). This makes it possible to
avoid multiple scattering and obtain information on particle dimensions in opaque
systems independent of their nature. In addition, the real and imaginary part of
the medium’s refractive index can be obtained in the same experiment.

This method, with the help of a correlator [408], was used to investigate the
dispersivity of natural oils and the fractal structures in diffusion- and reaction-
limited aggregation processes in both model and real systems (see, e.g., [594,595]).
The results are shown in Figs. A.5 and A.6. To the spectrum of research of opaque
systems using traditional photon correlation techniques can also be added the
rather successful attempts at studying the characteristics and processes taking
place in human blood (see, e.g., [596,597]).

A.4.3
Sol-Gel Process

Over the last few years interest in the sol—gel process has steadily grown. Under-
standing how the particles form and grow in this process is very important, not

Opaque medium  Glass cuvette

Scattering
volume

Laser beam

Adjuster

Scattered light Scattering angle

Figure A.4 The optical scheme of scattering in opaque media [594,595].
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Figure A.6 Kinetics of asphaltene aggregation in a model
system. Reaction-limited mode [594,595].

just for practical chemical applications, but also for explaining the fundamentals
of this process [598]. In the papers [599-601] dynamic light scattering within the
limits of cylindrical geometry (see, e.g., Fig. 5.1) was applied for investigating
the kinetics of the sol-gel process and dimension dynamics of the forming
particles.

It was here that nanosized particle dimensions were first found of a few nanome-
ters and growth dynamics was studied directly after hydrolysis—condensation
of tetraisopropoxytitan (Fig. A.7). The obtained dependence of R(t) and I(t) (see
Fig. A.7) made it possible to determine the value of the fractal dimension of
particles as df = 1.4 + 0.1 and to draw a conclusion concerning their rather loose
structure (for dense particles, according to the fractal dimension definition, this
is df = 3). This experiment [599-601], apart from everything else, is remarkable
that it demonstrates the possibility of an effective applicability of the correlation
spectroscopy for needs of a rapidly developing technology with application to
nanostructures.
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Figure A.7 Dependence of the mean radius of the parti-
cle R (a) and the intensity of scattered light I (b) on time
(599, 600].

In conclusion, we can say that correlation spectroscopy has become a powerful
and convenient tool for the analysis of disperse systems, including very turbid ones,
for express control of technological processes in situ and also critical phenomena.
The extension of this method’s possibilities will, it seems, continue for some time
yet. As for the multiple scattering spectra theory, the diffusion approximation
of the radiation-transport theory describes the main features and essence of
the phenomenon very well. Nevertheless, there are still many questions, related
to intermediate scattering multiplicity, scattering in strongly interacting particle
systems, etc., which are still waiting for their solution.
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a
Adiabatic compressibility 93, 95, 99
Adiabatic spinodal 95, 99
Afterpulses 130-132,178-179
Aggregation 71, 226-227
Ammonia 191, 194-195, 197-202,
205-217
Amplitudes, critical 76-88
—amplitude—index pairs, correlation
between 82-88
—coexistence curve 82
—critical isotherm 82
—isothermal compressibility 82
—mean-field model 80
—universal relations between = 80-82
Angular dependence 119-120, 136—144,
226
Aniline 60-61, 173-175, 180-183
Aniline—cyclohexane mixture 60-61,
173-175, 180-183
—critical point study  181-182
difficultyin  182-183
Antiferromagnet 18, 51-54, 66
Archimedes (Ar) criterion 197
Average spectrum half-width 128
Azimuthal angle 168

b
Background 22, 85, 118, 131
—critical scattering 182
—kinetic coefficients 181
—system susceptibility 19
—thermal conductivity 191-192
NH; near to critical point  198-201
Binodal 91, 96, 102
BMOAB (ButylMetOxyAzoxyBenzene)
184-185

Boltzmann constant 80, 108

249

Bouguer’s law 147, 153

Bouguer-Lambert-Beer law 110

Boundary conditions 160, 185-186

Brownian motion/particles 105-106,
112,122, 124-127,132-135, 146-147,
162-163, 223

c
Cailletet and Mathias rectilinear rule 22
Chain of scatterers 148
Classical behavior 16, 54, 64-68,
96
Classical theory of critical phenomena
12-13
Clausius-Mossotti formulas 27
CO,; 9,87,191
—coexistence curve 73
—compressibility 40
—critical index 73, 78
—critical temperature 20
Coaxial cylinder method 195
Coexistence curve 12,22, 25, 26-32, 82,

84
—ofargon 74
—for caesium 55
—of COZ 73
—of methane 74
—of rubidium  53-54
_of SFg  29-34

—singularity of the diameter of = 32-34
-of Xe 26

Coherence area 125, 220
Concentration dependence 140-144
Concentration 63, 106, 136, 140, 156
—in model system 133

—of suspended particles  221-224
Configurational statistics 149
Convection 196-197
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—p—

Index

Correlation function 11, 109
—cumulants  127-130
—entropy 193, 201-202
—for high scattering multiplicities

126-127
—oflight 179
—multiplication 148
—Ornstein—Zernike correlation
—spatial 60, 109, 132

Correlation radius v 63-65, 162, 166, 209
—critical index of  63-65

Correlation spectroscopy 63, 122-123,

126, 135, 221, 225

—light scattering analysis 123

Coulomb force 18, 188, 216
—influence of 56-57

Coulomb immiscibility 57

Critical coefficient 20-21

Critical density, determination
—nearest vicinity of critical point  21-23

disappearance of meniscus method
22
Critical enhancement 71, 191-192, 202,
204, 213-214
—ammonia, thermal conductivity of
199-200

109

—argon thermal conductivity 194
Critical fluctuations 15, 50, 60
—kineticsof 111-114

—light scattering intensity  107-110
Critical index B 48-55

—comparison with metals  53-55

—external gravitational field 54
—Frenkel’s theory of heterophase
fluctuations 50
—gravitational effects  49-50
—internal coulomb field 54

—magnetic fields influence  51-53
—surface forces influence  50-51
-8+ 27,31,78,84

—-B— 27,31,78,84

Critical index § 55-57, 59
—Coulomb forces influence  56-57
—gravitation influence  55-56

Critical indexy 57-61, 68, 213
—critical fluids under shear flow 60
—gravitation influence  57-61

Critical index of viscosity 107, 115-116

Critical index o 42, 61-62, 80

Critical indexn 77,117, 169

Critical indexv 63-64, 110

Critical indices 18, 45—88 See also

individual entries

—boundaries influence  66-67

—of correlation radius v = 63-65
—critical index o 61-62
gravitation influence  61-62
—external field effects 48-76
—Fisher critical indexn 77
—micellar systems  65-66

—universal relations between critical

indices  76-80
Critical isochore 24, 42-44, 204
—ofargon 192
—isothermal compressibility =~ 38-41, 74,
85

Critical isotherm  34-38, 56, 82, 87-88
Critical medium heating by probe radiation
184-189
Critical micelle concentration 66
Critical opalescence, See Opalescence,
critical
Critical phenomena research
—history 9-19
classical theory, inadequacy 12
correlation functions 11
Gorsky-Bragg-Williams theory 10
Landau theory 11
Maxwell’s equal areas rule 10
order-disorder phase transition 10
relativistic field theory 14
renormalization group method (RG)
14
Van der Waal’s studies 10
Weiss’s theory 11
Critical pressure 9, 37, 50, 213
—nearest vicinity of critical point
Critical susceptibility index (y) 46
Critical temperature 9-10, 18-20, 73, 181
—nearest vicinity of critical point  23-24
Cross correlation method 132, 178-179
Cross section 107, 110, 151, 153, 205
Cumulant 132, 155, 219
—of correlation function  127-130
Cyclohexane 60-61,173-175, 180183

23-24

d
Debye equations
Degree of purity
—evaluation 20
Depolarized 119, 138-139
& determination, using light scattering
208-211
v determination, using light scattering
208-211
Dielectric constant
—density derivative
Dielectric experiments

111

29, 38, 108
207-208
27,33



Diffusing-wave spectroscopy 146,
219-221

Diffusion approximation 146, 148—149,
160, 220, 228

Diffusion coefficient
158, 225

Diffusion equation 144, 159-160, 185

Diffusion model 147-153, 159, 161

Diffusion-limited mode 227

Digital correlator 125-126

Dilute gas 193

Diluted solutions of electrolytes, critical
behavior 68

—RG-theory 68

Dipole scatterer 168

Disappearance of meniscus method 22

Divergence 47,96-97,99, 108

Doppler shift 127

Double scattering 118-120, 128

Dynamic amplitude R 115-116, 212-213

Dynamic critical indices 115-118

Dynamic droplet model 112

Dynamic scattering 122, 135, 136, 219

Dynamics, critical 105-120 See also
Foundations of critical dynamics

—theory and experiment comparison

212-216
universal dynamic amplitude R 213

Dyson and Bethe-Salpeter exact equations

167

106, 112, 133, 135,

e

Einstein’s formula 108

Energy conservation law 147

Energy source 185

Entropy 108, 111, 193, 201-202

e-Expansion 15, 27, 82, 97, 101, 116

Experimental critical indices

—nearest vicinity of critical point 17

Extended mode-coupling (EMC) theory
201-204

Extinction coefficient 110, 133, 140,
204-205
—of ammonia  209-211
f
Ferromagnet 51-52, 67
Finite size scaling/effects 66-67
First crossover 45, 64, 68-71

First cumulant of the time correlation
function 129

First-order stability conditions, metastable
state 92-93

—p—

Index

Fisher critical indexny 77, 80, 118, 169,
216

Fixman-Botch corrections 112

Fluctuations, critical 105, 107-110 See
also Scattering

—on approaching critical point  45-46
—critical region fluctuations 70
—deformation by electric fields 55
—dynamic droplet model 112
—fluctuation theory of phase transitions
18
—heterophase fluctuations
Frenkel’s theory of 50
—isobaric entropy fluctuations 111
—Kawasaki’s theory 113
—kinetics 111-114
—light scattering intensity  107-110
—mode coupling theory (MCT) 112

—uncoupled mode theory (UMT) 112

Foundations of critical dynamics
105-120 See also Fluctuations

—dynamic critical indices 115-118

—-H and H! models 115

—universal amplitude 115-118

Fractal structures 226

g
‘Gas’ and ‘liquid’ branches 25, 51, 54

Gaussian statistics 120, 126-128

Ginzburg criterion 45, 47, 64—65, 70

Goniometer 123-124,223

Gorsky-Bragg-Williams theory 10

Grashof number 196

Gravitation 16, 27, 33, 42

—critical index «, influence on  61-62

—critical index v, influence on  57-61

Gravitational effect 25-26, 49-50

Gravitational field, See also
(pVT)-experiments

—nearest vicinity of critical point

experiments in presence of 24-44
Gravity influence 26, 57
Green function 186

h

H models 115-116, 217

—-H’-model 115

Heat capacity 12, 14-16, 62, 95, 101, 185
Heisenberg model 18

Helmholtz equation 186

Helmholtz’s free energy 98
Heterodyning 127
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Index

High temperature expansion model (HTS)
81

Higher order stability conditions,
metastable state  93-94

Homodyne photon correlation technique
180, 220

Hopkinson effect 10

Hydrodynamic radius 133, 145

Hydrodynamic range 111

Hydrolysis—condensation 227

i

Ideal gas 109, 193
Immiscibility 57

Impurity 20-21, 66

—effect on critical parameters
Indicatrix 148-149, 168, 175
Instability points, metastable state
—approaching the 94

20-21

—instability area  95-96
Intensity

-light scattering  107-110
—N-multiple scattering 159
—oscillation 225

—ratios 205

—spectral 154

Interference 108, 147-148

Internal energy 92, 99

International Practical Temperature Scale
19

Intrinsic gravitational effect
68

Ionic 57

Ising model
206

Ising-like behavior 70

Isobaric entropy fluctuations 111

Isothermal compressibility 57, 77, 82,
85-86, 109

26, 40, 60,

14, 18,57, 62, 79, 88, 109,

—along critical isochore ~ 38-42

k

Kadanoff-Wilson interaction symmetry
type 50

Kawasaki function 113-114
Kawasaki mode coupling theory 115-116
Kawasaki theory 113,178, 183
Kawasaki-Ferell-Paladin-Peliti
representation 217
Kinetic coefficients 90, 105, 192, 194,
216
Kink 73,200-201-198
Kouvel-Fisher method 13

I

Laboratory of molecular interaction high
pressure (LIMHP) 195-196

Landau theory 11,15

Landau-Placzek formula 111

Landau-Placzek-Debye theory 112

Latex 120-120, 132, 224
—angular dependence 141
—polystyrene 132
—suspension 134

Lenz-Ising model, See Nearest-neighbor
model
Leven berg-marquardt approximation
method 209

Light scattering

—correlation length determination
208-211

—correlation spectroscopy

—double 132

—dynamic 177, 226

—intensity 107-110, 185

—multiple, See multiple scattering

—spectrum  111-114

—static 65, 181, 226
extinction coefficient

LIMHP 195, 196, 202

Linear model 58-59

Liquid in flows, critical behavior 46

Liquid metals 53, 55

Liquid—gas critical point 18

Logarithmic differentiation method 13

Log—log scale 17, 30, 48, 73-74, 84-87,

123

204-206

199, 206
Longitudinal modes 201
Long-range 12,47, 56-57,69-70, 193

Lorentzian 111,125
Lorentz—Lorenz formula 27, 207

m

Mandelstam-Brillouin duplicate

Maxwell’s equal areas rule 10

Mayer’s theory 25

MC-theory equations 193

Mean-field behavior 15, 38, 46, 63, 69, 75

—in the nearest vicinity =~ 68—69

Mean-field model 11, 80

Meniscus 22-23, 205

Metastable state  89-102 See also
Thermodynamics

Micellar systems  65-66

Mixture 57, 81

—binary 15,50, 56, 66—67,111-112

-liquid 106-107, 180

111



Mode coupling theory (MCT) 112-113,
115, 202, 215

Model medium 122

Model-coupling theory (MCT) 202

—extended mode-coupling (EMC) theory
201-204
Monodisperse system 145
Monte Carlo 67,79, 161
Multichannel correlator
Multiple scattering
—corrections 117
—mathematical model of
—mean scattering multiplicity
analytical determination
sample shape effect on
—quasielastic 122
—radiation-transport theory 153
determination via  154-156
—spectrum half-width dependence
133-145, 167,170
—transition to high multiplicity scattering
156-159
Multiplicity 118-120, 152-153
—scattering 121, 129-133, 220, 224
shape effect  159-162
spectrum half-width dependence
133-145

123

153-162
159-162
161-162
159-162

n
Nearest vicinity of critical point, See also
Vicinity of the critical point
—critical parameters determination
19-20
critical density
critical pressure  23-24
critical temperature  23-24
in presence of the gravitational field,
experiments near  24-44 See also
(pVT)-experiments
purity of matter 20-21

21-23

—critical phenomena in, statics 9-44
—experimental manifestation = 9-44
—peculiarities of experimentin ~ 17-24

experimental critical indices 17
NHj near to the critical point
—background thermal conductivity
198-201
—critical amplitudes for ammonia
—experimental setup  195-198
cell for measuring 196
—extended mode-coupling (EMC) theory
201-204
—thermal conductivity 194-204
—in the wide neighborhood

214

—p—

Index

thermal conductivity of 215-216
Nobel prize 10-15, 108, 111
Nonabsorbing media 146
Nonideal systems

—critical behavior of  45-48

phenomenological model ~ 45-48
Nonionic 57, 65, 69
Nonpolar 54, 138, 213, 216-217
Nonpolarized component 138
Nusselt criterion (number) 197
o
Onsager kinetic coefficient 112
Onsager’s hypothesis 105

Opalescence, critical
—cumulants of the correlation function

127-130
—determination 121
—experimental methods  122-132
afterpulses  130-132
correlator 125
general characteristics  123-124
optical system  124-125
—experiments  165-189
binary mixture aniline—cyclohexane
180-183
close to mixing critical point
177-184
critical medium heating by probe
radiation = 184-189
cross correlation  178-179
experimental setup  177-180

—high scattering multiplicities
time correlation function for

126-127
-light for studying 121
—mathematical modeling  146-162
first approach  147-148

multiple scattering  153-162 See also
separate entry
second approach  148-153
simple diffusion model approach
147-153
successive approximation method
151
—modeling 121-163
latex medium in = 121-122
—on the nature of constant 'y
—physical modeling  132-146
angular dependence  136-138
dependence of the spectrum
half-width of multiple scattering
133-146
latex production technology

162-163

132

253
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—p—

Index

Opalescence, critical (continued)
model systems  132-133
optical thickness, dependence
polarization mode, dependence

138-140
scatterer, dependence  140-144
scattering media dimensions,
dependence 144-146
viscosity of the fluid, dependence
133-136
—scattered light correlation spectroscopy
122
—techniques  122-132
—theory 166-177
dependence of I'max on \ in the form
171
dependence of T'ay 0n £ in the form
170
dependence of I'yay 0n k&g in the form
171
limiting values of key quantities,
calculation 169-171
temperature dependence, calculation
171-173
I'm close to critical point, behavior
analysis  166-177
Opaque systems 225-226
Optical experiment 65, 205-206, 216
—static light scattering  206-207
Optical methods
—critical phenomena studies using
Optical system  124-125
Optical thicknesses 128
Order parameter 11, 18, 68-70, 106, 119
Order-disorder phase transition
—critical temperature 10
Ornstein—Zernike (0-Z)
theory/approximation 11-12, 16, 169,
172-173, 175

Ornstein—Zernike correlation function
109, 113

136

119

Particle formation and growth, dynamics
225-228

Particle motion in drying films, monitoring
224-225

Particle radius 133, 137-139, 145, 223

Phase transitions 12-13, 43, 80, 97, 224

—fluctuation theory 18

—order-disorder 10, 225

—second order 11, 14

Photocathode 123, 125, 130

Photoelectron multiplier 123-125, 130,
132,177-179

Photon

—counter 123-125

—detector 125, 126, 137

—free flight 149

—multiplier 125

—of scattered light 130

Photon correlation technique

—applications  219-228

—diffusing-wave spectroscopy  219-221
—opaque systems 226
—particle formation and growth, dynamics

225-228
—particle motion in drying films,
monitoring  224-225
—sol-gel process  226-228

—super-critical fluids (SCF) 225

—suspended particles, mean dimension
and concentration determination
methods  221-224

Physical modeling 132-145

Piezometer 22-23, 56, 58,78

Polar 85,195,213

—coordinates 107

—liquids 194, 216

Polarization 108, 119, 138, 162

Polarized component 119, 138

Polymer chain 67, 97, 149

Prandtl number 196-197

Principle of corresponding states 10,
71-72

Probe radiation

—critical medium heating by = 184-189

BMOAB ButylMetOxyAzoxyBenzene)
184

Pseudospinodal hypothesis

—adiabatic spinodal 99

—experimental test of  100-102
scaling 100

—history  89-90

—thermodynamic analysis
geometry 96-97
graphical methods 97
mathematical foundation
Physics  96-97
thermodynamic consequences

98-100

—universal pseudospinodal  90-91, 97

—van der Waals spinodal  91-96

Pure liquids, Critical behavior 105

Purity 66, 195

—grade 42

—of matter

89-91

96-100

97-98

20-21



—p—

(p-T) dependence along the critical
isochore 42-44
(pVT)-experiments
65
—Clausius-Mossotti formulas 27
—coexistence curve  26-32
singularity of the diameter of = 32-34
—critical isotherm  34-38
—dielectric experiments 27
—gravitational effect  25-26
—isothermal compressibility along the
critical isochore  38-41
—Lorentz—Lorenz formulas 27
—(p-T) dependence along the critical
isochore 42-44

15, 18, 24—44, 57, 63,

q

Quasi-elastic 122, 147

r

Radiation-transport theory 146, 149, 228

—concepts of  153-154

—multiple scattering spectra
determination  154-156

Radiation-transport theory 153

Random walk 146, 149, 152, 159

Rayleigh’s constant 107, 109
Rayleigh’s formula 107-108
Rayleigh number 196-197

Reaction-limited mode 227

Real systems, critical behavior 68

Rectilinear diameter rule 22, 28, 30-33,
36

Refractive index 108, 147, 207-208, 226

Regular contribution 199

Regulated extinction 122, 145

Relativistic field theory 14

Renormalization group method (RG)
15, 33, 51, 60, 68, 115, 215

Rocard’s formula 207, 217

14,

s
Scale invariance 97, 100-101

Scaling concepts 14, 18, 76, 100-101,
167, 204

—pseudospinodal hypothesis  100-101

Scaling hypothesis 14-15

Scattered light correlation spectroscopy
122

Scattering media
222

Scattering wave vector

108, 121, 146, 170, 185,

108-109

Index

Scattering 107-110 See also Static light
scattering

—Boltzmann’s statistics 108

—correlation function 109

—differential cross section

—double scattering 118

—Einstein’s approach 109

—electromagnetic wave scattering

—of higher orders  118-120

—Landau-Placzek formula 111

—light scattering intensity  107-110

-light scattering spectrum  111-114

—multiple scattering 119

—Rayleigh’s formula 107

Second crossover 46, 54-56, 58—59,
63-64, 69-70, 84

Self-consistency 79, 85, 87-88, 101

SFe 49-51,79-82

—coexistence curve  29-33

—critical coefficient dependence 21

—critical isochore 43

—critical isotherm  34-36

—isothermal compressibility =~ 40-41

Shear flow 15, 60-61, 68—-69, 185

Shear 45-46, 61, 114-115, 192

Similarity

—geometric 141

—quantitative 51

—thermodynamic 76

Single scattering 63, 120, 124, 134-140

107

118

—extinction coefficient 169
—indicatrix 149, 156

—spectrum half width 169, 183, 224
—vs. multiple scattering 133

Singularity line 98-99

Singularity 32, 89-90, 96
—correlation length 66
—diameter 33

—heat capacity 42, 62

—isothermal compressibility 105
—line 98-99

—logarithmic 12, 169
—thermal conductivity 106, 201

—transport coefficients 115

—viscosity 181

Size

—scatterers 158, 162, 165

—scattering vector 149

Slowing down 105, 202

—of Brownian motion

—of radiation 147

Sol-Gel process 225-228

Solid angle 107, 110, 167-168,
185

140
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—p—

Index

Solutions 15, 18, 57
—binary 63
—diluted 20, 68
—micellar  65-66
—polymer 55,107, 116
Solvophobic immiscibility 57
Spectral broadening 148-149, 156
Spectrum half-width 120, 165, 176, 183,
224
—dimensionless single scattering 172
—multiple scattering
angular dependence  136-137
fluid viscosity, dependence on
133-136
optical thickness, dependence on
136
polarization mode dependence
138-140
scatterer concentration, dependence
on 140-144
scattering media dimensions,
dependence on  144-145
Spinodal hypothesis, See Pseudospinodal
hypothesis
Square gradient theory 60
Stability determinant 93
Static light scattering  204—208
—density derivative of the dielectric
constant  207-208
—experimental setup  205-206
—extinction coefficient  204-208
—optical experiment 206207
Stokes—Einstein formula 115, 133
Structure factor 109
Successive approximation method
151-152
Super-critical fluids (SCF) 225
Surface tension 12-13, 18, 33, 51, 66, 80
Surfactants 65-66
Susceptibility 10, 19, 38, 112, 167, 180
—dependence 61, 66
—index 46, 69
Suspended particles 134, 151, 223-224
—diffusion 149
—monochromatic light scattering 222
—multiple scattering  153-154
Suspension 134, 140, 223-224

t

'y Constant 162-163

—diffusion source depth and 163

—scatterers size and  162-163

', Close to critical point, behavior analysis
166-177

—differential extinction coefficient
167
Thermal conductivity 87, 105
—of ammonia  194-204
—citical index 113, 191
—coefficient 87, 113, 191, 193
—critical enhancement 71
—equations 159, 185
SFe 90
—singularity 106
—in the vicinity of the critical point
191-217
£ determination, using light
scattering  208-211
MC-theory equations 193
NH; 194-204
static light scattering  204-208 See
also individual entry
thermal conductivity critical index, ¢
213-214
v determination, using light scattering
208-211
Thermal diffusivity 106, 194
Thermodynamics of the metastable state
89-102
—first-order stability conditions 92
—higher order stability conditions
93-94
—instability area  95-96
—instability points, approaching the
94
—pseudospinodal hypothesis  89-91 See
also individual entry
Thermostat 22,123, 134,177, 189
Trajectory 153, 155-158
—Brownian 97
—random walk 149
Transport coefficients 16, 115, 191,
193-194
Transport equation 148, 154, 156
Transport mean free path 166
Transversal velocity modes 201
Turbidity 221, 223
Two-dimensional Lenz-Ising model, See
Nearest-neighbor model

u

Uncoupled mode theory (UMT) 112,
115

Universal amplitude 115-118

Universal dynamic amplitude R 213

Universal pseudospinodal 90-91

Universality classes 15, 18, 76, 100, 107,
180



v
Van der Waal’s studies 10
Van der Waals equation 91, 95, 208
Van der Waals spinodal 91-96
Van der Waals-like behavior 71
Van der waals—Ornstein—Zernike theories
16
Vicinity of the critical point
—thermal conductivity in  191-217 See
also Thermal conductivity
Viscosity anomaly 115, 135, 191,
212
Viscosity 106, 112-113, 181, 212
—critical index 107, 115-116
—kinematic 197
—shear 114-115, 192
—spectrum half width dependence on
133-136
—water 135

—p—

Index

w

Water suspensions
224

Wave length 162

Wave number 108

Wave vector of the incident radiation 108

Wavelength 91, 108, 121, 136, 171

Wegener exponent 26

Weiss’s theory 11-12

Wiener-Khinchin theorem 111

Wilson’s method 14

121, 124, 132, 152,

Y

Yvon-vuks approximation 217

z
Ziegert relation 126
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